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Introduction

The class addressed students from the third year on. I tried to give life to the somewhat
formal topic of manifolds by aiming at some concrete theorems. In a two-hour class such
as this one, a focus on some particular aspects is appropriate anyway.

The first goal of the class is a version of the Whitney embedding theorem. It says that
a given abstract manifold can be realized as a submanifold of Euclidean space with twice

the dimension.

The second theorem presented is the Frobenius integrability theorem. Given a distribution
of lines or planes, etc. it decides if there is a curve or surface, etc. such that the distribution
is tangent to it. While for a line field, there is no problem, in the higher dimensional cases
there is a necessary and sufficient condition in terms of the commutator of two vector fields
tangent to the distribution.

The third and last theorem I covered is Stokes’ theorem. It generalizes the fundamental
theorem of calculus to a form which includes all classical integral theorems, such as the
divergence theorem. Stokes’ theorem requires the machinery of differential forms. While I
had to be a bit sketchy in class eventually, these notes should be essentially complete. It
was sad to realize I could not cover any of the applications.

The problems presented in seven sessions are also included.
I thank Dominik Kremer for communicating many corrections to these notes.

Darmstadt, 16. February 2010 and Sept. 10
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Part 1. Differentiable manifolds and the Whitney embedding theorem

1. Lecture, Thursday 15.10.09

1. THE DEFINITION OF A DIFFERENTIABLE MANIFOLD

Differentiable manifolds are the abstract generalization of the notion of submanifolds which
are in turn generalizations of curves and surfaces. A submanifold of dimension n is a subset
M C R"* which has three equivalent descriptions in the neighbourhood U C M of each
point:

Implicit: The inverse image U := o 1(b) C R"™* : of a regular value b of a function
@ € C(R"* R¥), that is dp|ys has rank k.

Parameterized: Local image of a parameterization f € C°°(V C R", R"**) where that is,
has rank n on V.

Graphs: Local parameterizations of the form U = {(z,g(z)) : x € D C R", g: C>(D,R*)}

These definitions imply that submanifolds are smooth and locally look like deformations of
R™. They neither have self-intersections nor boundary. They may, however, have several
connected components. Examples to keep in mind are the spheres S™ or more generally
quadrics, and matrix groups like O(n) or GL(n).

While these examples are naturally given as subsets of R"** there are many other cases
where spaces arise without an ambient space. Configuration spaces form an example:
For instance, the space of m pairwise distinct points on the sphere S?, or the space of
polygons in R?. Many more complicated examples like DNA strings are given similarly.
Quotient constructions are a very natural way to construct manifolds, as we will see; their
construction does not yield a containing ambient space.

Often manifolds arise with additional structure: Riemannian manifolds, Lie groups, sym-

plectic manifolds, Kahler manifolds, Poisson manifolds, etc.

Historically, Riemann presented an intuitive notion of a manifold in his inaugural lecture
from 1853, using foundational ideas of Gauss. The formal notion of a manifold was given
by Hermann Weyl, and is contained in his book Die Idee der Riemannschen Fldche from
1913, for the case of complex surfaces. These ideas became important for the theory of

general relativity, developed at the time.
1.1. Topological manifolds. Submanifolds are given as subsets of some R™. We will
define manifolds abstractly and so we need to say which kind of space we work with.

We depend on the basic notions of topology. M is a topological space if there is a system
of sets O, called open sets, such that:
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e arbitrary unions und finite intersections of sets in O are in O,

e the empty set and M belong to O.

Having said this, we can define a map f: M — N between topological spaces to be
continuous by requiring that open sets of N have open sets of M as preimages.

An important example are metric spaces. By definition, a subset U C M is an element
of O, if each point p € M has a distance ball {¢ € M : d(p,q) < r(p)} which is contained
in U. (Please verify the above properties.)

We will demand the following properties of our topological space M:

e M is Hausdorff if for any pair of points p,q € M there are two open sets U,V € O with
p € U, q €V, which are disjoint, U NV = 0.

e M is second countable if there is a countable basis for the topology. Here, a basis is a fam-
ily of sets B, such that | J{B € B} = M, and such that given By, B, € B and x € B; N By
there exists By € B with x € Bs C By N B,. If there is a countable such family, this means
that there are not too many open sets. In R", for example, we could take for B the balls
of rational radius centered at points with rational coordinates. Second countability will be
signifcant when it comes to constructing partitions of unity.

e M is locally Euclidean of dimension n if each point of M has a neighbourhood home-
omorphic to an open subset of R”, that is, for all p € M there exist open sets U C M,
2 C R" and a homeomorphism x: U — €. It will be convenient to assume that U is
connected. Then z is called a chart of M. Our definition means that each chart respects
the given topologies of R™ and M.

Definition. A topological manifold of dimension n € N is a topological space M which is
Hausdorff, second countable and locally Euclidean of dimension n.

FExamples. 1. The only zero-dimensional manifolds are finite or countable unions of points.
2. All one-dimensional connected manifolds are homeomorphic to either R or S!. See
Guillemin/Pollack, appendix.

3. Graphs of continuous functions over open sets, for instance a cone in R?® (or R").

4. A double cone in R? is not a manifold since it is not locally Euclidean at 0.

Remark. All our manifolds will turn out to be metric spaces. These spaces are always
Hausdorff. Although they are not necessarily second countable, the consequence of it we
need, paracompactness, is always satisfied; see Munkres, Topology, Ch. 6, Thm. 41.4. Thus
in fact we need not bother about these two properties.

1.2. Differentiable manifolds. By requiring that our charts be homeomorphisms we
endow M with the topology of the parameterizing subsets of R”. This very idea is useful
to define the differentiability of manifolds.
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Note that the transition map of two charts of a topological manifold,
(1) yoxr i a2(UNV)—=yUNV),
is a homeomorphism of the appropriate subsets of R".

Later we will define items such as a differentiable map f on a manifold by demanding that
its composition with a chart f o x~! be differentiable. In order to do so, we will need that
this definition is independent of the particular chart chosen, that is, we need that (1) is
differentiable.

We say charts (z,U), (y,V) are differentiably compatible if (1) and its inverse is differen-
tiable (C*), or a diffeomorphism. This will hold in particular if U NV = ().

A set of charts A = {(z4,U,) : o € A} with (J,.4 Uy = M is called an atlas of M. An
atlas A is a differentiable atlas if all charts (z,U) € A are differentiably compatible.

Obviously, there is no harm in adding charts to an atlas, as long as they are differentiably

compatible with A, that is, compatible with each chart of A.
The following useful definition avoids refering to the notion of equivalence classes of atlasses:

Definition. A differentiable structure on a topological manifold is a set of charts S, called
maximal differentiable atlas, such that there exists an atlas A C S, and S contains all

charts that are differentiably compatible with A.
Example. 1. If A = {(id,R™)} then
S={(f,U):UCR" f: U CR"— R" diffeomorphism onto its image}.

2. An intuitive notion of differentiable structure is that it tells us which subsets are straight
and which ones we consider to have corners. To see this, consider two different differentiable
structures on R": A; := {(R™,id)}, Az := {(R"™, f)}, where f is 1-homogeneous, preserves
rays through the origin as sets, and maps the unit cube onto the unit ball. For the case
n = 2, in the second structure a square (centered at the origin) is a nice differentiable object,
while a circle is not. This can be made precise once differentiable curves are available.

Proposition 1. A differentiable structure S is itself a differentiable atlas, and so there is

a unique maximal atlas containing S D A.

Proof. We show only the first statement. Let (z,U), (y, V) € S be differentiably compatible
to the atlas A, then they are differentiably compatible charts.

For each point p € U NV the atlas A contains a chart (z,,U,) containing p. Then at p

oyt = (017" o (raoy™)
—— ——

differentiable, since compatible to A y compatible to A
7

TV
differentiable by chain rule
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O

Definition. A (differentiable) manifold M is a pair (M,S) where M is a connected topo-
logical manifold M and S a differentiable structure. If A C S is an atlas we will also call
(M, A) or M a manifold and say chart for a chart of A.

Whenever we say differentiable we mean smooth or C*°. We could define similarly C*-

manifolds or analytic (C*) manifolds, by requiring the transition maps are in these classes.

2. Lecture, Thursday 22.10.09

1.3. Examples of differentiable manifolds. 1. Any connected open subset U of a man-
ifold M is a manifold itself. Then O = {open subsets of U} is called the subspace topology
or relative topology. The structure S is given by the maps (x,U) of the differentiable
structure of M, with U C O.

2. R" is a differentiable manifold with the atlas (id, R").

3. The structures (id, R) and (2 R) are different. Similarly, distinct differentiable struc-
tures on R" arise from a single chart which is a homeomorphism but not a diffeomorphism.

4. However, there are differentiable structures on R* which are not homeomorphism equiv-
alent to the standard structure, so-called exotic structures. The same holds for spheres in

most dimensions.

5. Spheres S™ :={p e R"™ :p? + ... +p2, =1}.

We use stereographic projection onto the equatorial plane to define two charts. Let N :=
(0,...,0,1) be the north pole and —N the south pole. Given p € S", we determine \ # 1,
such that a point on the straight line through p and £/N has last coordinate 0:

(2£(p),0) = Ap £ (1 — AN
The first n coordinates give

z+(p) = Ap1,- -, Pn),

while the last coordinate determines \:

F1 1

0=2(1—=A) 4+ A\ppy1 =21+ AXF1 +p, = A= =
( ) i ( +) Fl+pni 1 F pnta

Thus we define

ry: Ug :=8"\ Ny —» R", xx(p) :
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Now we claim: A := {(x+,U+),(x_,U_)} is an atlas. Clearly, Uy cover the entire
sphere S". To see they are homeomorphisms, we claim the following maps are the in-
verses:

2u 2 1
L _ (2,i 2—1).
R |u|2+1)> a1 2 el =)

oI R = U, 23 (u) = <
Indeed, for all u € R”
2u 2
-1
wslo20) =22 (e 0 1)
1 21 2u
1- (1= i) ulP+1 ul> +1

2 Uu.
[u|2+1

Since x- and z3' can be seen to be bijective this suffices to prove that x1' is indeed the

inverse of x.

Clearly, our maps are continuous with respect to the submanifold topology of S”. It remains

to study the two transition maps

2u 2
—1 —1
(2 023')(u) = 2% (W’ F(1- m))
2) - 1 u 1 w
L+ (1 - i) JulP+1 2 lul2+1  Jul?

2
[u?+1

Both are defined on z4(Uy NU-) = 24(S* \ {N,—N}) = R"\ {0} and are indeed differ-

entiable. Geometrically they represent an inversion in the unit sphere S*~! C R”.

A simpler choice of charts is given by the 2n hemispheres HY := {p € S" : (p,ex) > 0},
which cover S”. Each hemisphere can be represented as a graph over some coordinate
hyperplane. However, stereographic projection is not only nicer in that two charts are
sufficient, but it has a useful additional property: It is conformal, that is, angle preserving.
This property also holds for the inversion map.

Problem. Check how our calculations change when S" is replaced by the sphere S of radius
r > 0.

6. Projective spaces KP™ where K € {R, C,H}; here H denotes quaternions.

These are the sets of K-lines K*™! with the following differentiable structure. The relation

u ~ Au for some X € K is an equivalence relation on K"\ {0}. Let u = (uy,...,uns1) €
K™\ {0} and [u] be its class.

Fori=1,...,n+1 let us define homogeneous coordinates on the spaces K* = R", R*", or

R4

;. []Z = {[U] L U; 7é 0} c KP" —)Kn, ZBZ([U/]) = —(Ul,..‘,@,...,un+1)
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Note that on the affine hyperplane H; := {u € K" : 4; = 1}, the map =; is the identity,
and all scalar multiples of points p € H; are clearly mapped onto the same point. The

charts x; to induce a topology on KP".

We claim that the n charts A := {(x;,U;) : i = 1,...,n} form an atlas. First, x; is injective.
Moreover,

v K = U o (U, Uy) = (U U, LU Uy

is the inverse of z;, as for all u € K™:

_ 1
.Tl(l'l 1(U)) = xi([ul, ey Ui, 1,Ui, Ce ,U,n]) = I(Ul, ey Ui, Ugy e ,un) = Uu.
Let us now show differentiability of the transition maps, first for j < i:
1 .
(xj o x;l)(u) = xj([ul, o Wi, Lug, ,un]) = ;(ul, e Uy U, L, Uy,

J
where

uexi(UiﬂUj) = {u e K" : u; # 0 and u; # 0}.
Similarly for j > i. This proves differentiability of the transition maps.

Problem. Think this through for RP2. What are the maps geometrically? What is the exceptional
set U; C RP?? Can you relate A to the atlas of hemispheres for S*?

7. Grassmannians [Grassmann-Raume] G(k,n) are the sets of k-dimensional subspaces of
R". In case k = 1 they agree with real projective space, G(1,n) = RP""!. Taking the
(unoriented) normal of a hyperplane, we see that G(n—1,n) = RP"! as well. These spaces

are easy to describe as quotient spaces, but expicit coordinates are somewhat tedious.

8. Lie groups are manifolds which are groups. Typical examples are GL, (n,R), SO(n,R),
SL(n,R). Note that all of GL(n,R) or O(n,R) has two connected components, given by the
matrices with positive or negative determinant. Other Lie groups are the tori 7" = R" /Z".
The only spheres which are Lie groups are S' and S%; the group structure for the latter is

given by the unit quaternions.

9. Other constructions of manifolds involve products or quotients. Also, regular values of

functions define level sets which are manifolds.

1.4. Differentiable maps. We define differentiability of mappings between manifolds by
requiring that their composition with charts be differentiable:

Definition. Let M and N be (differentiable) manifolds. Then f: M — N is differentiable
at p € M if yo foxz~! is differentiable at p, where (z,U) is a chart at p and (y, V) a chart

at f(p).
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Our definition is independent of the particular charts chosen: With respect to other charts

T at p and § at f(p) we can write on suitable domains
jofoil=(Foyolyofor)e(wai).
The composition on the right hand side is in terms of two transition maps which are

differentiable. Hence, by the chain rule, o foz ™! is differentiable if and only if (yo fox™1)

1S.

By the same token differentiability is preserved under composition: To see this we write

ztofogox=(ztofoy)o(y togoux)and apply the chain rule once again.

