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(G2.1)

Examine whether the following integrals exist.

1. I =

∫ ∞

0

x√
1 + x3

dx.

2. B(p, q) =

∫ 1

0

tp−1 · (1− t)q−1dt; where p, q ∈ C with Re(p), Re(q) > 0 (see Example

4.10 Chap. 5).

(G2.2)

1. Suppose that we are given a 2π-periodic function f : R→ R which satisfies f(x) = |x|
for all x ∈ [−π, π]. Compute the Fourier series of f .

2. (Fourier coefficients of a shifted function)
Let f : R → C be Riemann integrable on [−π, π] and 2π-periodic. Define for any
h ∈ R the shifted function τhf : R→ C, τhf(x) = f(x+h). Prove that the Fourier

coefficients τ̂hfk of τhf are given by: τ̂hfk = eikhf̂k for every k ∈ Z.



(G2.3)

We give the following definition. Suppose that A,X are sets such that A ⊆ X. We
define the function χA : X → {0, 1} : χA(x) = 1 if x ∈ A and χA(x) = 0 if x 6∈ A. The
function χA is the characteristic function of A.

For all naturals n ≥ 2 we define the interval An := [
∑n−1

k=1
1
k
,
∑n

k=1
1
k
) and the function

f : [1,∞) → R : f(x) =
∑∞

n=1(−1)n · χAn(x). Prove that (a) for all x > 1 there is some
n0 such that f(t) =

∑n0

k=1(−1)k · χAk
(t) for all t ∈ [1, x] and so the series

∑∞
n=1(−1)n · χAn

converges to f uniformly on each fixed interval [1, x]; (b) the function f is jump continuous
and integrable on [1,∞) and (c) the function f is not absolutely integrable on [1,∞).

Below we give the graph of f .


