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EXERCISE 23:
a) Foraternt(Xy,...,Xy) and a fieldf C C let
maxdimt,d) := max{dim (t(x,..., %)) : X1, .., % € Gr(F)} .

Prove that, for terms(Xg, ..., X,) andt(Yy,...,Ym),

it holds maxdima(sVt) = min{ maxdim(s,d) + maxdint,d),d}.
In par_ticulart()i) is weakly satisfiable over G¥) with d = dim(V)
iff t(XD)vt(X@)v...vt(X@) is strongly satisfiable over G).

b) Fortermss(Xy,...,Xn) = s(X) andt(Y) abbreviate

(s|,)(X.Y) = s(XeAL(Y),..., Xa AL(Y)) AL(Y) .

Prove maxdingslt,d) = maxdim(s, maxdim(t,d)).
Do you need some hypothesis B

c) Construct a terrty, of lengthO(n) strongly satisfiable over GF2") but not over G(F2'~1).
Hint: Iterate Exercise 22¢)

d) Lett(Xy,...,Xn) denote a lattice (!) term of lengthl andz € Gr1(V) andxq, ..., X, € Gr(V)
with z<t(x1,...,X). Prove by induction oft|:
There exislyj < x; with dim(y1) + ... +dim(y,) < [t| andz < t(y1,...,¥n).

e) Show that t&/ there exists1 € N and termss(X; Y1, ..., Ys) andt(X;Y1,...,Yn)
such that for everx € Gr(V) it holds

X#0 < 3Iy,....,¥n€Gr(V): s(X,y1,...,¥n) =1 and
Xx=1 < Elyl,---aynEGr(V>: t(x7y17'-'7yn)7éo