FExamples. 1. Trivially, the identity on M is differentiable since transition maps are differ-
entiable.

2. We will always consider R™ with the differentiable structure given by the atlas (R",id).
This makes each chart z,: U, — R" of a manifold M into a differentiable mapping; in-
deed, id oz, © xgl is a transition map and hence differentiable. For instance, stereographic
projection xy is a differentiable mapping from the manifold S™ \ {£N} to R™.

Definition. A diffeomorphism f: M — N between manifolds is a homeomorphism such
that f and f~! are differentiable. Then we call M and N diffeomorphic (manifolds).

Note that if M is diffeomorphic to N then dim M = dim N (why?).

Ezamples. 1. R™ and B" = {z € R™ : |z| < 1} are diffeomorphic via z — £ arctanh |z|.

||
2. T? and the torus of revolution are diffeomorphic (via?).
3. If 2, is a chart then 2! is differentiable. Indeed, zg0 2" 0 id~! is a transition map and

so differentiable. Thus each chart is a diffeomorphism onto its image.

3. Lecture, Thursday 29.10.09

2. TANGENT SPACE

In contrast to a topological manifold, a differentiable manifold has a tangent space, which

crucial in the for all results we will discuss later

2.1. Equivalence classes of curves. For the case of submanifolds of R", a tangent space
is represented by the set of tangent vectors to curves. Remember the case S™: A differ-
entiable curve ¢ in S with ¢(0) = p satisfies |c|> = 1 and so £|c[*(0) = 2(c'(0),p) = 0.
Conversely, each v L p is the tangent vector of the curve ¢(t) = cos(t|v|)p + Sin(t|v\)ﬁ_
Thus 7,S" = {v € R"™: (v,p) = 0}.

Similarly, we wish to represent the tangent space of a manifold at a point p by the set of
velocity vectors of curves through p. We need to give the definition in terms of charts, and
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will introduce tangent vectors as equivalence classes of curves which a chart maps to the

same tangent vector in R".

Definition. (i) A (differentiable) curve ¢ on a manifold M is a differentiable map c¢: [ —
M, where I is an open interval. We say c is a curve through p € M if 0 € I and ¢(0) = p.
(i) A tangent vector to M™ at p € M is an equivalence class of curves through p under
the following relation:

d d
¢~ cy <=  dchart z at p: £($ocl) :%(xOCQ) cR"
0 0

We denote the set of tangent vectors through p € M with T,M = {[c]: ¢(0) = p}.

This definition means that two curves ¢; and ¢y represent the same tangent vector if first
¢1(0) = ¢2(0) and second for a given chart they have the same euclidean tangent vectors
at time t = 0.

To see the relation is independent of the chart x chosen, take another chart y at p:

d chain rule d

. = E(yox_lomoci) d(y o x_l)x(p) —(xo¢)
—— ——

d
3) Fori=1,2: — s
(3) Fori=12: % (yoc) Slwoe)|

dt

independent of ¢ = 1,2

Let p € M™. We call £ = %(JE o ¢)|li=o € R™ the principal part of the tangent vector
[c] € T, M with respect to the chart . We can read (3) to say:

Theorem 2 (Transformation rule for tangent vectors). Let x and y be charts at p. For
v e T,M let & orn be the principal parts with respect to x ory, respectively. Then

(4) n=dlyor ")y

Thus we can say: Tangent vectors transform with the Jacobian of the transition map.

Example. In the sphere M := S? consider the longitude c(t) = (cost,0,sint) through
p:=¢(0) = (1,0,0). With respect to the charts z1 let us compute the principal parts:

cost d 0—(F1)
5 :<—,0> = = = (" 0) = (£1,0) =
(5)  axoc 1 Fsint dt (22 0¢) t=0 ( 1 ) ( ) =i
The transformation rule now says £ = d(z_ o z7")¢,. But the transition map (2) is

inversion in the unit circle, and so its linearisation is a reflection in the y-line tangent to
the circle, agreeing with our result.

Using matrices, (4) becomes

3

. A(yox 1) , )
77]:2%(}))517 ]:17'--an'

=1
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It is common to write agj (p) := 0i(y o z7')7 so that the transformation rule becomes

W = Z:‘ 1 o v ¢t just like the chain rule in Euclidean space.

Since & = L (u + t£) the curves c(t) = z7!(u + t€) represent tangent vectors in a 1-1 way.
Thus we can consider the classes

(6) R" 5 T,M, € [oft) i= 2 (a(p) + )]
This map defines a vector space structure on T, M:

Theorem 3. The set T,M has the structure of an n-dimensional vector space such that (6)

becomes an isomorphism regardless of the chart chosen.

Proof. By (6), we can define addition and scalar multiplication with respect to a chart
(x,U) by setting

Az (@(p) +18)] + [z (@(p) +tn)] = [z (x(p) + (A +n)].

This is independent of the chart chosen since for another chart (y, V') the tangent vectors

transform under the linear map (4). O
The vector space isomorphism (6) maps the standard basis (by, ..., b,) of R” to a basis
(e1r.emen) = ([ alp) + ). . [ (@) + 0,)])

of T,M. We call e; = e;(p) the standard basis of T,M with respect to the chart x. Each
v € T, M is a linear combination

(1) v = [ (2(p) +10)] = [o7 (a(p) + D) = Y&l (@p) + th)] = Y &

In general, another chart (y,V’) at p will lead to a different standard basis; only in case
d(y oz 1), = id, that is, for %(p) = ¢7, the two bases agree. We say that T,M does
not have a canonical basis.

Examples. 1. Again we consider p := (1,0,0) € M := S?. For x,, the standard basis at
pis e; = (0,0,1), e = (0,1,0), while for z_ the standard basis at p is e; = (0,0, —1),
es = (0,1,0). Indeed, the first tangent vector was computed in (5), while the second is
immediate since both charts map the equatorial unit circle of S? to the unit circle in the

plane, that is, 4 (cost,sint,0) = (cost,sint).

2. On R™ we always use the atlas {id, R"}. Then the isomorphism (6) becomes a canonical
isomorphism. We will not distinguish between principal parts and equivalence classes of

curves, and so we identify

(8) [p+ 1] =¢.



10 K. GROSSE-BRAUCKMANN: MANIFOLDS, WS 09/10

Here, we equate a representing curve with a vector, namely its tangent! Using this identi-

fication we can say T,R" = R".

2.2. The tangent bundle 7M. We need a unified treatment of the vector spaces T, M
together with their base points p. This will later allow us to define the differentiability of
vector fields. A good picture to keep in mind is for M = S': Then the set of base points
with tangent vectors TM is diffeomorphic to St x R. To describe T'M we use the product
of charts for M with R", where the latter factor is represented by principal parts.

To do so, let (z4,U,) be a chart, and [¢] € T,M be a tangent vector. Then we define

© e U BM = a0 < B CE, 3al(d)) = (2ale0)), 5 (50 0 0)ico).

pEUy

Theorem 4. Let M™ be a manifold with atlas Ay = {(24, Uys) : o € A}, Then the disjoint
union T'M = UpeM T,M becomes a 2n-dimensional manifold, by defining the atlas

Arar = {(Ya, U T,M): o€ A} with yo as in (9).
pela

Moreover, this differentiable structure is independent of the atlas A chosen.

We call the manifold T'M the tangent bunde.

Proof. Certainly Ary; covers TM. The topology on T'M arises from taking open sets in
T™\|U, = UpeUa T,M, which are preimages of open sets under y,. arbitrary unions of
such open sets form open sets in T'M. With this topology, the charts y, become homeo-

morphisms.

Let us now show that two charts are differentiably compatible. Let p € U, N Ug and
[c] € T,M, where p = ¢(0). Then

(5 092") (ale(®), Sxa0 )| ) = ws(1d) = (a(e0)), (s 0 mo)

)

=0

d
= ((@p 0wzt 02a)(e(0)), T(wsow;tozq 00

= (tzs 02 aalel0)), dizs o3 b ira00)

But xg oz, is differentiable as a transition map, and the dlfferentlal d(xgox ') is smooth

as the differential of a smooth map. O

Remark. The tangent bundle can be described as a special case of a vector bundle. Such a bundle
locally is a product of a base space times a fixed vector space, in our case the product U, x R".
However, globally the bundle need not be a product: For instance TS? cannot be a product since

each vector field on S? has a zero.
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3. DIFFERENTIABLE MAPS BETWEEN MANIFOLDS

3.1. The differential. Remember that by definition a mapping between manifolds is dif-
ferentiable if the composition with charts is a differentiable Euclidean map. We can now
define its Jacobian:

Definition. Let f: M — N be a differentiable mapping between two manifolds. The
differential (or tangent map) is the map

df : TM — TN, df[c] :==[f o],

where ¢ represents a tangent vector in Ty)M and f o c gives a tangent vector in T'(c(o)) V.
We also write df,: T,M — Ty N for the restriction of df.

Thus the class of ¢ gets mapped to the class of f o c. Other notations for df involve f,
(“push-forward”), f’, or T'f.

Let us show that df is well-defined. So suppose two curves ¢y, co through p € M satisfy
[c1] = [ca]. Then, for i = 1,2,
d

G (@oe)(0),

(10)  Syofoe)(0) = yofor)o (woe)(0) = d(yoforLuy

and so indeed also [f o ¢1] = df[c1] agrees with [f o co] = df[cs].
We can now assert properties which are well-known for the Euclidean case.

Theorem 5. The differential df : TM — TN 1is a differentiable map. For each p € M,
the restrictions df,: T,M — Ty, N are linear.

Proof. To prove differentiability we need to compose T'M and T'N with charts. In the re-
sulting commutative diagramme we need to check that principal part of the image depends

on the principal part of the preimage in a differentiable way. We leave this as an exercise.

To prove linearity, consider (10). The principal part of [f o ¢| depends linearly on the
principal part of [¢]. But the map from tangent vectors to principal parts is an isomorphism,

and so composing with these produces a linear map again. 0

Theorem 6. The chain rule d(f o g)|, = dfy) © dg, holds for differentiable maps between
manifolds.

This is immediate from [(fog)oc] = [fo(goc)] =df[goc] = df(dg[c]) = (df odg)[c], at
the appropriate points.

4. Lecture, Thursday 5.11.09
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Theorem 7. Let f: M™ — N" be a differentiable map. If df, is a vector space isomor-
phism then m = n, and p has a neighbourhood W, such that f|w is a diffeomorphism onto

its 1mage.

Proof. Pick charts x at p and y at f(p). Then the inverse mapping theorem [Umkehrsatz]
proves that z(p) has a neighbourhood W'(z(p)) C R™ with y o f o z™" diffeomorphism.
Since charts are diffeomorphisms, W := x=*(W’) satisfies the claim. O

A local diffeomorphism is a map f: M — N for which the statement holds at each point,
that is, each p € M has a neighbourhood W so that f|y: W — f(W) is a diffeomorphism.

Example. t — e is a local, but not a global diffeomorphism between R and S' c C.

Remark. To see that homeomorphisms of topological manifolds preserve dimension is much
harder. First, this poses the problem to define a topological dimension; see, for instance
§ 50 of Munkres. But even in Euclidean spaces it requires tools from algebraic topology
to prove that dimension is preserved by homeomorphisms. Only in dimenions 1, this is
easy to see. Consider a homeomorphism f from an open interval I to an open connected
set U C R™ where n > 2. For any p € I, the set I\ {p} is not connected. But for a
homeomorphism, f(I\{p}) = f(I)\{f(p)} =U\{f(p)} is still connected, contradiction.

3.2. Immersions and embeddings.

Definition. Let f: M — N be a differentiable map between manifolds M and N.
(i) f is an immersion if its differential df,: T,M — Tyq) N is injective for all p € M.
(ii) f is an embedding [Einbettung], if f: M — N is an immersion and a homeomorphism

onto its image.

For (1), the topology of the subset Y := f(M) C N is the subspace topology: If Oy are
the open sets of N then Oy :={UNY : U € O}. It is easy to see that this is a topology.

In fact, in Euclidean space a differentiable homeomorphism with invertible differential is a
diffeomorphism. Hence, in the situation (ii) we can also conclude that f is a diffeomorphism

onto its image.

Examples (curves in N = R?): 1. A curve ¢c: I — M is an immersion provided dc; =
d(t) # 0. The differentiable curves R?, ¢ — (¢2,¢%) and ¢ — (¢3,¢) are not immersions.

2. A figure eight [Lemniskate] can be parameterized by the immersion c¢: S* — R?, ¢(e®) =
(sint,sin 2t). This curve is not injective, hence not an embedding.

3. e': R — C is an immersion but not an embedding.
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4. Consider an injective curve c: (0,1) — R? with a point of contact, e.g. lim; ,qc(t) =
¢(3). Then preimages of sufficiently small neighbourhoods of ¢(3) consist of two connected
components: A neighbourhood of 0 and one of % But homeomorphisms preserve the
number of components. Therefore, ¢ is not a homeomorphism onto its image, that is, not
an embedding.

5. A line with irrational slope in R? projects to the torus T? = R?/Z? as an injective
immersion which is not an embedding. (The precise definition of the torus will be given

only later.)

The reason to demand a homeomorphism in the definition of an embedding, not just an
injective map, is that it is desirable to have the topology on the image to agree with the
topology on the preimage. This property is violated by Examples 4 and 5.

If a linear mapping from R” to R! is injective, then n < [. Thus immersions f: M™ — N'

have codimension k =1 —n > 0. Locally, an immersion is an embedding;:

Theorem 8. Let f: M™ — N™** be an immersion. Then each p € M has a neighbourhood
W C M such that flw is an embedding.

Proof. We will invoke the inverse mapping theorem. We choose charts (z,U) at p and (y, V)
at f(p). Upon shrinking U if necessary we can assume f(U) C V. The local representation
of f then reads

pi=yofox t:a(U)—yV), o(u) = <g01(u17...,un), e gon+k(u1,...,un)>.

