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Introduction to Mathematical Logic
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Recall from the lecture the following lemma of Vaught:

Let K be an infinite set and’ a consistent theory subpotent & such that all models df are
infinite and any two models @f equipotent takK are isomorphic. Thefi” is complete.

EXERCI SE 44:
A linear order ‘<" on a setX isdense if, to anyz < y, there ara;, v, w withu < z < v <y < w.
One can show that any two countable dense linear ordersam®iphic.

a) Define the theory DLO of dense linear orders. Are your agioecursively enumerable? Explain!
b) Given an example of a model of DLO. Are there countable nsooieDLO? Finite models? Why?
¢) Conclude that DLO is complete!

Recall Godel's Incompleteness Theorem. In 1948, Juliaf®oln presented a formuld X | in the language
of fields such tha® = ¢[i,| for everyz € N andQ = —li,] for everyz € Q \ N.

d) Prove or disprove: TI®) is complete.
ey Prove or disprovef) admits a recursively enumerable axiomatization in thedage of fields.

EXERCISE 45:

a) Suppose that every set can be well-ordered; i.e. to e¥etigere is a seR C X x X which constitutes
a well-ordering relation. Conclude that this implies the@w of Choice.

b) LetX,Y denote metric spackandf : X — Y an arbitrary function.
Show that, for every, € N, the following is an open subset &f:

{reX|3meNVy,zeX: (dz,y) <1l/mAdx,z) <1/m)=d(f(y), f(z)) <1/n} .
c) Conclude that the s¢tr € X : f continuous at:} is in Borel clasdIy, i.e. a G subset ofX.
Give an example of a functiofi : X — Y where this set is not open nor closed.

d) Recall the non-commutativity of ordinal arithmetic arichglify the following ordinal expressions:
l+w+w?+wd+.  +w+1, 14+w+w?+wd+...+w+ 1. What couldw — 1 mean?

EXERCISE 46:
a) For fixedn, determine the number (i.e. the cardinality of the set) atfionsf : {0,1}" — {0,1}.
b) Forzy,...,z, € {0,1}, consider the formula,, .. [Xi,...,X,] = /\izl{ X ;=0

Show thaty,, . ..[X1,...,X,] is a formula in the language of propositional logic with edlies
X1,...,X, such that, for every valuation: {X,...,X,} — {0,1}, it holds:
UV Opym, I 0(X;) = foralli=1,... n.

c) Prove that, to every functiofi: {0,1}" — {0,1}, ¢ := \/*effl[l] oz is a formula in the language of
propositional logic such that, for every valuationit holds:v |= v iff f(v(X1),...,v(X,)) = 1.

d) Prove that the number of formulas of lendtlvith » variables in the language of propositional logic
is at most(n + ¢) for some constant.

e)* Verify thatt from c) has length at mogt”™ for some constant’.
Show that (fom sufficiently large) there are functiorfs: {0,1}™ — {0, 1} which cannot be expressed
as formulas of length polynomial in; and that in fact ‘most’ functions require formulas of lemgit
leastc™ for some constant.

*Bonus exercise  Tyou may assum& = Y = R with metricd(z, y) = |z — y| if you like



