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EXERCISE 19:
For a vector spaceV , the Grassmannian Grk(V ) is the set ofk–dimensional linear subspaces ofV ;
Gr(V ) :=

⋃
k Grk(V ), 0 := {~0}, 1 :=V . Equip Gr(V ) with the operations

X ∧Y := X ∩Y, X ∨Y := X +Y, and¬X := X⊥ = {~v ∈V : ∀~a ∈ X :~v⊥~a}

supposingV comes with an inner product to denote orthogonality⊥.

a) Show that Gr(V ) satisfies the de Morgan rules:
¬(X ∨Y ) = (¬X)∧ (¬Y ) and ¬(X ∧Y ) = (¬X)∨ (¬Y ).

b) Show that Gr(R2) violates the distributive law:(X ∨Y )∧Z 6= (X ∧Z)∨ (Y ∧Z).
Moreover is satisfies thedisjunction property for weak truth but not for strong truth:

X ∨Y 6= 0 ⇒ X 6= 0 ∨ Y 6= 0, X ∨Y = 1 6⇒ X = 1 ∨ Y = 1 .

c) C(X ,Y) := (X ∧Y )∨ (X ∧¬Y )∨ (¬X ∧Y )∨ (¬X ∧¬Y ) is called thecommutator of X andY .
EvaluateC(X ,Y) on Gr(F1) and on Gr(R2) — in a systematic way.

d) Show that for arbitraryX ,Y ∈ Gr(V ) it holdsX = Y ⇔ (X ∧Y )∨ (¬X ∧¬Y ) = 1.

EXERCISE 20:
Describe a BCSS machine (overR without constants) computing,

a) givenA,B ∈ Rd×d , someC ∈ Rd×d with range(C) = range(A)∨ range(B).

b) givenA,B ∈ R
d×d , someC ∈ R

d×d with range(C) = range(A)∧ range(B).

c) givenA ∈ Rd×d , someC ∈ Rd×d with range(C) = ¬ range(A).

Can we replaceR with C ?

EXERCISE 21:
To everyN ∈ Z there exists a termt over(×,−,1) of lengthO(logN) that overZ evaluates toN.


