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. ) ) Complexity Theory
Reminder: Turing reduction, oracle-TM M? has state g,

and query tape: for OLIZ*, g, - q, If contents U O, else - q,
Theorem (Baker, Gill, Solovay 1975):.

There exist A,B 1 >* such that PA=NP» and PB#NPE
Definition: Fix some class C of languages.

PC :={L0OX* decided by polytime ODTM M©°, OUC}
NPC:={ LO2* decided by polytime ONTM M9, OC}
Examples:

a) MinCircuit J coNPPAT = coNPYP [ PNP (Exercise)

b) PP=P, NPP=NP, PSPACE’SPACE=PSPACE

c) NP O coNP I PNP;  #* unless NP=coNP (Exercise)

Relativized Complexity Classes

Martin Ziegler 95




Semantic Polynomial Hierarchy
(compare Arithmetic/Borel Hierarchy)

Definition: A,P=2,P=[1,P:=P
Ak+1P = szp — PHkP
2. P:=NP=F = NP'®
M...P:= coNP*" = coNP%P
PH:= 2P

Lemma: a) A P=co-AP
by APO2ZPnTlLP

c) 2 POIlNPOA,P

d) PHO PSPACE
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Theorem: a) LO{0,1}* belongs to NP iff COory
L ={x: Oy0{0,1}pMx) : (x,y)TJA} for polyn. p and ACIP

Syntactic Polynomial Hierarchy

b) L belongs to 2,,, iff, for some polyn. p and AOIT,

L ={x: Oy0{0,1}P0D - (x,y)[IA }.

c) L belongs to I, iff, for some polyn. p and BOZ,

L = {x: Oy0{0,1}p0 : (x,y)(OB } @
d) L belongsto 2, iff, for some polyn. p !an !P,
L = {x: Oy,0{0,1}P) Oy, {0, 1}P(x) [yy,({0,1}pkd ..

_ . QY LHO,LIPUXD - (X, Y1,Y0, Y3, Y0 DA }
"' if k odd, '0" elser”

> . P = NP> M.,,P:= coNP"
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Syntactic NP° :

Theorem: a) LO{0,1}* belongs to NP° jff ompexy Theor
L ={x: Oy{0,1}p(x) : (x,y)OA }  for polyn. p and ALP®

b) L belongs to 2,,, iff, for some polyn. p and AOIT,
L= {x: YO, 10090 - (x,y)IA }

Proof b) ,0* by induction on k, LONP =%, .

= induction LONP™ = L={x : Cy[1{0,13P(x) : (x,y)[A},

AOP™  put 011, . Instead show: PO 2\ .1 T Exercise

ADP™ decided by g(n)-time DTM M8, BOZ,=%', (ind.hyp)

A=

{Z 0Oy Mgy Was - Wz B{O, 1J90ED(Z, vy, WY OIC )

C :={(z.\Vq,....W,) :[M? accepts z querying only v,,...,.w_

and [yl’---’ymDB} and [V—Vl""’WmDB] } y .Zzlllk+1 q.e.c.




