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EXERCISE 24:
The lecture has considered Boolean circuits composed fioanpAND andOR and unaryNOT.

a) Let us now temporarily permfAND andOR gates with an unbounded number of inputs, the
size of such a gate being this number. Prove: In every circuit éfmamial (why?) size, these
gates can be replaced by their binary counterparts whilsiteegrows at most by a constant
factor and depth by at most a logarithmic one.

b) Now demonstrate that the three above types of gates cagplaced by one single type to
rebuild all circuits while affecting both depth and size lwymore than a constant factor.

c) Prove that, fromAND andOR alone, onlymonotone functions can be realized, i.e. satisfying

VI<i<n WXg,.o.oo%: (X0 X—1,0, X4, .- %) < F(Xe, .o, X—1, L Xj41, -5 %n) -

d) Recall Exercise 9g) and prove: Every language {0,1}* can be decided by a family of
circuits of circuits. What size and depth do you achievehdgamily uniform?

e) The Boolean function Mux (X1,...,Xn; Yo, -.,Y2n_1) — Ve, %), is called aMultiplexer.
Sketch a circui€, for Mux;, of depthO(n). Is (Cy),, uniform?

EXERCISE 25:
Fix I € {0,1}KandQ C {0,1}Y andd: T x Q+— I x Q x {00,01,10}.

a) Describe a circuiCsy computingo.

b) Let M = (Q,Z,I,d) denote a DTM and € N. Describe a CII’CUIC/ ¢ With the following
functionality:
Its input consists of the encoding of a configuratiordf state, tape contents of lengths
with one bit per cell indicating whether the head is preserghding it. The output oﬁ:g
the encoded(’s configuration one step later, that is, the new state, npe t@ntents with
updated indicators for the head position.
How large and deep @é,s’ depending o1s?

c) Letne N, s> Sy(n), andt > Ty (n). Describe a circuiC; st Simulating) on all inputs of
lengthn. Estimate the size and depth@{_, asymptotically in terms of andt.

d) Prove that a polynomial-time DTM can be simulated by a uniform family of polynomial
size circuits. Moreover, RCUITVAL is P-complete.



