
Martin Ziegler Distributed on 18-Oct-2011
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AUFGABE 1:

a) Compare the following three classes of asymptotic growth(Landau’s notation): which one
includes which one; which coincide? Justify your claims!

i) O(2n) ii) 2O(n) iii) O
(

2O(n)
)

b) Doesnlog(n) mean polynomial oder exponential growth? Why?

c) Simplify: nloglog(n)/ log(n). Prove:alogb = bloga.

d) Verify: max( f ,g) = Θ( f +g) andn! = 2Θ(n logn). Hint: Stirling.

e) Determine the asymptotic growth ofn 7→
(n

K

)

and ofn 7→ ∑K
k=0

(n
k

)

.
HereK is considered constant. What can happen in caseK depends onn?

f) Consider the recursive equationf (n)= a · f
(

⌈n/2⌉
)

+b ·nc (a>2c, b,c>0,n≥2). Show that
it defines a monotonically nondecreasing functionf : N → R and determine its asymptotic
growth.

g) Prove or disprove: For every functionf : N→ N, it holds f (n) = O(n) or f (n) = Ω(n).

AUFGABE 2:

a) Recall the high school method for long addition. Describesemi-informally an algorithm for
adding two integers in binary, i.e. on input(an−1, . . . ,a0) and(bn−1, . . . ,b0) over{0,1}. Spe-
cify the (format of the) output and the basic operations employed. Determine the asymptotic
running time. Is it optimal?

b) Recall the high school method for long multiplication. Describe an algorithm for multiplying
two integers of lengthn in binary and analyze its running time.

c) Describe semi-informally an algorithm for multiplying an integer of lengthn in binary with
the number 2m and determine its running time.

d) (aX +b) · (cX +d) = rX2+(s− r− t)X + t, r := a · c, t := b · d, s := (a+b) · (c+d).
Describe an algorithm for multiplying two integers of length n in subquadratic running time,
thus improving over b).

e) Describe an algorithm performing long division with remainder of two integers of lengthn
in binary within running timeO(n2).

f) Describe an algorithm deciding whether a givenn-bit integer is prime or not. What running
time do you achieve?
Note: In 2003 an algorithm was presented that achieves the same in running timeO(n12).

∗Logarithms are always to be understood with respect to basis2.
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