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EXERCISE 26:
In topology, a Gδ-set (inX) is one of the form

⋂

n∈ω
Yn with Yn ⊆ X open for everyn ∈ ω.

a) Which Borel class (Σα or Πα and for whichα) do Gδ-sets belong to?

b) Prove that the Borel class you specified in a) is in general the least possible to contain Gδ-sets.

c) Fix k ∈ N.
Generalize a+b) to describe all sets inΣk (all sets inΠk) in terms of open or closed sets.

d)∗ Let α denote someuncountable ordinal. What isΣα?

e) Prove thatΣα is closed under countable unions.
Which countable operation isΠα closed under?

EXERCISE 27:
Consider the following subsetC of R:

{

∑∞

n=1

an3−n : an ∈ {0, 2}
}

.

a) What is the cardinality ofC ?

b) Which (least) Borel class doesC belong to?

c)∗ Prove your claim from b).

EXERCISE 28:

b) For everyx, y, we define theordered pair (x, y) :=
{

{x}, {x, y}
}

.
Prove that(x, y) = (x′, y′) ⇔ x = x′ ∧ y = y′ holds.

c) Inductively extend the definition, claim, and proof in b) from pairs ton-tuples.

d) What doesn range over in c)? Which axioms does your proof rely on?

∗Bonus exercise


