Martin Ziegler Issued on 2014-04-29
Solutions due: 2014-05-05

Algebraic Complexity Theory
SS 2014, Exercise Sheet #3

EXERCISE 5:
Devise a straight-line program of lendgiN - logN) computing theN-dimensional discrete Fourier-
transform

Fn:CN S (X0, Xn_1) — (Zzlz_olexp(zm-'k‘E/N)'Xf)k:O,...,N—l e CN
in caseN = 3".

EXERCISE 6:
Fix infinite fieldsF C E.

a) LetE[Xy,...,X,] denote théE—algebra of multivariate polynomials
and deg E[Xy,..., X, \ {0} — N the maximum degree; e.g. deg - Y?) = 3.
Fix d € N and some seX C FF of Card X) = d. Show that every functiofi : X" — E can be
represented by a unique polynomga& E[Xy, ..., X,] of deq p) < d.
Moreover the coefficients of saful‘live’ in the sub-field[F(rangef) of E.

b) Leta,b,u,ve R[Xy,..., Xy denote multivariate polynomials such that béthb) and(u,v)
are coprime. Suppose the rational functiefib andu/v are defined and coincide on some
non-empty opehsubset ofR". Then there exists € R such thab=c-uandb=c-v.

c) Leta,b € E[Xy,...,Xn] denote coprime multivariate polynomials wherés monic in the
sense that some monomial has coefficient 1. Then the coafadéa andb ‘live’ in the field
extensior ({a(X)/b(X) : X e F"}) C E.

d) Letp=y{ ,p;X! andg= X%+ Z?;(:)qu'xj denote polynomials ovet.
Devise a straight-line program ovéE,E, (+,—, ><,+)) of length 31+ O(1) computing the
rational functionp/q (possibly extended to removable singularities).
Hint: Consider the continued fraction representatiom 4.

*One may replac® with I by understanding open sets with respect to the Zariski Taypol