We assume z(p) = 0 € R". We have rank(dy) = n and so the (n+ k) x n-Jacobian (gT‘p;(O))
has an n X n-minor with rank n. Renumbering our ¢-coordinates we may assume that the

n X n-matrix (gf; (O))lgz‘,an has rank n. Let us then set v: z(U) x R¥ — Rt

(11) (U, U, by, tg) 1= (gpl(u), ooy (W), o1 (w) + 1, nar(u) + tk),
then ¥ (u,0) = ¢(u), and the Jacobian

(%) 0
0 ) 1<ij<n

: ) 1
1<i<k, 1<j<n

has rank n at the point (u,t) = (0,0), due to determinant development.

By the inverse mapping theorem there exists a neighbourhood © C z(U) x R¥ of 0 € R"*,
such that ¢ maps Q diffeomorphically to ¢(Q2) C R*"*. Let QN (2(U) x {0}) D> W’ x {0}.
Then the restriction |y« {0y = ®|w~ is a homeomorphism of W’ onto its image in R,
But charts are homeomorphisms and so the restriction of f =y topox to W := 21 (W’)
is a homeomorphism onto its image, hence an embedding. (]
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Remarks. 1. Since a bijective continuous mapping of a compact space to a topological
manifold is a homeomorphism we have: If M is compact and f: M — N an injective

immersion, then f is an embedding.

2. For later reference, let us state the following consequence of the proof:

Lemma 9. If f: M™ — N™* is an immersion then for each p € M there exists a chart
(x,U) of M at p and a chart (§,V) of N at f(p), such that

(Go foa ) (ur,...,un) = (ur,...,u,,0,...,0) € R"*

Proof. Note that y and ¢ are local diffeomorphisms and set

gi=y oy yTH((Q) = Q.

With respect to the chart g we have the following local representation of f:
joforTt= (¥ loy)oforT =9 o

Since 9(u,0) = p(u) we have (¢! o ¢)(u) = (u,0), as claimed. O

3.3. Submanifolds. There are various ways to define n-dimensional submanifolds of Fu-
clidean space R"** locally:

(i) As the inverse image of a regular value of a function to R¥,

(71) the image of the slice R™ x {0} where all of R® x R¥ parameterizes diffeomorphically
an open set in ambient space,

(#ii) being parameterized with R™.

These characterization can also be given for submanifolds contained in ambient manifold,

and are again equivalent. Here, we turn the second characterization into a definition:

Definition. A connected subset M™ C N"*k k > 0, is an n-dimensional submanifold
[Untermannigfaltigkeit] of N if at each p € M there is a chart y: U — R"** of N subject
to to

(12) y(MNU)=yU)N (R* x {0}).
For V open, we call a set V x {0} C R" x R* a slice. Then (12) says that the charts y

map the submanifold M locally to a slice. A submanifold keeps a distance from itself: All
points of M in the set U are mapped to the slice.

A submanifold M™ C N"** is a manifold in its own right. To see this, let (y4, U,) be an
atlas of charts of N subject to (12). Then the charts (z, U, N M) with

Ta: UMM = R™,  24(p) = (yi(p),. ..,y (p))
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certainly cover M. Then x50z, = yzoy," is differentiable as a coordinate restriction of
a differentiable map. Moreover, the set M inherits the Hausdorff and second countability

property from .

5. Lecture, Thursday 12.11.09

We will need the following result:

Theorem 10. If f: M — N is an embedding then its image f(M) C N (with the subspace
topology) is a submanifold of N.

Proof. We need to show that each point of f(M) has a neighbourhood W such that a chart
(y, W) maps f(M)NW to the slice f(W) N (R" x {0}).

As a result of Lemma 9, charts (x,U) at p and (7, V) at f(p) represent ;&(f(U)) as an
n-dimensional slice in R"*+*.

But f is a homeomorphism of M onto its image f(M). Hence the open set U C M has an
open image f(U) in f(NN). By definition of the subspace topology this means there is an
open set V C N such that V N f(M) = f(U). But then W := V NV is an open set, such
that the restriction y of § maps f(M)NW = f(U)NW to a slice. O

4. THE WHITNEY EMBEDDING THEOREM

Whitney’s theorem from 1944 says that any differentiable n-manifold can be embedded
into R?". Hence the class of abstract manifolds is no larger than the class of submanifolds
of Euclidean space! Nevertheless, for constructions such as quotients, it is much more
natural to work with abstract manifolds than with an immersion — for instance, it takes
some work to figure out the explicit form of an embedding of RP? into R*.

We will provide the proof for a slightly weaker result, an immersion into R?>"® and an
embedding into R***! which was what Whitney had proved first, in 1936. We will also
concentrate on the case of compact manifolds. Then a finite number of charts suffices, which
simplifies the proof. See [Lee|, Chapter 10, for the details of the general, non-compact case.

As the example of a curve with a double point indicates, it is easy to remove a double point
in R?"*! since there is room enough to move one n-dimensional branch of the manifold
off another n-dimensional branch. Supose we already have an immersion f: M — R?"H1,
Since it is locally an embedding we can assume that on each chart of M the map f is
an embedding. To remove the self-intersection points of different charts, we add small
constants to each chart, and mollify the result by a partition of unity. For almost all
constants this works, as the previous intuition tells us.
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It is surprising that a version of the same idea also lets us perturb a given map from M into
R?" (perhaps a constant) into an immersion. For this, we perturb the given map on each
chart by adding a map which is linear on the coordinates of the chart and using a partition
of unity. In local coordinates, the Jacobian is given by the constant matrix A plus the
Jacobian of the given map. For points ranging in the chart, the image {df, + A:p € U}
is an n-dimensional set in the space of 2n x n-matrices. We can choose A such that this
n-dimensional set is disjoint from the space of matrices with rank » = n — 1 or lower. To
see that we will show that the space of these singular matrices has codimension n+1 in the
space of all matrices. Hence there is a dense subset of matrices, such that the perturbed

maps miss the set of matrices with rank » = n — 1 or lower.

I used Lee’s book to prepare this section.

4.1. Matrices of fixed rank. Let M(m x n) denote the space of real m by n matrices
with real coefficients; as usual we will consider the matrices as a subset of Euclidean space,
M(m x n,R) = R™.

Proposition 11. For each 0 < r < min{m,n} the space of m x n-matrices M,.(m x n)

with rank equal to r is the union of submanifolds of the space M(m x n) = R™" with
(13) dimM,(m x n) =r(n+m—r).

Note that for the case of maximal rank, » = min{m, n}, the dimension is mn, as expected.

Moreover, the dimension formula is symmetric in m, n.

Proof. Let us first consider the set

U:= {M: (é g) € M(m xn): A€ M(r xr) satisfies det A # O}.

The determinant function is continuous and so the set U is an open subset of M(m x n).

Let us now give a condition for a matrix M € U to have rank exactly equal to r. We
transform M into a standard echelon form [Stufenform] by multiplying it from the right

with a suitable invertible n x n-matrix in block matrix form:
A B Al —A7'B B 1, 0 cU
C D 0 o, | \CA' D—CA'B

rank(A B)zr < D-—CA'B=0o.
C D

Clearly,
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Hence if we define the smooth function

A B

®: U= M((m—r)x(n—r)), <I>(<C D

)) =D—-CA'B

then M,.(m x n)NU = &~ 1(0).

To show that M,.(m xn)NU is a submanifold of R™ we claim that the 0-matrix is a regular
value of ®. This means to show that d® is surjective. To do so, let S € M((m—7)x (n—r))
be arbitrary. Then the curve

M(t) = (é’ D ftS) €U satisfies ®(M(t)) = (D — CA™'B) + 1S,

and so the linearization of ® at M (0) is

00
dq)(é%)((o S)) =9

This proves that d® is surjective, as desired.

Now pick an arbitrary M € M,. Then some (r x r)-minor of M has rank r. Since the
determinant of the minor is nonzero, this same minor has rank r for all matrices in M,. in
some neighbourhood V' of M.

Reindexing coordinates in R™ and R™, so that the minor with rank r of M maps to the
top left r x r minor gives a map ¥: V C R™ — U C R™. Clearly, V is a diffeomorphism
onto its image. The above reasoning shows that V' = (® o ¥)7'(0) is a submanifold of
M(m x n) = R™ in the neighbourhood V' of M. That is, we have determined a chart
(y, V) at M. This proves that M, is a submanifold altogether.

Certainly dim M,. = dim M(m xn) —dim M((m—r) x (n—7r)) = mn— (mn—(m+n—r)r) =
(m +mn —r)r. Moreover, it can be shown that M, is connected unless » = m = n in which

case there are two components (see problems). 0J

We will later see that the essential condition for a given manifold M" to embed into some
space R™=" is that the space of the singular (m X m)-matrices, that is, of matrices with
rank r < n, has codimension at least n + 1 in the space of all matrices. This is precisely
the case for m > 2n:

Corollary 12. Forr <n < m let codim M, (m x n) := dimM(m x n) — dim M,.(m x n).
Then

codimM,(m xn)>n+1 forall 0<r<n-—1 ifandonlyif m > 2n.
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Proof. First we claim that 0 = dimMy < ... < dimM,. Indeed, the dimension (13)

ncreases in r as

d
r<n<m = d—r(n—i—m—r):n—l—m—?rzo.
r

Consequently, using Prop. 11 with r =n — 1,
codim Mg(m x n) > -+ >codimM,,_1(m x n) D (n—1)(n+m—n+1)

!
=mn—(n—1)(m+1)=m—-n+1>n+1

if and only if m > 2n. (]

4.2. Sets of measure zero. We consider the Lebesgue measure A on Euclidean space. A
set A C U for U open in R™ has measure 0 [Nullmenge] if for each € > 0 there are countable
many measurable sets S; which cover A C |J,,o Si and have total measure ), A(S;) < e.
For instance, the coordinate subspaces R x {0} C R""* have measure 0 whenever k > 1.

Lemma 13. Let f: U — V be a differentiable map between open subsets of Fuclidean
spaces.

(i) Suppose U,V C R™ and A C U has measure zero. Then f(A) has measure zero.

(i) Suppose U C R™, V .C R"™* with k > 0. Then f(U) has measure zero.

Proof. (i) Let the sets S; cover A with total measure less than €. We first consider the
case that all S; are contained in a compact set K C U. Then the map f has bounded
differential ||df,|| < C' = C(K) for all x € K and so is Lipshitz. Then A(f(S;)) < C"A(S;),
and so also A(f(A)) < C"A\(A) which proves the statement for this case.

6. Lecture, Thursday 19.11.09

Each open set U has an excision [Ausschopfung] with compact sets

Kic..cK;c...c|JEK;=U,
j=1
for instance K; := {x € U : ||z|| < j and By/;(z) C U}. Then A; := ANKj has a countable
covering with the sets Tj; := S;N K which are measurable and > .~ A(T3;) < >0y A(S;) <
e. The sets (Tj;)ien are contained in the compact set K, and so by the argument in the
first paragraph the set f(A;) has measure 0. But f(A) = f(U;2, 4;) = U2, f(4;) is a
countable union of sets of measure 0, and hence has measure 0 itself. (I thank Miroslav

Vrzina for suggesting this argument.)

(ii) Extend f to a differentiable map F: U x R¥ — R"™* by setting F(x,y) = f(x).
Then A := U x {0} C R" x {0} is a set of measure 0 in R"** and so by (i) the image
F(A) = f(U) has measure 0 in R"*. O
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Note, however, that our lemma fails to hold for continuous mappings. For instance, a
space filling curve ¢(t) maps the unit interval [0,1] onto the square [0,1] x [0,1] with
larger dimension. Nevertheless the image has measure one, in contrast to statement (7).
(Construct a continuous counterexample to (7)!)

Statement (i) of the lemma says that having measure zero is a property invariant un-
der diffeomorphisms. This makes sets of measure zero well-defined on manifolds, that is,
independent of the choice of atlas:

Definition. A subset A C M"™ has measure 0 if for all charts (z,,U,) of an atlas A the
sets x4(A N U,) have measure 0 in R™.

Indeed, if (yg, V) is another atlas, then using the axiom of second countability, A N Vj is
covered by a countable union of charts (z,,U,) and hence y5(A N Vj) has measure 0.

We can now formulate case (7i) of the lemma for manifolds:

Theorem 14. For k > 0 let f: M™ — N™* be a smooth map of a manifold M into a
manifold N. Then f(M) has measure 0 in N and so has a dense complement N\ f(M).

Proof. Restricted to the appropriate charts, we get a differentiable Euclidean map from
dimension n to dimension n + k of the form

yso fox 't z, (f_l(vﬁ) N Ua) — y(Vs).

Thus by Lemma 13(ii) the image is a set of measure 0. But by definition this means that
f(M) has measure 0 in N. O

Ezamples. 1. The space M, of matrices with rank 0 < r < min{m,n} forms a set of
measure 0 in the space M(m x n) = R™".

2. A straight line in the torus 72 is the image of an immersion f: R! — T2. Hence the
theorem says its complement 7%\ f(R) is dense in the torus. Note that this reasoning
is true for irrational slope in which case the image is not a submanifold of 72. In that
case, the situation is very similar to the rational numbers as a subset of R with dense

complement.

4.3. The immersion theorem. We want to perturb a given map f to an immersion h.
To display the essential idea of the proof, we start with a simple case:

Lemma 15. Let M" be a manifold with one chart and let f: M™ — R?" be a smooth map.

Then, for any ¢ > 0, there is a smooth immersion

(14) h: M™ — R*  such that sup|f —h| <e.
M
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Proof. We assume the chart (z, M) maps into the unit ball of R”. We will change f by a

function which is linear in the coordinates of the chart,
h(p) :== f(p) + cAz(p), with A€ M(2n xn), ||A]| <1,

where A is yet to be determined. Since ||z(p)|| < 1 for all p € M, the condition ||A|| <1
ensures that (14) holds.

We want to determine A such that h is an immersion. By definition, this means that the
map hox™': (M) — R?" is an immersion. To write everything on z(M), we replace p by
7! (u) and set

h(u) :== (hoxz V) (u) = (f o x7 ) (u) + cAz(z ™ (u)) =: f(u) + cAu.

We need to prove:

(15) JA:  dh, =df, +cA has rank n for each point u € z(M).

Let us give the idea. The map df, has an n-dimensional image in M(2n x n). On the
other hand, the space of matrices M,.(2n x n) with rank r < n has codimension at least
n + 1. (This is only true for target dimension 2n or larger). So if for some choice of A
the matrix-valued map u — dh, = df, + A hits the submanifolds M, (2n x n) of singular
matrices then a slight perturbation of A will move the image away from M,(2n x n). To

make this argument precise, let us drop the matrix dimensions 2n x n from now on.

