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EXERCISE 19:
For a vector spacé, the Grassmannian &V ) is the set ok—dimensional linear subspaces\af
Gr(V) :=UkGn(V), 0:= {0}, 1:=V. Equip GKV) with the operations

XAY :=XNY, XVY:=X+Y, and-X:=X'={VeV:vaeX:vlLa}
supposing/ comes with an inner product to denote orthogonality

a) Show that GIV) satisfies the de Morgan rules:
S(XVY) = (=X)A(RY) and =(XAY)=(=X)V(7Y).

b) Show that G{R?) violates the distributive law(X VY)AZ # (XAZ)V (Y AZ).
Moreover is satisfies thdisunction property for weak truth but not for strong truth:

XVY#£0 = X£0VY#0, XVY=1+4X=1vY=1.
c) C(X,Y) :=(XAY)V(XAZY)V(=XAY)V(=XA=Y) is called thecommutator of X andY.
EvaluateC(X,Y) on Gi(F!) and on G(R?) — in a systematic way.
d) Show that for arbitrar),Y € Gr(V) itholdsX =Y < (XAY)V(=XA=Y)=1

EXERCI SE 20:
Describe a BCSS machine (ovRmwithout constants) computing,

a) givenA, B c R9Y, someC € R¥*4 with rangéC) = rangdA) \ rangéB).
b) givenA, B € R%9, someC ¢ RY*9 with rangéC) = rangdA) ArangéB).
c) givenA € R99, someC € R9*4 with rangéC) = —rang€éA).

Can we replac® with C ?

EXERCISE 21:
To everyN € Z there exists a termover (x, —, 1) of lengthO(logN) that overZ evaluates tiN.



