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EXERCISE 12:
a) Devise a Boolean teregual(x,y) evaluating totrue iff x=y.

b) Devise a Boolean termniqg(xy,...,Xn) evaluating totrue iff precisely one ofxs,..., X is
true. How ’long’ is unig asymptotically?

c) Describe an encoding) of Boolean term& = ¢(x, ..., Xn) over finite binary strings.
How long is{¢) asymptotically, compared to the syntactic lengtip &f

d) Construct within time polynomial in the (syntactic or aig) length of¢p a Boolean termp
in conjunctive normal form (CNF) with the following propertp is satisfiable iff ) is.
(Hint: Add variables for the results of all sub-expressidpns

e) Strengthen (d) to makin 3-CNF.
EXERCISE 13:

LetF C R denote a ring and abbreviaXe:= (Xg,..., %) andY := (Yy,...,Ym).

a) Prove that every constructible subseRaf finite or co-finite;
and that every semi-algebraic subseRaf a finite union of intervals.

b) Construct tgp € F[X] someq € F[X,Y] such that
vReR": (p(X)#0 < FyeR™:q(X,y) =0)
c) Construct tgp € F[X] someq e F[X,Y] such that
vXeR": (p(X)>0 < FyeR™:q(Xy)=0)
d) Construct tgpy, p2 € F[X] someq € F[X,Y] such that
VReR":  (pu(X) =0Ap2(X) =0 < FycR™:q(X,y) =0)
e) Construct tqor, p2 € F[X] someq € F[X, Y] such that
VReR":  (p(X)=0Vvp2(X)=0 < FycR™:q(X,y) =0)

f) Let ¢(z,...,zy) denote a Boolean combination of in-/equalitieszon. ., zy € R.
Show that, topy, . .., pn € F[X], there exists somg e F[X, Y] with

VReER": ¢ (p1(RX),....pn(R) & FeRM:q(RY) =0
g) Construct top € F[X] within polynomial time some quadratig, . . ., om € F[X,Y] such that
YRER": (p(X)=0« FeR™ A" a(xy) =0)
h) Construct top € F[X] within polynomial time some quartig € F[X, Y] such that
VReR": (p(X)=0 < I eR™:q(Xy)=0)
i) Which of (a)—(h) extend fronR to C ?