Our task is to pick A = %(dizu — dfu) such that dﬁu is not a matrix of rank n — 1 or lower.
That is, for
1 _
Q:x(M)x MM, Qu,B):= (B df,)
€
we desire that

A # Q(u,B) forall wex(M) andforall BeMyU...UM,_;.

Equivalently, A is not an element of
(16)  Q(2(M) x (MyU...UMy1) ) = Q(a(M) x Mo) U .. UQ((M) X My_1).

By Corollary 12 the product of Euclidean submanifolds x(M) x M, has dimension at
most n + (dim(M,) — (n + 1)) = dimM,, — 1 whenever r < n — 1. Applying Thm. 14
with k = k(r) > 1 we see that the image of any of these product manifolds in the 2n2-
dimensional manifold M = R?" is a set of measure zero. Thus the complement of (16) is
dense and so there exists A in this complement with norm less than 1 (or even less than
any given positive norm). For any such A then (15) holds and so h is an immersion. [
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The statement of Lemma 15 holds for arbitrary manifolds. For reasons of simplicity, let us
discuss here the compact case only. Note that for a compact manifold, an open covering
always has a finite subcover. Moreover, let us state without proof the following fact: If a
compact manifold M is covered with open sets V}, then it is also covered with open sets Uy,
such that Uj, C V; is compact.

Proposition 16. The conclusion of Lemma 15 holds for M compact.

In particular, choosing f = 0, we obtain an immersion h: M — R?" of a given compact
manifold M.

Proof. Let {(zx, Vi): 1 < k < £} be a finite atlas of our compact manifold M. Again we
may assume that z(V;) C By C R®. We pick sets U, C V; which still cover M, and
consider bump functions 0 < ¢ < 1, which are 1 on U, and have supp ¢ C Vi. Note that
Yo/l < 1.

We construct functions hg := f, hy,...,hy =: h, by perturbing f in each chart by a function
linear in the coordinates, and piece the result together using our bump functions: So for
k=0,1,...,¢ let

k
9 .
hu(p) = f(p) + Y wilp)Aiwi(p),  with Ay € M(2n x n), Al <1,
=1

where A; is yet to be determined. Here we assume that each term of the sum has been
extended with value 0 to all of M. Since ||z(p)| < 1 for all p € M, the condition ||A;]| <1
will ensure that (14) holds.

We now show iteratively for k =1,... ¢
(17) JA, . hy = hp_1 + %(pkAkxk is an immersion on U; U ... U Uy.

Note that for k = ¢ this says that h := hy is an immersion on all of M, as desired. So we
suppose that (17) holds for k — 1 and establish it for k.

e For the subset U, U...UUj_1: Note that dhy = dhj_1 + %Ak, where dh;_; has rank n.
By continuity of the determinant function on minors and compactness of our set we can
find 0 € (0,1), such that for any A with ||Ax| < 6 the map dhy still has rank n.

e For the subset Uj;: The dimension count of the proof of Lemma 15 shows that we can
achieve hy = hy_1 + %Akxk to have rank n on U for some matrix A, even under our
constraint || Ag|| < . O

Remark. Using more subtle arguments it can be shown that each n-manifold for n > 2 can
actually be immersed into R**~! (Whitney 1944).

7. Lecture, Thursday 26.11.09
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4.4. Some topology. Our goal is the assertion:

Proposition 17. For M a compact manifold, any injective immersion f: M — N is an embed-
ding.

The closedness of f is the key to proving this property. A map f: X — Y between topological
spaces is a closed map if each closed subset A C X has a closed image f(A) C Y.

Example. Recall Example 4 from p. 13: This immersion f of the open interval into R? (with
“touching point”) is not closed: The (relatively) closed set [1 — &,1) is mapped to a set in R?

which is not closed since it fails to contain the limit of the sequence f(1 —1/n).

Lemma 18. If f: X — Y is a continuous map of topological spaces, where X is compact and Y
1s Hausdorff, then f is closed.

Proof. Our claim follows from three topological facts, whose proof we leave as an exercise:

e A closed subset A of a compact space X is compact itself.

e A compact set A has a continuous image B := f(A) which is also compact.

e A compact subset B of a Hausdorff space Y is closed. O

Proof of the Proposition. We need to show that f is a homeomorphism; in fact, we need to show
f~1is continuous.

We use two facts:

e By definition, closed sets are complements of open sets. For a subspace X C Y with the
subspace topology, a subset A C X is closed if there is a closed set B C Y, such that A = BN X.
e A mapping f: X — Y is continuous if and only if closed sets in Y have preimages which are
closed in X.

By injectivity, f~1: f(M) — M exists. By the lemma, if A C M is closed then f(A) is closed
in Y. By our first fact this means f(A) is closed in f(M) as well. Thus f~! has the property
that the preimages of closed sets are closed. By the second fact, f~! is continuous. O

4.5. The embedding theorem. To perturb an immersion of an n-dimensional manifold
in R?"*! to an embedding seems easy: Using the extra dimension we have, we can move

one branch of the surface away from any other at self-intersections.

Again we specialize to the compact case:

Theorem 19. (i) Let M be compact. Given an immersion f: M — R?*"™! and e > 0 there
is an embedding h: M — R?*" "1 such that |h — f| < e.

(i1) Every compact n-manifold admits an embedding to R*"*1.

Proof. (i) Locally, an immersion is an embedding, by Thm. 8. Thus M has a covering with
sufficiently small charts (xy, Vi) such that f(V}) is an embedding. Since M is compact,
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a finite number ¢ of these charts suffices to cover. Again we choose sets U C Vi which
still cover, and let ¢ be bump functions with support in Vj; and which are identical to 1
exactly on Uy.

We set hg := f and determine hq,...,h, =: h by setting for k =1,...,/
hi(p) := hip_1(p) + %cpk(p) by, where b, € R* ! with ||b]| < 1

where the b, are chosen such that

1. hg is an immersion on M,

2. hy is injective on each chart V;, i =1,...,¢

3. hy, is injective on Uy U ... UUy,.

Note that 1. and 2. hold for £ = 0 (while 3. is vacuous). Now we assume 1.-3. for k — 1
and pick a suitable by for them to hold for &, as follows.

For 1., we assume dh;_; has rank n on M. Thus, by continuity of the determinant and
compactness of M we can find d; > 0, such that for any by, with ||by|| < &, the map dhy, is
also an immersion. Then 1. is satisfied.

Let us now pick by, (subject to ||bg|| < dx) in such a way that we can rule out the case
(18) hi.(p) = he(q) under the assumption p(p) # vi(q), p,q € M.

Therefore, 2. and 3. hold for this case. Then hy_1(p) + S¢r(p) bx = hr—1(q) + S¢r(q) bx or

e (p) — P ()

b= e or(p) — erla)

=: B(p,q).
Here, B is defined on the set

U:={(p,q) € M x M : ¢or(p) # vr(q)}

But the differentiable map B maps the 2n-dimensional set U into R***!. By Thm. 14 the
image B(U) C R**! has measure 0 and a dense complement. Therefore, we may pick
br € B(U) with ||b|| < dx and then (18) will not hold for any pair p,q € M.

We are now in a position to prove 2. and 3. for the remaining case
hi(p) = hi(q) under the assumption ¢k (p) = vr(q) implies hg_1(p) = hr_1(q)-
This together with (18) shows that the inductive assumption 2. for hy_; implies 2. for hy.
Let us now prove 3. By our previous reasoning, it suffices to show
hi—1(p) = hik—1(q) for p,q e U, U...UU,.

To rule this out for p # ¢, let us distinguish three cases:
e Suppose both points are in Uj. Since Uy C V, this is impossible by hypothesis 2.
e One point is in Uy, the other is not. For instance, p € Uy but ¢ € Uy. Then ¢ (p) = 1
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but ¢r(q) < 1 which is also impossible.
e Otherwise p,q € U; U...UUj_; which contradicts the inductive hypothesis 3.

(7) Choose f =0 in Prop. 16 and insert the resulting immersion in (7). O

Let us state a consequence of the embedding theorem. The restriction of the distance
function d(z,y) = |z — y| in R?*"™! to M preserves the properties of a metric, and hence

gives:

Corollary 20. Each compact manifold M carries a metric d such that (M,d) is a metric
space.

4.6. Problems.

Problem 1 — DIFFERENTIABLE STRUCTURES ON R:

Consider the two differentiable atlases, each consisting of just one chart,
A= {(d, M)},  B:={@*N)}
of the topological manifold M := N :=R.

a) Verify that 2? is indeed a chart for N.
b) Show that the differentiable structures on R which are determined by A and B are different.
¢) Which of the two following maps from M to N are diffeomorphisms?

o f(z)= "z e identity.

Note: There are pairs of differentiable structures that do not arise as a diffeomorphic image of
oneanother (see c), for instance on R* and many spheres. The non-standard structure is called

an exotic differentiable structure.

Problem 2 — TWO DIFFERENTIABLE STRUCTURES ON RZ:

Let M := D = {q € R? : ||¢||> < 1} C R? be the open disk. We consider two charts of M: On the
one hand, let z: D — D be the identity. On the other hand, we define a mapping from the disk
to the square with edgelength 2, namely

r(q)g, q#0,
0, q=0.

y:D—Q:={qeR’: -1<q,q <1} CR? y(q) =

Here, 7: D\ {0} — [1, /2] is chosen such that y maps the unit circle 9D to the boundary of the
square 0Q).
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a) Verify that y is a chart for M.
b) Why do = and y each determine a differentiable structure on M?

c) Prove that the two charts x and y are not differentiably compatible. Therefore, the two
differentiable structures are not compatible.

Problem 3 — FOLIATIONS AS NON-HAUSDORFF-SPACES:

A foliation [Blétterung] of R™ is a decomposition of the entire space R™ into disjoint submanifolds,
called leaves, which all have the same dimension 0 < k < n. See [Lee], p. 510, for a precise
definition, and p. 511 for pictures of foliations which give intuition.

a) Set x ~ y :& x and y are contained in the same leaf. Check that this defines an equivalence

relation.

b) We let the leaf space be F = R™/ ~ and define a topology on F: A set U C F is open if
the union of the leaves represented by U is open in R™. Convince yourself that this defines a
topology.

¢) From now on we consider the case n = 2 and k = 1. Consider the foliation of R? by parallel
lines. Show that F is homeomorphic to R.

d) Foliate two disjoint half-spaces with parallel lines, and the strip inbetween with U-shaped
curves (Reeb foliation). Show that F is non-Hausdorft.
Hint: Let {12 be the two special lines bounding the strip. Represent the restriction of the
foliation in the two halfspaces by rays, and the strip by an interval; reason for that! Now
study neighbourhoods of the points representing /1 ».

e) Increase now the number of Reeb components — what does F look like?
f) Can Reeb components be nested? Hint: The space in between two Reeb leaves is homeomor-
phic to an open strip.

g) Speculation: Convince yourself that leaves are never homeomorphic to S!, but always to R,
and that they leave each compact set. Guess how we could define a non-Hausdorff tree (are
continuous curves defined in F7) and give evidence that F has a structure of a non-Hausdorff
tree.
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Problem 4 — MINIMAL ATLAS:

a) Let M be a compact manifold, containing at least two points. Show that each atlas of M
contains at least two charts.

b) In particular the stereographic atlas of S is minimal.

c) Find an atlas of the 2-torus consisting of two charts. Does the n-torus also have an atlas
consisting of two charts?

Problem 5 — TANGENT VECTORS TO S2:

The following curves in S? are defined in a neighbourhood of ¢ = 0. Which curves are equivalent
in S? and define the same tangent vector?

c(t) = (cos t,0,sin t) co(t) = (sint,O,cos t),

cs(t) = (cos(2t),0,sin(2t)), a(t) = (V1-12,0,t)

Check first that ¢;(0) agrees, and then for a chart = that (z o ¢)’(0) agrees. A good choice of z is
projection to a coordinate plane (verify that x a chart!).

Problem 6 - TANGENT VECTORS TO RP?:
Consider the point p = [1,1,0] € RP? and the charts 1 and 3 given in the lecture.

a) Find curves c;(t), c2(t) in R? which represent the standard basis at p w.r.t. 1.

b) Decide if ¢;, ¢2 also represent the standard basis w.r.t. 2. To do so, consider the representing
curves d;(t) := (zg 0 7 )(ci(t)) in the image of zs.

¢) Which linear mapping maps ¢;(0) to d;(0)?

Problem 7 — IMMERSIONS AND EMBEDDINGS:

a) The improved form of the Whitney embedding theorem says that each n-manifold can be
immersed into R?*~!, and embedded into R?". Discuss these statements for the case n = 1.

b) Can a Mébius strip be embedded into R3?

c¢) Find a 2-manifold which cannot be embedded into R? (and reason for this fact).

Problem 8 — MANIFOLDS AS METRIC SPACES:

a) Consider an immersion f: M — R™* of a manifold M™. For p,q € M, set d(p,q) =
|f(p) — f(q)|. Is d a metric?
b) As before, but for the case that f is an embedding. Prove d defines a metric on M.
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Problem 9 — HELICOIDS IN S3:

Let a € R be a parameter and consider the mapping

COS U COS ¥
COS U Sin v
h=hs: R?2 =S c R, (u,v) — | .
sin u cos(av)

sin u sin(av)

a) hg is an immersion of R? for a # 0.
Hint: Calculate the determinant of a 2 x 2 minor of the Jacobian Jh = (%h, %h)

b) Show the two axes v — a;(v) = h(0,v) and v — az(v) = h(5,v) are great circles whose points

are pairwise perpendicular. Identifying R* with C x C, how would you write a; and as?

c¢) The maps u +— h(u,v) = (cosu)a;(v)+ (sinw)az(v) parameterize great circles with unit speed,
and these circles meet the two axes at right angles. (What does it mean for two curves to
meet at a right angle?) In this sense, h represents a helicoid in S3.

d) Try to identify the image surface for @ = 0. What is the set where hy fails to be an immersion
and what is its image?

e) Consider a = 1. What is the speed H%hH? Find periods for h, that is, (¢,d) # (0,0) with
minimal length such that h(u+c,v+d) = h(u,v). Use a (non-rigorous) orientability argument
to determine the topological type of the image surface.

