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EXERCISE 34:
Let L denote a language afd a structure of_. Prove the following:

a) AsentenceA A B”is valid in M iff both “ A” and “B” are valid in)M.
b) A sentence¥vA[v]”is valid in M iff for eacha € M, the sentenceA|[i,]” of Ly, is valid in M.

c) AsentenceA < B”isvalidin M iff either both “A” and “B” are valid in)M or none is valid irfV{.

d) LetA[vy,...,v,] be aformulaand,,...,t, variable-free terms of.
Prove that the following two formulas are valid:
(VUlvvg <Y, A) = A[tl, RN tn] A[tl, S ,tn] = dvydvg---dv, 1 A
EXERCISE 35:

A field K is algebraically closed if every nonconstant polynomial ov&t has a root irkK.
Thecharacteristic of a fieldK is the least integey > 2 suchthatl + 1+ ---+ 1 =0 (p-fold).
If suchp exists, it must be a prime; otherwigeis said to be otharacteristic O.

a) ProveFreshman Exponentiation: (z + y)? = a? + y? in fields of characteristip > 2.

b) Prove that every algebraically closed field is infiniteisaavery field of characteristic.

c) Define a first-order theory whose models are precisely #hdsfi

d) Fix p. Define a first-order theorly(p) whose models are precisely the fields of characterjstic
e) Define a first-order theoify(0) whose models are precisely the fields of characterfistic

f) Define a first-order theor®CF whose models are precisely the algebraically closed fields.

g) Show that there exists an uncountable and a countablelmbAd€F. (Hint: Lowenheim-Skolem)

EXERCI SE 36:
An ordered field is a fieldK equipped with an additional order relatior™that complies with the field

operations and constants.
A complete ordered is an ordered fiel&K such that every nonempty subseioWvhich has an lower bound

also has a greatest lower bound; recall Section 1.1 fronetttare.

a) Define a first-order theory whose models are preciselyrthered fields.
Give an example of a complete ordered field.

b)' LetKK denote a complete ordered field. Prove that there existgeatiire homomorphism of ordered
fieldsh : R — K, i.e. suchthat(0) = 0, h(1) = 1, h(x + y) = h(z) + h(y), h(x - y) = h(z) - h(y),
andh(z) < h(y) wheneverr < y.

c) Can you define a first-order theory whose models are plgdise complete ordered fields? Prove!

*Recall that the lecture and exercise session intended fer Il and 22 have moved. TBonus exercise



