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EXERCI SE 31:

Letne N andRC {0,1}". “@ : {0,1}?> — {0,1}" denotesexclusive or, that is binary addition
modulo 2. FoiX, U € {0,1}" write X® U := (X1 D Ug,...,Xn D Up) andX @ U:= {XdU: X € X}. For
a propositionA(U) with paramete, Pry[A(U)] denotes the probability th# becomeg r ue for
d € {0,1}" chosen uniformly componentwise independently at random.

a) Letye {0,1}". Proveye Rl < Udye Re Ue Ray.
b) Pily € Re U] =Prylie R and Pgy[y € (ReU) N (R®V)] = Pryly € Re U] - PRy € R@ V.

c) Letl<n< p<2"andRC {0,1}P with CardR) <27 ".2P.
Show that no choice di, ..., € {0,1}P satisfies{0, 1}P = U"_;(R&T).

EXERCISE 32:

a) Show that the following problem lies fA°-'QUE  that is, can be decided in polynomial time
by a DTM permitted oracle queries ta.@QUE:

Given a graph, does the maximal clique it contains have ai®si
b) Show that the following problem MCIRCUIT belongs to ctNPSAT:

Given a circuitC(Xg, ..., Xn), there is no strictly smaller one computing the same
Boolean function{0,1}" — {0, 1}.

Hint: Recall Exercise 9j). How to encode the satisfiabilifyaaircuit into a (not too long) formula?
c) Fix ¢ € N. Prove that the following problem lies iPSAT. Does it belong t&NP? to coNP?
Given a Boolean functiofh, can a circuit with at most gates computé?

d) LetB,C D P denote classes of languages closed under polynomial-gthection and sup-
poseC is C—complete. TheB® = BC.

e) ProveNPUcaNP C PP,

f) If NPUCONP = PN, thenNP = caNP.
Hint: Recall Exercise 15) and consider= ({0} x A) U ({1} x A) with NP—completeA ¢ coN?P.



EXERCISE 33:
Fork € N, classZ] is defined to consist of all problems of the form

{%€{0,1}":neN, 3y € {0,1}=P1 vy, € {0,1}=PM 3y € {0,1}=P("
Qe {0,11=P (%91, %) € R}
with R P andp € N|N]. HereQx meansY’ in casek is evenQx ='3' if odd.

NP

a) ProveZ] = NP and 5 C NPNP (tower of heighk) and 57 C PSPACE.
b) ForABe 37, it holdsANB,AUB € 3.

c) ForL € 3} andge N|N],itholds  {X:3y€ {0,1}=9) : (xy) e L} € =7 .
d) ForL € 5) andge N|N], itholds  {X:vy<q([%]): (Xy) €L} € =} .

e) What about {X:vye {0,1}=9:(x gy L} ?

f) How will (would) the polynomial hierarchy look like in casP? # NP = coNP?
Draw and justify. How about the cagg # > = M3?