Problem 10 — KLEIN BOTTLE:

We use the following which has not been defined formally in class: The Klein bottle is a non-
orientable manifold, obtained by identifying opposite edges of a square: One pair of opposite
edges in the same direction, the other in opposite directions.

a) Reason geometrically why the Klein bottle cannot be embedded into R3.
Hint: An embedding defines a continous normal.

b) Prove that the helicoid hy (or hy/e) represents a Klein bottle immersed in R*. To do so,
determine again minimal periods for h as in the previous problem.

c¢) Does hy represent an embedding of the Klein bottle into S3?

Problem 11 — CONTINUOUS IMAGE OF A SET OF MEASURE 0 WITH POSITIVE MEASURE:

Let Q := [0, 1] x [0, 1] be the square in the plane R2. A space-filling curve is a curve c: [0,1] — Q
which is continuous and surjective. Use this example to construct a continous mapping f: Q — Q

which maps a set of measure 0 to a set of positive measure.
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Problem 12 — MATRICES OF FIXED RANK:

a) Check that the space of m x n-matrices with rank 1 has the dimension stated in class. Is there
any other rank, besides 0 and min(m,n), with an obvious dimension?

b) How many charts for M, have we used in class to describe this submanifold of M?

c¢) Let K C R™ be compact, and f: K — R""* with & > 0 be any differentiable map, i.e., f
extends as a differentiable map to some open neighbourhood U of K. Find a matrix A, such
that z — Ax + f(x) has a Jacobian of rank n for all z € K.

d) Try to characterize the boundary of M,.

Problem 13 — CONNECTEDNESS OF THE SPACE OF MATRICES WITH FIXED RANK:

a) Show that for m = n the space of matrices with full rank has two components.

)
b) Prove that the space of 2 x 2 matrices of rank one is connected.
c) Prove that unless r = m = n the space ®~1(0) is connected.

)

d) Prove that unless r = m = n the space M,.(m x n) is connected.

Problem 14 — TANGENT SPACE:

a) How did we define a tangent vector v € T,M to a manifold M7 What is the standard basis
of T,M with respect to a chart (z,U)?

b) Consider an implicitly defined submanifold M = ¢~1(0), where ¢ has 0 as a regular value.
How can you describe the tangent space?

c) If y is a chart which locally maps a submanifold M C R"** to a slice, i.e. y(M NU) =
y(U) N (R™ x {0}) € R™ x R*, where U € R™"*, how would you describe the tangent space of
M at pe M?

Problem 15 — GRASSMANNIANS:

We consider

G(k,n) := {k — dimensional subvectorspaces V' C R"}.
We want to prove that G(k,n) is a manifold with a suitable differentiable structure.

a) Consider R" = RF x R**. Prove that U := {V € G(k,n) : VN ({0} x R*F) = {0}} is a
manifold by regarding U as the set of graphs I'(A) of linear mappings A: R¥ — R"~*, What
is the dimension? (Perhaps the same works implicitly.)

b) Find charts on sets similar to U that cover G(k,n).
c¢) Show that the transition maps are differentiable (this is harder).

d) Find a bijection from G(k,n) to G(n — k,n). Is it a diffeomorphism?
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Problem 16 — DEFINITIONS:

Recall the following definitions:

e tangent vector

e vector field

o differentiable map and differential

e immersion and embedding (is an injective immersion an embedding?)

e submanifold

29
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Part 2. Vector fields, flows and the Frobenius theorem

8. Lecture, Thursday 3.12.09

5. VECTOR FIELDS

Vector fields are essential objects in order to study differential manifolds. In this section,
we will see vector fields in three different roles: As geometric vector fields, as directional

(or Lie) derivatives, and as the generator of a flow.

5.1. Geometric vector fields.

Definition. A (differentiable) vector field X on a manifold M is a mapping p — X (p) €
T,M, such that p — ( ,X(p)) is a differentiable map from M to TM. We denote the
vector space of all vector fields on M by V(M).

Let (x,U) be a chart. Then the vector field X has a principal part £&: U — R™ w.r.t.
(z,U). If e;(p) = [z~ (x(p) + tb;)] is the standard basis w.r.t. (z,U) then £ can be used to

represent X as
X(p)=> &pelp) forallpel,
i=1

see (7). We claim X is differentiable if and only if £ is a differentiable function on U.
Indeed, if y is the chart of TM associated to (x,U), as in (9), then by definition the map
p y(p,X(p)) = (x(p),{(p)) is differentiable from U to R?*", and so in particular the
second vector £(p) is differentiable.

Examples. 1. On the torus T2, there is a nice basis of non-vanishing vector fields. On the
other hand, it is a theorem that neither S? nor a surface of genus g > 2 (a surface with
more than one hole), carries a vector field without a zero.

2. On R"™ we always use the atlas {id,R"}. The assignment of a curve to a principal part,
&(p) — X(p) = [p+ t&(p)], then is a canonical isomorphism. We consider this map an
identification of principal parts and equivalence classes of curves, and so we write

(19) p+t&(p)] =&(p), peR,

as in (8).
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5.2. Lie derivative. Let us go back to tangent vectors. In R", a curve ¢ through p with
tangent vector £ := ¢/(0) € R™ induces a directional derivative [Richtungsableitung] Ot f (p)
for f: R® — R, namely

(20) A2 0) = Y- 2L (e0) = Y6550 = 0cs )

On a manifold M, let us denote the set of all (differentiable) functions with D(M) :=
C>®(M,R). If ¢: I — M is a curve, then for f € D(M) we can certainly differentiate
foc: I — R to a generalized directional derivative:

Definition. For each v = [¢] € T,,M the Lie derivative of f € D(M) is given by

Oof = d({; ) 0).

Other common notation for the Lie derivative includes v(f), L, f,

To show the Lie derivative of ¢ is well-defined and depends only on the class [¢] we calculate

in coordinates:

d(foc) d -1 _ -1 d
e S0 = S(fortorod) ) =d(f o gy, (20)(0) -

independent of ¢ depends only on [¢]

The standard calculus rules, applied to the function f oc, give that the Lie derivative 0, is
e R-linear in D(M), O,(cf + g) = cOpf + Opg Yc € R, f,g € D(M), and

e satisfies the product rule 0,(fg) = f 0,9+ (0uf)g, Vf,g9 € D(M).

An operator with these properties is called a derivation. It is possible to introduce tangent

vectors as derivations.

Let us give local representations of the Lie derivative. Denote the partial derivative w.r.t.
the i-th coordinate in R™ by 0;. Then the right hand side of (21) reads:
d

—(z 0 ¢)H(0).
(zoc)(0) dt( )'(0)

Ouf = Oi(foa)

In order to make the notation for manifolds appear as for the euclidean case, we set
of 0

and =
Ox; 2(p) O

This notation ignores the chart x and so lets the manifold formula become indistinguishable

(22) = 0i(forx™)

p

0.,

from the Euclidean formula (20):

(23) Ouf(p) = Zfi g—xf(p) or 0, = Zéi ai where ¢ is the principal part of v.
i=1 ‘ i=1 ‘
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FExample. The following calculation verifies that the Lie derivative agrees for different

choices of charts:

2; E0,(foal),, = Z E0(foyoyor )| )

chai&rule Z ((%(f o y71)|y(p) Zé‘lal<y ox ! j x ) anj a |y(p

J

Employing (22) the notation becomes
i af cham rule i af ay o Zay a
(24) 25 Zfay axi—§< Zg ]> Z 8%

We now consider the Lie derivative for vector fields. If X € V(M) and f € D(M) then
Ox [ is defined at each point p € M and so dx f € D(M) again.

Locally, in terms of a chart x,

(Ox f)(p Zf’ 835 (p) for f € D(M).

Ox is a differential operator of first order with the following properties:
1. Ox is an R-linear map from D(M) to D(M), satisfying the product rule.
2. (0xf)(p) depends only on X (p), and on f in a neighbourhood of p.

3. In R” the directional derivative and differential are related by df X = Ox f. Similarly,
we claim for the Lie derivative on manifolds:

(25) dfX =0xf  forall X € V(M), f € D(M).

To verify this, represent X, = [c] where ¢: I — M, and observe that foc: I — R is a
curve in R. Given that the target of f is R, we invoke the identification (19): The tangent
vector [f o] is identified with its principal part which is £ (fo¢)(0). This gives, as desired:

ef. differentia d ef. Lie deriv.
df[c]dfdf; tl[foc](g)a(foc)(o)de:d a[c]f

4. Let X,Y € V(M) and suppose Ox f = dy f holds for all f € D(M). Then X =Y. To
see this, pick a chart (z,U) and note that locally Ox f = Zéi% and so f := a2t € D(U) is
a locally defined function with Oxz® = £ for each 4. Thus £ = 7’ for each i and so X =Y.

5.3. Flows of vector fields. Each vector field on R" defines a first order ordinary differ-
ential equation. We will see that the same problem is well-posed and solvable on manifolds.
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Given X € V(M) and p € M, we want to determine a curve c(t): I — M, where I 3 0 is

an open (time) interval, such that ¢ solves the initial value problem
d
(26) c(0) = p, ac(t) = X(c(t)) foralltel.

Such a c is called an integral curve of X through p. In the language of ODE’s, our field X
is not time-dependent, and so our ODE is autonomous.

Theorem 21. For each X € V(M) and all p € M there exists a solution to the initial

value problem (26). It is unique in the sense that two such solutions agree where they are
defined.

Proof. Let p € M and consider a chart (z,U) at p with z(U) =: Q C R". For the principal
part &(p) of X (p) we have
d

(27) Swoc)(t) = £(c(t) = oz omoc)(t)

where ¢ is to be determined. Writing € := £ o 2! for a smooth vector field on €, and

~ := x o ¢ for the chart representation of the desired curve in {2 we have

d ~
(28) 10 =E0®), v T = 7(0) ==z(p).

Local solutions v of this ordinary differential equation on U C R" are provided by the
theorem of Picard-Lindel6f on some interval I containing 0, and so (26) can also be solved
locally in time.

Any two solutions of (28) in 2 are unique, and so the solutions are independent of the chart
chosen. Moreover, the uniqueness extends to the entire intersection of the time intervals
of two solutions since we can appeal to the uniqueness of the intitial value problem also in

any other chart. 0

9. Lecture, Thursday 10.12.09

Let us now change our point of view. Consider a moving fluid. The position of a particle
p after time ¢ defines a map ¢(t,p). There is a velocity field X = %<p(t, p), whose integral
curves give the orbit (integral curve) of each particle t — (¢, p). That is, differentiating a
flow gives a vector field, and integrating a vector field gives a flow. This concept works on
manifolds:

Definition. A (local) flow [Fluss| on a manifold M is a differentiable mapping ¢: D C
R x M — M, denoted ¢;(p) = ¢(t,p). Here D C R x M is required to be open, containing
{0} x M, and for all p € M the set DN (R x {p}) must be an open interval. Moreover, ¢
must satisfy

(29) Yo = id and Qsrt = s 0y whenever defined.
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We need some more terminology:
e We call a flow ¢: D — M mazximal if p does not admit an extension to any proper open
superset D' D D.

e ¢ is global for X if ¢ is defined on all of R x M.
If M is compact then a maximal flow ¢ can be shown to be global (~ problems).

By setting X (p) := %g@t(p)\tzo we obtain a vector field on M. Conversely, given X a flow

is obtained by the union of all integral curves of X:

Theorem 22. Given a vector field X on a manifold M there is a unique maximal flow
w: D — M, such that

d
dt%
Moreover, if ¢ is defined on all of R x M each ; is a diffeomorphism onto its image.

(30) o = id and (p) = X(gpt(p)) for allp € M.

If ¢, is defined on (a,b) x M it is also called a local 1-parameter group of diffeomorphisms.

Proof. We define ¢,(p) := ¢(t) where ¢ solves the initial value problem (26). By ODE
theory we have the following properties:

e Since @ is maximal it is unique, by Thm. 21.

e Continuous dependence on initial conditions implies D is open.

e For X differentiable, the ODE solutions depend differentiably on initial conditions, mean-
ing that ¢ depends differentiably on p

To verify psi+ = @s0@; note that ¢ — @s4(p) is the integral curve of X through ¢ := ¢4(p).
Indeed 305-1-0(]9) =4, and %‘zps-i-t = %SDTlTZS-Ft - X(@s—f—t) by the chain rule.

Let us prove ¢, is a diffecomorphism. We set s = —t in ¢, = p,0p; to see p_; = ()L if
defined. But ¢ — _; is the flow of the vector field — X as %cp_t = —%¢T|T:_t =—X(p_4).
The uniqueness theorem for ¢_; proves that ¢; is injective. Thus ¢;(p) = ¢ if and only
if ¢_4(q) = p. Consequently, ¢_; is defined on (M), and moreover ¢; and ¢_; are
differentiable. 0

Ezxamples. 1. The field e; € V(R™) defines the global flow ¢;(p) = p + te;. Note that if we
remove a point from R”, for instance the origin, the flow will no longer be global (determine
D then!).

2. For M = R? consider the vertical field X (u,v) := (0,u). Then o;(u,v) = (u,v + ut).
Indeed,

wo(u,v) = (u,v) and %(pt(u, v) = %(u,v + ut) = (0,u) = X (pe(u,v)).
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2. The field J(u,v) := (—v,u) on R? has circles as integral curves, and ¢; € SO(2) is a
rotation by an angle t (verify!).
3. For X € V(R"), we have the expansion ¢;(p) = p + tX(p) + O(t?) at t = 0 (problems).

6. COMMUTING FLOWS AND THE LIE BRACKET

A single vector field has one-dimensional integral curves. In this section, we deal with a
higher dimensional generalization: Suppose we have two or more vector fields:

e Can we integrate the fields to a surface or submanifold such that they become its coor-
dinate vector fields (i.e., standard vector fields)?

e More generally, can we find a surface or integral submanifold which is the linear hull of
the given fields?

