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EXERCISE 19:
Describe a BCSS machine (overR without constants) computing,

a) givenA,B∈ Rd×d, someC∈ Rd×d with range(C) = range(A)∨ range(B).

c) givenA∈ Rd×d, someC∈ Rd×d with range(C) = ¬ range(A).

b) givenA,B∈ Rd×d, someC∈ Rd×d with range(C) = range(A)∧ range(B).

What is the asymptotic running time? Can we replaceR with C ?

EXERCISE 22:

a) Supposeϕ : V →W is an isomorphism of vector spaces and abbreviateϕ[U ] := {ϕ(~u) :~u∈
U}. Show thatϕ[X∨Y] = ϕ[X]∨ϕ[Y] andϕ[X∧Y] = ϕ[X]∧ϕ[Y] for all X,Y ∈ Gr(V).

b) Supposeϕ is in addition an isometry of inner product spaces. Show thatϕ[¬X] = ¬ϕ[X].

c) Every termt(X1, . . . ,Xn) can be written ass(X1, . . . ,Xn,¬X1, . . . ,¬Xn) for a lattice terms.

d) Prove: Ift is strongly satisfiable over Gr(V) and over Gr(W), thent is also strongly satisfiable
over Gr(V ×W). If t is weakly satisfiable over Gr(V) andV is a subspace ofW, thent is also
weakly satisfiable over Gr(W). Hint: tV(x1, . . . ,xn) = tW(x1, . . . ,xn)∩V for x1, . . . ,xn ∈ Gr(V).

e) Show thatx∨¬y= 1 for x,y∈ Gr(V) implies dim(x)≥ dim(y).

f) Conclude that the following termhd of length O(d2) is strongly satisfiable over Gr(V)
iff d|dim(V):
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and any satisfying assignmentx1, . . . ,xn ∈ Gr(V) has dim(x1) = . . .= dim(xn) = dim(V)/d.

g) Verify thatD j := F~ej andD0 := ¬F(~e1+ . . .+~ed) constitute ad–diamond(see the script).
Prove that anyd–diamondD0,D1, . . . ,Dd has dim(V)−dim(D0)=dim(D1)= . . .=dim(Dd)=
dim(V)/d and weakly satisfies the following termgd(Z0,Z1, . . . ,Zd) = gd(Z̄):
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