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(G7.1) Let f : R3 → R, f(x, y, z) = cosx sin y exp(z). Compute the Taylor polyno-
mial of order 3 of f at the point (0, 0, 0) in two ways:

(i) using Taylor’s Theorem VII.4.1;

(ii) multiplying the Taylor polynomials for exp(z), cosx, sin y.

(G7.2) Let P : Rn → R be the following homogeneous polynomial of degree k:

P (x) =
∑
|α|=k

cαx
α,

where cα ∈ R, α ∈ Nn
0 . Prove the following:

(i) For any multi-index β ∈ Nn
0 with |β| = k,

DβP (x) = β! cβ.

(ii) If P (x) = 0 for all x in a neighborhood U of 0, then cα = 0 for all α ∈ Nn
0 with

|α| = k.

(iii) lim
x→0

P (x)

‖x‖m
= 0 for all m < k.

(iv) If lim
x→0

P (x)

‖x‖k
= 0, then P (x) = 0 for all x ∈ Rn.

(G7.3) Let U be an open subset of Rn and Ck
b (U) be the set of all f ∈ Ck(U,R) with

the property that Dαf is bounded on U for all α ∈ Nn
0 with |α| ≤ k. For every f ∈ Ck

b (U),
we define

‖f‖k :=
∑
|α|≤k

1

α!
sup{|Dαf(x)| : x ∈ U}.

Prove the following:



(i.) The mapping
‖ · ‖k : Ck

b (U)→ R, f 7→ ‖f‖k
is a norm on the real vector space Ck

b (U).

(ii.) For any f, g ∈ Ck
b (U),

‖fg‖k ≤ ‖f‖k‖g‖k.

Hint: for (ii) you will need to use the Leibniz Formula from (T7.3).