We will answer both questions in terms of the Lie bracket.
6.1. The Lie bracket of vector fields. For f € D(M) the Lie derivative Ox f is again in

D(M). Thus we can compose Lie derivatives: dx(0y f) € D(M). Locally, for X =" &'e;
and Y = Z -1e;, this second Lie derivative is represented as

9 o 9
(31) Ox (v f) = 8X(Zn f) Zflaz af+26238x18x]

Consequently, dx0y involves second derivatives. On the other hand, (0zf)(p) depends
only on the first derivatives of f at p. Thus 0x0y # 0z for any Z € V(M). However, the

last assertion becomes true for a difference of second Lie derivatives:

Theorem 23. Let X and Y be vector fields on a manifold M. Then there is a unique
vector field Z € V(M) such that 0z f := (0x0y — Oy Ox)f holds for all f € D(M).

Proof. Using (31) and the fact that second partials commute (Schwarz), we obtain with
respect to a chart (x,U)

(32)  OxOyf — OyOxf = Z (g o, a@) Ao for all p € U and f € D(M).
So on U our claim holds for
k agk
)= zk:Ck(p)ek(p) with principal part ¢* := Z <§Z rol ax)'

But for each f, the iterated Lie derivative (Ox0y — 0y Ox)f is defined independently of the
charts chosen, and so in fact dzf is defined globally. Thus (32) does not depend on the
chart (x,U), and Z is a (global) vector field on M. (You might as well convince yourself
that the coefficients ¢* transform with the Jacobian of the transition map — check this!). O
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We write [X,Y] for the vector field Z and call it the Lie bracket [Lie-Klammer] or the

commutator [Kommutator| of X and Y. Then
(33) a[X’y] = axay — ayax.

Ezamples. 1. Consider a chart (x,U). Then the standard basis e; defines vector fields with
constant principal parts £ = (5; Hence their commutator vanishes: [e,-, ej} =0.

2. For M = R? we identify tangential vectors with principal parts. Let us consider the two
fields

(34)  X(u,v):=(0,u) = (él(u,v),fg(u,v)) Y (u,v) :=(1,0) = (7]1(U,'U),772(U,'U)).

The only non-vanishing partial of the principal parts &;, n; is %fg = 1. Hence

(X, Y] = (_01%52)62 =(=1-1)eg =—(0,1).

Definition. A Lie algebra is an R-vector space A with an R-bilinear map [-,-]: Ax A — A
such that for all XY, Z € A the following holds:

(7) Anticommutativity [X,Y] = —[Y, X],

(i) Jacobi identity [[X,Y],Z] + [[Y,Z], X]| + [[2, X],Y] =0.

Ezxamples. 1. R? with the cross product,

2. n x n matrices with [A, B] := AB — BA, or Lie subalgebras (subvectorspaces closed
under the bracket) like skew-Hermitian matrices,

3. (trivial): Any vector space with [v, w] := 0.

4. If A is one-dimensional then the Lie bracket must vanish.

5. A Lie group M is a manifold with a group structure. The tangent space T.M to a
Lie group at the identity e € M is endowed with the structure of a finite dimensional Lie
algebra. For instance SO(n) is a Lie group and TgSO(n) = {skew symmetric matrices} is
a Lie algebra.

6. Any vector space A which is an associative algebra becomes a Lie algebra with [a, b] :=

ab — ba. Anticommutativity is obvious, the Jacobi identity is a short calculation.

10. Lecture, Thursday 17.12.09

We can now state for the Lie bracket:

Theorem 24. The vector fields V(M) with |.,.| defined by (33) form a Lie algebra. More-

over, the Lie bracket satisfies

(35) [fX,gY] = fg[X,Y]+ f(Ox9)Y — g(Ovf)X  forall f,g € D(M), X,Y € V(M).

We leave the proof of the formula for [f X, gY] as an exercise.



6.2 — As oF: JuLy 14, 2011 37

6.2. Commuting flows. Suppose X, Y are two vector fields with flows ¢, 1, respectively.
It is natural to ask whether ¢ (p) = Yyps(p) holds, or equivalently id = 1_1p_ 1 ps.

Examples. 1. Consider the two fields e;, e5 in R? and the initial point 0. Let ¢ be the flow
of e1, and ¢ be the flow of e5. We follow the field e; for some time s, and the field e,
for some time ¢, up to the point ¥;ps(0) = (s,t). On the other hand, we reach the same
point by moving in opposite order, ¢ 1:(0) = (s,t). We will relate this property to the
fact [e1, es] = 0.

2. For our earlier example from page 36 we have ¢(u,v) = (u,v + us) and ¥ (u,v) =
(u+t,v). Hence

¢1¢1(07 0) = ¢1(07 O) = (L O) 7é 9011/}1(07 0) = @1(17 0) = (17 1)
We want to relate this fact to [X, Y] # 0.

We claim that flows commute if their generating vector fields have a vanishing Lie bracket.

Theorem 25. Let X,Y € V(M) be vector fields with flows ¢,v, respectively. Then
05t (p) = Wpps(p) holds for all p € M and those s,t for which the equation is defined,
if and only if [X,Y] = 0.

Thus the coordinate fields e;, e; on a manifold must have vanishing Lie bracket (the converse

is true only locally). We need two lemmas for the proof.

Lemma 26. Let X be a vector field on M and p € M. If X(p) # 0, then there exists a
chart (z,U) around p such that X =e; on U.

Proof. Let (y,V) be a chart of M with y(p) = 0. Composing y with a rotation and
dilation, we may assume the principal part of X (p) points into the direction of the first
basis vector of (y, V), meaning that £(p) = b;. Let {b;}* be the coordinate hyperplane.
Then the restriction of y to the coordinate hyperplane H = y~!({b;}+ Ny(V)) remains a
diffeomorphism.

We restrict the flow ¢ of X to a neighbourhood of (0,p) € R x H, and write again ¢ for
this map from time cross H to M. Then ¢y =id |y and so dy()(0,v) = v, meaning that
tangent vectors v to H are preserved. On the other hand, dy ) (e, 0) = X, &€ T,H for e,
the unit vector in time. By the inverse mapping theorem, ¢ is a local diffeomorphism on

some neighbourhood W of (0,p) e R x H to U := (W) C M.

Let us now define x in terms of ¢ and y: Since ¢ maps W to U C R x H and y maps H
to {by}+ we set
z:U—Rxy(H)CR", = (idg,y) oo}
1

x
The inverse then is 7" = ((idR, y) o @‘1)_1 = o (idg,y ).
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In order to prove the claim we have to show that the tangents

[t 2™ utth)] = [t @t +uny (g, un)] = [ @l @u (v (U2, 1))
agree with X, which they do since ¢ is the flow of X. O

Problem: Determine the map z for the rotation field J(u,v) = (—v,u) on R?\ {0}.

A vector field on R" is a mapping Y = (Y!,...,Y™): R® — R™. The directional derivative
of Y in direction of any other vector field X can be expressed in terms of the flow ¢ of X:

. Y(pup) —Y(p) d d(Y o @)’
(36)  OxY(p) = lim ¢ =z e, _ZT
using the fact ¢; = id +tX + O(¢*). On a manifold M , the same difference quotient is
no longer meaningful: The vectors Y (¢¢(p)) € T, »yM and Y (p) € T,M are contained in

)

t=0

different tangent spaces and so subtraction cannot be defined.

In order to use vector space operations on 7, M alone we need to move the first vector back
to T, M. Then we can assert:

Lemma 27. If X, Y are vector fields on M, and o is the flow of X, then
de_Y -Y
iy W=tY (2(p)) — Y(p)

t—0 t

(37) (X, Y](p) =

forallp e M.

Problem: Confirm this formula for Example 2 on page 36.

Proof. Let us first consider the case X(p) # 0. According to Lemma 26 there is a chart
(x,U) of M with X = e;. With respect to this chart we have a constant local representation
X(q) = ei(q) for ¢ € U, and so Oix,y] = Ox0y holds in view of (32); here the right hand

side is defined only in local coordinates.

The local representation of Y w.r.t. z is Y (p) = > n(p)e;s(p). As long as defined, this
gives @y (27 (u)) = 27 (ug + t,us,. .., u,), and thus dgy(e;(p)) = e;(i(p)) for all ¢ and
1 <i < n. Consequently,

F(@t( )) = dp_ tY SOt 277 SOt

The difference quotient in 7, M then verifies (37):

i =) = ey, (%(p)z ) o0 Z% (1

t—0 t t—0

= Z Oxn'(p)ei(p) = >_(Ox1' (p) — Oy &' (p))es(p) = [X, Y](p)

)

p ) —0 ei(p)

In case X (p) vanishes identically on a neighbourhood of p, then [X,Y](p) = 0 on the one
hand, and ¢; = id on the other hand, and so the right hand side of (37) vanishes. Finally,
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the case X(p) = 0, but X(px) # 0 for a sequence pr — p results from the first case,
by considering £ — oo and using continuity of our local representation of the difference

quotient in p. O

Proof of Thm. 25. “=" Given the commuting property of the flows, the previous lemma

saves us from the need to differentiate the flow equation twice. Indeed,

(38) (d‘ﬂ—t)py (‘Pt (P)) = d@-td%ws (gpt(p))‘ chatnrule i [(@—t o0 Spt) (p)}

5=0 ds
¥s(p)

s=0
assunﬂ)tion d

T ds
and so [X,Y] = 0 by Lemma 27.

=Y(p),

s=0

“«<=" Here we must integrate our condition on the vector fields. Instead, we appeal to the
uniqueness assertion of the Picard-Lindel6f theorem.

Let Z(t) := do_,Y (p:(p)). We prove 4 Z(t) = 0 for ¢ small.

d d d
Z2(+7)| = oY ()| = dpodiosY (orlp)|
d
(39) = dz(ﬂ—t (E(dw_T oY op,) _ ) opi(p) =0

~
=0 by ass. & Lemma 27

To see the last equality sign holds, note that the differential d?¢_; of the linear map dy_,
is again a linear map, and so maps 0 to 0. Therefore, Z(t) must be constant, which means

Z(0) =Y (p) equals Z(t) = dp_Y (¢(p))-

It follows from (38) that for fixed ¢, the vector field dp_,Y (¢¢(p)) has the flow s +— ¢_; o
s o . Together with the last results this gives that Y has the flow ¢4 as well as the flow
s — @y 01 0 w_y. But the local flow is unique, and so ¥, = ¢; 0 ¥, 0 w_; which is the
claim. ]

11. Lecture, Thursday 14.1.10

6.3. Frobenius theorem. We now generalize integral curves to integral surfaces or man-
ifolds:

Definition. (i) An n-dimensional distribution A on a manifold M"** is a mapping p —
A(p) C T,M, where A(p) is an n-dimensional subspace. Here, the assignment must be
smooth in the sense that each point p has a neighbourhood U and n vectorfields X3, ..., X,
exist on U which span A at each point p € U.

(7) An n-dimensional submanifold N C M is called an integral manifold of A if the inclu-
sion map i: N — M satisfies di,(T,N) = A(p).
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(7i) An n-dimensional distribution A is called (locally) integrable, if each p € M is con-

tained in an integral submanifold of A.

Examples. 1. A nonvanishing vector field defines a one-dimensional distribution. The in-
tegral manifolds are integral curves.

2. On the torus R?/Z?, a constant vector field with irrational slope defines a one-dimensional
distribution. It is locally integrable: The integral manifolds are lines of irrational slope.
However, this works only locally, since globally an irrational line is not a submanifold.
That is, there may not be a maximal integral submanifold.

3. Integral submanifolds need not exist, not even locally. A simple example is a 2-plane
distribution in R?, spanned by X (p) := e; and Y (p) := ey + ples.

We will relate integrability to the following. We call a distribution A involutive if for
X,Y € V(M) such that X(p),Y (p) € A(p) for all p € M also [X,Y](p) € A(p).

Ezample. For X (p) := e; and Y (p) := ea+p'es we have [X, Y] = e3, and so the distribution
A(p) = span{X(p),Y (p)} is not involutive.

It is enough to check involutiveness on a basis:

Lemma 28. Suppose each p € M™* has a neighbourhood U such that X1,..., X, € V(U)
span A and [X;, X;|(p) € A(p) for all 1 < 4,7 <n then A is involutive.

Proof. This is a linear algebra fact: If X = ¢'X; and Y = > 7/ X; then indeed
i i (35) i g i j j i
XY= Yl Xn' X, B Y (01X X) + €oxar X, —nloxE'X) €A
,] 2¥)
We need some preparatory notions and lemmas. To calculate Lie brackets, it is useful to

know how the Lie bracket transforms under a differentiable map ¢: M — M. We call
X € V(M) and X € V(M) p-related [p-verwandt], if

dp(X) = X o .
Note that the integral curves of p-related vector fields are related as images under .

Suppose a curve c(t) represents X at p, that is, X(p) = [¢]. Then Lie derivatives are easily

related, namely for all f € D(M)

def. differential

(aXf)(SO(p)) = aX(cp(p))f = adcp[c}f = a[gpoc]f

def. Lie der. d

(o000 (0) M E T 9y(f o p) = Ox(f 0 0)(p).

(40) (0% f)op=0x(foyp).
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The following result is no surprise in view of the fact that the Lie bracket measures the
extend to which the flows of two vector fields commute:

Lemma 29. Suppose X,Y € V(M) are g-related to X,Y € V(M). Then [X,Y] is ¢-
related to (X, Y1, that is, [, ¥](p(p)) = do,[X, Y] = [X,¥](p)

Proof. For any f € D(M) we have:
Oz 31f) o9 = (0505 f)) 0 — (05 (95 f)) o
D ox((05f) 0 9) — 0y ((0xf) 0 0) = Ox (Ov(f 0 9)) — Iy (9x(f 0 9))
- a[X,Y](f o)
Consequently
df[X,Y] oo =df(de[X,Y])
which means, as desired, [X,Y] o ¢ = dp[X,Y]. O

We generalize Lemma 26 now to several vector fields.

Proposition 30. Let Xy, ..., X, be linearly independent vector fields on a n+k-dimensional
manifold M™% defined in a neighbourhood of a point p. Suppose that on this neighbour-
hood, [X;, X;| =0 for 1 <i,j <n. Then there is a coordinate system (z,U) around p with

standard basis e, such that X; =e; on U fori=1,...,n.

