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Complexity Theory

Simple Probabilistic Algorithm

Example: MaMu :={ (A,B,C)0Z.,3mm) : mOIN, C=A-B }
e deterministic algorithm: running time O(m?3)=0(n1-)
« world record [Strassen],[Coppersmith&Winograd]: O(m?2-38)
e randomized algorithm, running time O(m2)=0(n):
— Guess x[1Z,™M identically independently at random
— Calculate y:=B-x, z:=A-y, w:=C-x. [ Amplifiable to
— If w=z, accept; otherwise reject. Elear certaint;
Lemma: a) Every (A,B,C)LIMaMu gets accepted.
b) A d-dimensional Z,-vector space has 29 elements.
c) For A,B,CZ,™™m with C#A-B, dim kern(C-A-B)=m1
d) Each (A,B,C)lOMaMu is rejected with probability =2%-.
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Randomized Algorithm for 3SAT Uwe Schoning, Uim

Sei z eine erflllende Belegung von f
Mit Wahrscheinlichkeit (",)- 2™ unter-
scheidet sich y von z an { Stellen;

nach einem Durchlauf mit W'keit =% 4

nurnoch an {-1 Stellen, | Gegeh. 3KNF Formd(x,,... x)

sonst an t+1; erreig]:h? Wiederholea(n)-mal:
— l . > |
y=z mit Wahrkeit 2(%s)". | rate Start-Belegung1{0,1}

Wabhle z.B. f=2/2 ) » Wiederholel(n)-mal:
und a:=20-3"< (Ubung) Fallsf(y)=1, akzeptiere.
besser a:=20-2"/(",)- 3" *SeiC Klausel inf mit C(y)=0

fir £=n/4 Expon_entialzﬂ-Rate Literalx, in C
| algorithmen J , ,ng setzgy, := 1,
Laufzeit (1.

"-poly(n) Verwerfe 1/(",) =~ c- (1c)-or
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Randomized Complexity Classes @

L as Vegas algorithms: Monte Carlo algorithms:
always correct result, always polynomial time,
expected time polynomial || results expected correct

Def: LORP if there is a polytime NTM which
e on inputs X[LIL has only rejecting computations

e oninputs xLIL has =250% accepting computations.
PORP ONP||RP OBPP ;Br%oonrg ﬁﬁ?#gg{
Example: MaMulCORP. generators?

Open Question: P versus RP versus NP versus BPP

Def: LOBPP if there is a polytime NTM which
e on inputs XLIL has =275% rejecting computations
e oninputs xLIL has =275% accepting computations.
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Randomized Complexity Classes

Complexity Theory

Def: LUPP If there is a polytime NTM which
e oninputs XL has =50% rejecting computations
e on inputs X[IL has >50% accepting computations.

Lemma: LO BPP if there is polyn. p and NTM which
e on all inputs x[12" makes exactly p(n) steps

e on x[OL has =(1-2M)-2r( rejecting computations
« on xOL has 2=(1-2M).2r(N accepting computations
Proof: Repeat O(n) times and report the majority vote

SIEE

Def: LOBPP if there is a polytime NTM which
on Inputs X[IL has =275% rejecting computations
on inputs XLIL has =275% accepting computations.




