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Complexity Theory

WS 2011/2012, Exercise Sheet #12

EXERCISE 31:
Let n ∈ N and R ⊆ {0,1}n. “⊕ : {0,1}2 → {0,1}” denotesexclusive or, that is binary addition
modulo 2. For~x,~u ∈ {0,1}n write~x⊕~u := (x1⊕u1, . . . ,xn ⊕un) andX ⊕~u := {~x⊕~u :~x ∈ X}. For
a propositionA(~u) with parameter~u, Pr~u[A(~u)] denotes the probability thatA becomestrue for
~u ∈ {0,1}n chosen uniformly componentwise independently at random.

a) Let~y ∈ {0,1}n. Prove:~y ∈ R⊕~u ⇔~u⊕~y ∈ R ⇔~u ∈ R⊕~y.

b) Pr~u[~y ∈ R⊕~u] = Pr~u[~u ∈ R] and Pr~u,~v[~y ∈ (R⊕~u)∩ (R⊕~v)] = Pr~u[~y ∈ R⊕~u] ·Pr~v[~y ∈ R⊕~v].

c) Let 1≤ n ≤ p < 2n andR ⊆ {0,1}p with Card(R)≤ 2−n ·2p.
Show that no choice of~t1, . . .~tp ∈ {0,1}p satisfies{0,1}p =

⋃p
i=1(R⊕~t1).

EXERCISE 32:

a) Show that the following problem lies inPCLIQUE, that is, can be decided in polynomial time
by a DTM permitted oracle queries to CLIQUE:

Given a graph, does the maximal clique it contains have odd size?

b) Show that the following problem MINCIRCUIT belongs to coNP
SAT:

Given a circuitC(X1, . . . ,Xn), there is no strictly smaller one computing the same
Boolean function{0,1}n →{0,1}.

Hint: Recall Exercise 9j). How to encode the satisfiability of a circuit into a (not too long) formula?

c) Fix ℓ ∈ N. Prove that the following problem lies inPSAT. Does it belong toNP? to coNP?

Given a Boolean functionϕ, can a circuit with at mostℓ gates computeϕ?

d) LetB,C ⊇ P denote classes of languages closed under polynomial-time reduction and sup-
poseC is C–complete. ThenBC =BC.

e) ProveNP∪coNP⊆ PNP.

f) If NP∪coNP= PNP, thenNP= coNP.
Hint: Recall Exercise 15) and considerL := ({0}×A)∪ ({1}×A∁) with NP–completeA 6∈ coNP.



EXERCISE 33:
For k ∈ N, classΣP

k is defined to consist of all problems of the form

{

~x ∈ {0,1}n : n ∈ N, ∃~y1 ∈ {0,1}≤p(n) ∀~y2 ∈ {0,1}≤p(n) ∃~y3 ∈ {0,1}≤p(n)

· · ·Qk~yk ∈ {0,1}≤p(n) : 〈~x,~y1, . . . ,~yk〉 ∈ R
}

with R ∈ P andp ∈ N[N]. HereQk means′∀′ in casek is even,Qk =
′∃′ if odd.

a) Prove:ΣP
1 =NP and ΣP

k ⊆NP
NP

. .
.NP

(tower of heightk) and ΣP
k ⊆ PSPACE.

b) ForA,B ∈ ΣP
k , it holdsA∩B,A∪B ∈ ΣP

k .

c) ForL ∈ ΣP

k andq ∈ N[N], it holds
{

~x : ∃~y ∈ {0,1}≤q(|~x|) : 〈~x,~y〉 ∈ L
}

∈ ΣP

k .

d) ForL ∈ ΣP
k andq ∈ N[N], it holds

{

~x : ∀y ≤ q(|~x|) : 〈~x,y〉 ∈ L
}

∈ ΣP
k .

e) What about
{

~x : ∀~y ∈ {0,1}≤q(|~x|) : 〈~x,~y〉 ∈ L
}

?

f) How will (would) the polynomial hierarchy look like in caseP 6=NP= coNP?
Draw and justify. How about the case∆P

2 6= ΣP
2 = ΠP

2?