Proof. Let us first assume M = R"* and p = 0, as well as X;(0) = b, for j = 1,...,n.
Suppose ¢’ is the flow generated by X;, and define

x(ut, . u"th) = gpil(gp?ﬂ(... (@Zn«)?“_’O’U/nJrl’_”’unJrk)) )),

where u are the coordinates or R***. Then dy,(b;) = id since

X;(0)=b i=1,... k,

dXO(bi) = ]
b; t=n+1,...,n+k.
Hence z := ! is a chart in some neighbourhood of p = 0.

We have X; = e; since the curves u + tb; have tangent vector X;. We now use our
hypothesis on the Lie bracket to prove the same for the indices from 2 to n. By Thm. 25
the hypothesis allows us to write

X(u17"’7un+k> = S05ﬂ<9011t1< <SOZ"(07"'a07un+17‘--7un+k)) >>7

and so as before we have X; =e¢; for j =1,...,n as well. OJ
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Theorem 31. An involutive n-dimensional distribution /A on a manifold M™% is inte-
grable. More precisely, for each p € M™* there is a chart (z,U) such that for each a € R*
the set N(p,a) := {q € U : (z"*(q),...2""*(q)) = a} is an integral submanifold, and
p € N(p,0).

Proof. Let us first prove the theorem for M = R"**. By a motion, we can assume p = 0
and A(0) = R™ x {0}. Denote with 7 = dr: R"** — R™ the projection onto the first n
components. Since dmy restricted to A(0) is an isomorphism to R", by continuity there
is a neighbourhood U of 0, such that the restriction dm: A(g) — R™ is bijective for all
g € U. Hence the preimage of the standard basis defines vector fields X, ..., X, € A(q)
with dr(X;) = e; for i = 1,...,n. That is, the vector fields e; and X; are w-related. By

Lemma 29,
dr([Xi, X;](q)) = [es, ¢5](m(q)) = 0.

Since dr is an isomorphism on A(g) = span{Xi(q),...,X,(¢)} this implies [X;, X;] =0
for all 7,7 < n.

Hence we can apply Prop. 30 to obtain a coordinate system (y, U) such that the X; become
the standard basis. Then for each a € R, the sets {q € U : y"*! =al,... y"* = a*} are
integral manifolds.

To obtain the result for a manifold, consider an arbitrary chart x and compose it with the
above chart y. O

6.4. Problems.

Problem 17 — VECTOR FIELDS AND DIVISION ALGEBRAS:

Assume that on some R" there is the structure of a division algebra, that is, a bilinear map
B: R™ x R" — R", written as (z,y) — zy, such that all maps

Az: R > R",  y—ay and py: R" = R", x—2y

are bijective. We do not assume that the multiplication 8 is associative, but we assume there is
a unit element e € R" with ex = xe = « for all x € R". Prove the following:

a) If n > 1 and x ¢ Re then \; has no real eigenvalues.
Hint: If xy = py then (z — pe)y = 0.

b) n is even. Hint: Recall a linear algebra result on eigenvalues.

c) We extend b, = e to a basis (b1,...,b,) of R” and consider the corresponding vector fields
Xj = X)\bj forj =1,...,n0onS" 1. Show that for each x € S"~!, the vectors X1(z), ..., X,_1(x)
are linearly independent.

Hint: span{z,biz, ..., by_12} = p,(R™) = R".
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d) An n-manifold is parallelizable if there are n vector fields which give a basis of each tangent

space. Show that S?~! is parallelizable if R™ carries the structure of a division algebra.

e) Show that the matrix group

we {5 ) resec]

gives R* = C? the structure of a four-dimensional associative division algebra, called quater-
nions.
Problem 18 — PREPARATION FOR LIE DERIVATIVES:

a) Let f: R™ — R™. Define the directional derivative of f at p € R™ with respect to a direction
e R™.

b) Relate the directional derivative to the differential; state the result also with sums and indices,
avoiding matrix notation.

Problem 19 — LIE BRACKET OF VECTOR FIELDS:

Prove [fX,gY] = fg[X, Y]+ f(0x9)Y — g(Oy f)X for all f,g € D(M), X,Y € V(M).

Hint: Calculate 0jpx gy1h for all h € D(M).

Problem 20 — LIE SUBALGEBRAS:

a) An n X n matrix is skew-Hermitian if tA = —A. Prove that the set of skew-Hermitian matrices
is closed under [A, B] = AB — BA.

b) Find another such matrix algebra. Hint: trace

Problem 21 — DETERMINATION OF FLOWS:

Determine the flow of the following vector fields on R?:
2) X v\ _[= ’ b) Y v\ _ [ 7 0 7 ) _ [z
Y 2y Y —y Y Y

Problem 22 — EXPANSION OF A FLOW:

For X € V(R") verify the expansion ¢;(p) = p + tX(p) + O(t?) at ¢t = 0.

Problem 23 — FLOWS ON COMPACT MANIFOLDS:

Recall that a flow ¢ of a vector field X € V(M) is global if ¢(¢, p) exists for all t € R and p € M.
Prove that the maximal flow ¢ is global if M is compact and X € V(M).
Hint: On a compact manifold, each sequence has a convergent subsequence.
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Problem 24 — INDEX OF A VECTOR FIELD ON A SURFACE:

Suppose the vector field X € V(R?) has only a discrete set of zeros Z. For any differentiable loop
(closed curve) c(t) in R? \ Z, define the number

1
i(X,c) = 27T/go’(t) dt, where p(t) := Z(X(c(t)) is continuous,

as the total change of angle along ¢ which X makes against a constant vector field F # 0.

a) Prove that i(X,c) does not depend on F.

b) Prove that loops c;, c2 which are (differentiably) homotopic in R? \ Z have the same index,
i(X, 81) = i(X, 62).

¢) Let p € Z and ¢ be a loop in R?\ Z which is null homotopic in {p} U (R?\ Z) and has winding
number +1 about p. Then the index j(X,p) of X at p is defined by j(X,p) = i(X,c).
(Compare with the beautiful pictures on p. 109 of Hopf’s book: Differential Geometry in the
Large)

d) If you attend Riemannian geometry: Note we defined the angle with respect to the standard
Riemannian metric (-,-) on R?. Prove that if g is any other Riemannian metric on R?, the
similarly defined number (X, ¢) :=i(g, X, ¢) agrees.

e) Extensions: Reason that (X, c) is defined on differentiable manifolds M. Do you have any

idea for a similar number in higher dimensions?

Problem 25 — FLOWS AND LIE BRACKETS:
Consider X (u,v) := (0,u) on R?.

a) Plot X (u,v).
b) Find a chart (z,U): U — R? around the point (1,0) such that X = e;, as in Lemma 26.

Formulate this first as a condition on the differential dz: R? — R2. What is the maximal
choice of U?

c¢) If you like: Discuss all choices for . Remember to verify that z is a diffeomorphism.

d) Moreover, let Y (u,v) := (1,0), see the example in class. Verify Lemma 27 at the point (1,0).

Problem 26 — CYLINDRICAL COORDINATES:

On Q := R3\ {(0,0,w) : w € R} consider the vector fields X (u,v,w) := u21+v2 (u,v,0) and
Y (u,v,w) := (J(u,v),0) = (—v,u,0).

a) Plot X and Y (the first two components!). Can you see what [X,Y] is?
b) Verify they span an involutive distribution A.
c¢) Pick a point in Q and determine a chart (x,U) as in Prop. 30.

Problem 27 — NON-INTEGRABLE DISTRIBUTION:

Check explicitely that X (p) = e; and Y (p) = es + p'es is non-integrable.



1 7.1 — As or: JurLy 14, 2011 45

Part 3. Differential forms and Stokes’ theorem

12. Lecture, Thursday 21.1.10

Stokes’ theorem generalizes the fundamental theorem of calculus to several dimensions. It
includes the classical integral theorems like the divergence theorem or Green’s theorem. I
prepared this part from Spivak’s book [Spi]. It is worth to compare with a source which
presents the theorem for submanifolds of R™ such as Forster’s Analysis 3: The amount of
technical work is no less in Euclidean space, and at some places the explicit calculations

make the theory less transparent.

7. DIFFERENTIAL FORMS

Let us motivate our approach with two examples.

1. Path integrals: Along a curve ¢: I — R" they may be introduced as [,(X(c(t)),c/(t)) dt
for a vector field X. This integral is parameterization invariant by the chain rule:

/J (X(c(p(s))), (cop)(s)) ds = / (X (clp(s))). ¢ ((5))) o' (5) ds = / (X (c(t). (1)) dt.

We know or will see that any 1-form w defines such an integral more generally, namely
[, w:= [;w(c(t))dt, which is parameterization invariant by the same calculation. Clearly,
in this case, setting X'(p) := w,(e;) we can rewrite [ w:= [(X,c)dt.

2. Surface area in R3. The area of a rectangle spanned by v,w in R?® only depends on

vXw = —w X v, that is, on an alternating 2-form of v, w. Similarly, the Gram determinant

is alternating, for instance for a surface,
AU = [ VIR = [kl = e = [ VEXT,

Thus our first goal will be to introduce parameter independent alternating forms.

7.1. Multilinear algebra. Let V be a real vector space with dual space V*.

Definition. (i) A function T: V¥ — R is k-multilinear or a k-tensor if

v T(v1, .o, 0, V)
is linear for each ¢ and all vy, ..., v;_1,v;41,..., 0, € V.
(@) T is alternating or skew-symmetric if for all vy,..., v, € V

T(vi, .oy Usy ooV, v) = =101, 00 05,0, 0) V1I<i#£ 5 <k

(iii) We denote the vector space of multilinear mappings by ®*V, the subspace of alter-
nating maps by A*V.
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We also define 0-tensors to be a real numbers, that is, @’V = A’V := R.

Examples. 1. @'V = V*,
2. ®*V = {bilinear forms on V'}.
3. For dimV = n we have det € A"V

The following properties are equivalent to that 7" alternates:

e 7" vanishes if any pair of vectors coincides, v; = v; for i # j (by polarisation).

e T(o(v1),...,0(v)) = (sgno)T(vy,...,vy) for all permutations o € S* and all v; € V
(why?).

To discuss basis representations, let us assume from now on that V' has finite dimension.

As we know, a bilinear form b € ®?V on a vector space V with basis (e;) can be represented
b(v,w) = b( Z v'e;, ijej> = Z ble;, ej)v'u’ = Z bijv'w!,
i j ij ij
using multilinearity. In case b is alternating then b;; is an antisymmetric matrix. Likewise,
in general

E ) 7
T(Ul,...,Uk): Tih___ikvl---v’“.

Clearly, if V has dimension n then the n* coefficients T € R show that dim(®V) = n*.
If S € @V and T € ®'V then there is a tensor product @: @FV x @'V — @FV/,
(S ® T) (V1 e oy Uky U1y -« 5 Ukn) = S(01, ooy 0k) T (Vg1 + -+ Upg)-
Suppose €', ..., e" is a basis for V*. Then the n* tensors
{e"® - ®@e* 1 <1iy,...,0p <n}
form a basis for @*V .

In case S and T are alternating, the tensor product S®7T will in general not be alternating.
For example, consider S, T € V*. Then the bilinear form S ® T is not alternating, unless
v +— S(v)T'(v) vanishes identically. However,

SAT =8ST-T®S

is alternating as S(v)T'(v) — T'(v)S(v) = 0. Note that S A T vanishes if and only if S and
T are linearly dependent.

The same construction works in general. In a first step, we define
1
Alt: @FV — ARV, AT (vy,. .. 0) == o Z (sgno) T(Ug(l), . ,va(k)).
€Sk

Indeed, Alt(T) is alternating, and for 7" alternating Alt(7") = T' (for this to hold we need
1/k!). Hence we can consider Alt a projection map.
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In a second step, we use Alt to define the wedge product

(k+1)!
kLl

ANV x AV — ATV SAT = Alt(S ® T)

Example. For S,T € A'V = V* this gives, as before,
SAT(v,w)=S@T(v,w) = ST (w,v) = (SVT -T®5)(v,w).

In particular, SAT = =T A S, and T'AT = 0 holds for one-forms.

The wedge product has the following properties (problems?):

e Bilinearity: (w,n) — w A n is linear in each argument.

e Anticommutativity: If w € A¥V and n € A'V then w An = (—=1)*n A w. In particular,
wAw =0 for k odd. (Exhibit an example w € A?V such that w A w # 0.)

e Associativity: (wAn) AJ =wA (nAY). See [Sp] Thm. 2 of Ch. 7.

e Normalization: For the standard dual basis ¢’ of V' we have (e' A... Ae")(vy,...,v,) =

det(vy,...,v,), explaining the factors of the wedge product (see also [Sp], p. 279).

Most of these properties become much more obvious once we have exhibited a basis for
AFV:

Lemma 32. IfV has the basis e, ..., e" then

(41) {e" A Aet 1 <dy <o < < n}

is a basis for AV . In particular, dim AFV = (Z)

Permuted basis elements differ by at most a sign: es Ae; = —e; Aeg or e3 Aep Aeg =
—61/\63/\62261/\62/\63.

Proof. Linear independence: We consider a linear combination of elements of (41), evaluate

it on a particular multivector, and claim

E R L N N Ik (. Y =g
a]ly--w]ke N Ne (6117"-)62k)_az1 ..... i

J1<.<Jk

Here, (e;) is a basis for V, dual to (e’), and the basis elements of the multivector have
increasing indices 1 < iy < ... < i < n. Assuming our claim, a linear combination which

vanishes can only have zero coefficients.

To prove the claim, we must evaluate the linear combination on our particular multivector.

On the one hand, if an element of the linear combination has precisely the same index set,
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then
eEMN - Ne (eil, e ,eik) =nlAlt (e“ R ® e““) (eil, e ,eik)

= Z (sgno)(e" @ - @ €e*) (€tir), - - -+ Co(iy))

oc€Sk
= Z (sgn U)€i1<€a(i1)> T eik(ecr(ik)> = (sgnid) eil(eid(h)) e eik(eid(ik)) =1
ocESk

On the other hand, any other basis element ¢/t A --- A ¢?* in (41) has a different index set

{j1, -, Ji} # {i1, ..., ix}, i.e., one index set is not a permutation of the other. Hence if
we apply this other basis element to our given multivector (eil, ey eik) we obtain zero, as
claimed.

