Semantic Polynomial Hierarchy
(compare Arithmetic/Borel Hierarchy)

Definition: AP=2,P=[,P:=P
A,P=P>F  =pTP
2P =NP>® = NP
M..,P:= coNP*F = coNPP
PH:= JZP

Lemma: a) A P=co-AP
by APO2Pn P

co 2POMNPOA,P

d) PHO PSPACE
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Syntactic Polynomial Hierarchy .

Theorem: a) LO{0,1}* belongs to NP iff “C" V"
L ={x: Oy{0,1}M) : (x,y)TA }  for polyn. p and AP

b) L belongs to Zk+1 Iff, for some polyn. p and ADHk,

L= {x: YO0 (A} by = ¢ O

c) L belongs to 11,, iff, for some polyn. p and BDZk,

L= {x: Oy0{0, 19 : (X y)IB } )+ ¢) = d) >

d) L belongsto Zk iff, for some polyn. p and AOP,

L ={x: Oy,0{0,1}p0x) [y,{0,1}p0xD [yy,[1{0,1}P0xD ..

"' if kodd, '0" else Qy, {0, 110D = (X,V; .Y, ¥s,.... ¥, ) OA }
> . P = NP> M.,,P:= coNP"
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Syntactic NP°

Theorem: a) LO{0,1}* belongs to NP® iff
L ={ x: Oy0{0,1}*(x) : (x,y)OA } for polyn. p and ACP®

Komplexitatstheorie

b) L belongs to Zk+1 Iff, for some polyn. p and ADHk,
L ={x: OyO{0,1}p0D : (x,y)[IA }

Proof b) ,0*“ by induction on k, LOZ,,,=NP>

=" induction LONP* = L={x : Ty[{0,11p(x) : (x,y)0JA},
AOP™ but I, . Instead show: P*0O 2., T Exercise

AOP*< decided by q(n)-time DTM M8, BOZ,=%': A=

121 O, Vg Wy Wy (MO, 13902D:(Z,vy ... W ,)OC
[ M? accepts z querying only v,,...,w,

Martin Ziegzler k+1 q . e . C .
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Sipser—Gacs—Lautemann o

Theorem: BPP O 2, nIl, ,Derandomization®
Notation: y,z[{0,1}™ = y[lz := componentw. Xor
Now fix p(n)-time NTM M for LOBPP.

For input X, M guesses a random string r[J{0,1}P(M,
Ry (X) := { all r[0{0,1}* leading M to accept x } (1P
e xOL = Card(Ry,(x)) = (1-2)-2r(

o xOL = Card(Ry,(x)) < 2-.2r() — EXxercise
Goal: L={x | O,...,tg,0{0,1}P0D -

Oy0{0, 1} G=1,...,p(Ix]): YOLOR,X)|} O Z,
= {0,1* OU; (ROt 1
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Erd os' Probabilistic Method

Hypothesis: RLHO,1}", Card(R)>(1-2'”)-2F’
Claim: ,...,t,0{0,1}° : Oy[H{0,1}FP  O=p: yUtOR
Probablistic proof: |

Consider random t,,...,1

For any fixed yD{O 1}P :
Pr| yOtOR |

'=p°

........