Spanning property: We use the property that for any 7 € Sy we have Sy = {700 : 0 € Si}.
Hence by relabelling permutations we can assert:

(eT(il) A /\er(z’k))(vh'”?vk) _ Z(sgna)eT(“)(vgu)) . ..eT(z'k)(UU(k))

oESk
- Z sgn(77" 0 0)(sgn T)e™ (Vr-100(1)) * * * €F (V100 (k)
€Sy,
= sgn(7) Z sgn(0)e™ (V1)) -+ - €% (Vgr)) = sgn(T) (6" A=+ Ae™) (vr, ..., vk).

O

FExample. 1. For k = n, we have dim A"V = 1. Since det € A"V, any n-form must be a
scalar multiple of the determinant. For k > n, we have A*V = ().

2. In R3 the form e' A e? is 1 on (ej,e3), but 0 on (e, e3) and (e1,e3). By linearity,
e! Ae?(vy, vo) measures the projection of the parallelogram (vy,v9) to the e, es-plane (Proof:
problems).

3. Let a', a2, b',b?> € R®". Then there exist ¢!, > € R** such that a' Aa? +b"Ab? = P A
So the sum has a geometric interpretation as in the previous example.

indeed, any set of two non-equal planes in R3 shares a common vector. (Problem: Check
this first for the special case e; A ey + ea A e3. Then prove the general statement. )

4. However, the 2-form w := el Ae? 4+ e Aet in RY, satisfies w(ey, e5) = 1 and w(es, eq) = 1.
It is beyond a classical area element in the sense that it cannot be expressed as v A w; we
say it is not decomposable (~» problems).

Remark. The previous example indicates that two-forms are linear combinations of “area
elements”. Similarly we can consider k-forms as the closure of k-dimensional area elements
under vector space operations. It is a common idea in algebraic topology to take geometric
objects and consider the algebraic closure of them.

13. Lecture, Thursday 28.1.10
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Problem. If wy,...,wp € A'W then w; A ... Awp = 0 if and only the (w;) are linearly
dependent.

Given a linear map A: V — W, to a k-form w on W we can associate the pull-back of a
k-form which is the k-form A*w on V

A* AP — ARV wi— (A'w) (v, ..o v,) = w(Avy, ..., Aug)

The most important case are endomorphisms, A: V' — V, in particular coordinate trans-
formations. For the determinant det(vy, ..., v,) which measures the oriented volume of the
parallelepiped spanned by n vectors v;, the change in volume amounts to det(Awvy, ..., Av,) =
det Adet(vy,...,v,). Since n-forms are constant multiples of the determinant, they must

transform the same way:

Proposition 33. Let w € A™V and A = (a;;) be an n x n-matriz. Then

w(Avy, ..., Av,) = det Aw(vy, ..., v,) for all vy, ...,v, € V.

Proof. For fixed v;’s, the form
columns of A — w(Avy, ..., Av,)

is alternating and linear. Since dim A"V = 1 this must equal ¢ det(columns of A) for all A.
But setting A to the identity matrix, A := E,, we obtain ¢ = cdet E,, = w(vy,...,v,),

which gives the desired formula. 0

7.2. Alternating forms on manifolds.

Definition. Let M be a manifold. A map p — w(p) € A*T,M is a called a k-form on
M if it is differentiable in the following sense: (Xi,..., Xx) — w(Xy,...,Xx) € D(M) is
differentiable whenever Xi,..., X} € V(M). The set of all k-forms on M is denoted by
A*M; we set A°M := D(M); the set of all forms is denoted by AM := @, _, A" M.

We have the following properties:

e A'M = (V(M))*, which is usually denoted as V*M.

e By their pointwise definition, k-forms are D(M)-linear. That is, they are tensor fields.
e i-forms can be pulled back along f: M — N pointwise (f*w := “w o df”).

e There is again a wedge product

Az ARM x A'M — AR

defined pointwise. It is bilinear, anticommutative in the sense w A n = (—=1)¥*w A, and

associative.
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Suppose (x,U) is a chart with standard basis e;. Let e’ be the dual basis, defined by
e'(ej) = 5;'» forall p e U and 1 < 1,5 < n. Then we can locally represent a k-form as

Z wil_..ike“ AL Ne* Vp e U.
11<... <1k
We will also use the shorthand notation w = 3, wre! where I = (iy, ..., ix) is a multi-index.
Under coordinate transformations, k-forms transform as the change of variables formula
states — and therefore their integral over k-dimensional submanifolds will turn out to be

well-defined irrespective of a choice of coordinates. This case amounts to f = id in the

following more general statement.

Theorem 34. Let F: M — N be a differentiable map of n-manifolds, h € D(N), cmd
consider the charts (x,U) at p € M with standard basis €', as well as (y,V) at f(p) €
with standard basis f*. Then

Iy o F)

FA(hf A .. A7) = (hoF)det< o~

>“el/\.../\e".
ij

Define orientation.

Theorem 35. On a manifold M™ there exists an n-form w with w(p) # 0 for allp € M if
and only if M is orientable.

7.3. The differential. In order to generalize the fundamental theorem in terms of alter-
nating forms it will be essential to have a notion of differentiability at hand. For the case
of O-forms, differentiation is already defined in terms of the Lie derivative:

d: N°M = D(M) SAM =VI(M)  fesdf, where df(X) = xf.
Locally, df =37, [w . Indeed,

Z@GJ(;% D€ =~ dX)

We extend the d-operator to k-forms by applying the differential to the coefficients:

Definition. Let w € A¥M. Then, for each chart (z,U) with standard basis e we set

(42) d: ANEM — AMIM, dw _ZdeAe _Zzawl r

Ezamples. 1. For the one-form e’ we have de' = d(le;) = 0, likewise for the constant
coefficient k-forms e.
2. If w e A"M then dw = 0.

3a). On R3 the form w := fie? A €3 + foed Ae! + fze! Ae? has dw = div fe! Ae? A e
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b) For n := gie! + goe* = gze® on R? we have dp = w with f = curlg. In particular,
d*n = dw = div(curlg)e! ANe? Ae® = 0.

Before showing that dw is well-defined, i.e., independent of the coordinate system, we state

some properties.

Theorem 36. d is D(M)-linear and satisfies the product rule
(43) dwAn) =dwAn+ (=D oAdy VYo A*M, ne A'M.
Moreover,
d*> =0, ie., dldw)=0 YweA"M
Proof. Linearity is clear. By linearity it is sufficient to check the product rule on w = ge!
and 1 = he’. Indeed we have
d(w An) =d(ge’ Ahe’) =d(gh) ANe' Ne? = ((dg)h + gdh) Ae' A e’
= (dg N e') Ahe” + (=1)Fge! A dh A€’

Now we prove d> = 0. By linearity it suffices to consider w = fe!. Then

n n
af r I e’ T 1
dwzz%e Ne = Zzaxs&p’" ANe Ne,
r=1 r=1 s=1
and due to the Schwarz lemma, as well as e®* A e" = —e” A €, the terms of the sum cancel
in pairs. O

The equation d? = 0 captures the Schwarz lemma in a notationally compact way. In fact,
many other integrability conditions can be expressed using forms in the most elegant way.
For instance, the Frobenius theorem can be formulated as follows: A distribution AF is
integrable if and only if the ideal

Z(A) = {w e A (M) : w(Xy,..., X)) =0if Xi(p),..., X)(p) € A*(p)Vp € M}

satisfies d(Z(A)) C Z(A). It is a good exercise to check this statement on examples of
distributions.

To see that d is well-defined, we state an invariant formula for d:

Theorem 37. For each k-form w and vector fields X;, the form
k41 .
dw(Xy,. .., Xpr) :Z(— Y O0x, (w( Xy Xy, Xir))
(44)
T Z w0 ([Xs X)Xy oo, Xy oo, Xy, Xirr))

1<1<]<k+1

has the local representation (42).
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Proof. We first check for D(M)-linearity of (44).
Let us do this only for the case k = 1. Then in (44) the first sum contains the two terms
i = 1,2, and the second sum only one (i =1,j = 2):
(45) do(X.Y) = Oy (w(¥)) — By (w(X)) —w([X.V])
This case is the one when (44) is used most frequently.
Then
dw(fXY) = fdw(X,Y) = 0 = Oy (fw(X)) + fOy (w(X)) —w([fX, Y] = fIX,Y]) =0,
due to [fX,Y] = f[X,Y] — (0y f)X. By anticommutativity of the right hand side of (45)

the same holds w.r.t. Y. The general case £ > 1 is only different in that it involves more

indices.

We now claim that locally, w.r.t. a chart (x,U), the invariant expression (44) amounts
to (42). Using linearity of the two formulas in w, it is sufficient to consider the case
w = fel. By coordinate renumbering we may assume specifically w = fe! A ... A €.
Writing w as a linear combination of basis multivectors, the D(M)-linear of d implies that
it suffices to show the identity for the basis representation of dw,

(46) dw = Z dw(ejlﬁ"veij)ejl/\.../\ejk“.

1<51 <. <Jg15n

The second term in (44) vanishes for any of these multivectors, as [e;, e;] = 0. Consider
the ¢-th term of the first sum,

(47) (—1)* 1oy, (w(ejl, € 1 €y €y s ejk+1))~
Our particular k-form w = fe' A ... A e¥ vanishes indentically on all ordered multivectors
except for (eq,...,e;). Comparing, we see the cancelled vector €j; can only occur in the
last position, ¢+ = k + 1, and so jiy; can be any index between k + 1 and n, that is,

(G- dmodner) €A, .. k) ik +1<r <n}.
Thus only (—1)*20y, ., (w(el, T er)). contributes to the i-th term, i.e., these are the

only indices producing a nonzero contribution in (47).

Consequently, we are left with only one term in (44), namely

dw(el, e, er) = (=129, (w(el, ., €k, er)) = (=1)*0,f.
Hence the representation obtained from (44) is

dw @ (=DF0,fe' A nefFNe = Z o fe" Net A neR,

r=k+1 r=k+1
which coincides with (42). O
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14. Lecture, Thursday 4.2.10
There is one more important property of d:

Theorem 38. If f: M — N is differentiable and w € AN then
fHdw) = d(f*w).

In view of the afore-mentioned formulation of the Frobenius theorem this is no surprise.

Note that the notation f* means two things: First, in the base point of the form, p gets
replaced by f(p), second in the multi-vector argument, each X gets replaced by df X.
Invoking the chain rule, we see the two actions fit together to give f*(¢*(w)) = (go f)*(w)
— note the change in order!

Proof. By induction on k. For k = 0, we have for w = g € D(M), as desired,
f*(dg)(X) "= dg(df (X)) = d(g o )(X) = d(f*) (X).

The last equality sign comes from the fact that for a O-form all what f* does is to replace
the base point.

Assuming the formula for k — 1, it is sufficient to consider w = ge* A ... A e*: Note first
that de’* = 0 and so d(f*e’*) = de** o df = 0. Using this at the second equality sign gives

d(f*w) = d((f*ge“ AL AERT) A f*eik) ) d(f*ge“ A A e> A fre +0
md- hypoth. cx (d(g ETA LA ei’“*l)> A frett = f* <dg AET AL A ei’“*l)> A fret
= f*(dw) O

Remark to myself: Some comments on closed and exact forms, as well as the notation dz,
would be appropriate here.

8. INTEGRATION OF DIFFERENTIAL FORMS

8.1. Integration over cubes.

Definition. A differentiable function o: [0, 1]* — M is called a singular k-cube in a man-
ifold M™.

Note that differentiability on a non-open set means that there is a differentiable extension
to a superset. We do not require that o is an embedding or an immersion: It may be that
o([0,1]%) has dimension lower than k (in an appropriate sense); however, in that case, the

integral defined below will then vanish.

We can define an integral of a k-form over a k-cube as follows:
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Definition. (i) If w is an n-form on [0, 1]", then we set

/ W= f(z)dx.
[0,1]" [0,1]"

where w(z) = f(z)e! A... Ae" for the basis (e) of R™".
(7) If w is a k-form on a manifold M", and o is a singular k-cube in M, we set

/w :—/ o*w.
o [0,1]k

Ezample. If w =", a;e' = (a,.) is a one-form on R™, and o: [0,1] — R™ is a 1-cube, then
we recover the path integral. Indeed, do(e;) = (0')e;, and so

/Uw@ /[0 . o — /[0 . O—<Zae) - /{0 7”;(%00) el = /[0 J}(a(a(t)),a’(t»dt.

Remarks. 1. The most common notation for the dual basis of R* is dz' := ¢!, ..., da" := €.

Using this notation, (i) reads f[o,l]k fdxt A .. A dat = f[o,l]k fdx'... dz* and so appears
almost tautological. That is, our notation for forms mimics classical notation as much as

possible.

2. fa w counts the image with multiplicity: If o covers a set twice and with the same orien-
tation (think, for instance, of a doubly covered circle), then each image point contributes
twice to the integral.

We want that our definition is parameterization independent, that is, it depends only on
the image set o ([0, 1]¥), but not on the particular parameterization chosen. As in the case
of path integrals, this holds for the case of orientation preserving parameter changes:

Proposition 39. (i) If o: [0,1]" — R™ is an injective singular n-cube with det do > 0 on

[0, 1], then
/fel/\.../\e":/ f(x)de.
g 0’([0,1]’"‘)

(i) Suppose h: [0,1]% — [0,1]* is a diffeomorphism with det dh > 0, o is a singular k-cube
in M, and w is a k-form on M. Then

/w:/ o.
o ooh

/feN:/ J*(f€N>£/ (f oo)detdoe™
o [0,1]" [0,1]"

:/[01} (foo)|detdo|dx Ch'ivar'/ f(z)dx

o([0,1]™)

Proof. (1)
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(i)

O

8.2. Chains. Stokes’ theorem will involve integration over the boundary of a k-cube. A
k-cube has 2k bounding faces, and each face can be regarded a (k — 1)-cube. In order
to integrate over the boundary of an k-cube we will simply add up the integrals over
all bounding faces. So we need to integrate forms along unions of (k — 1)-cubes. It is
convenient to do this using a more general notion, which represents again an algebraic

closure of geometric objects:

Definition. (i) A k-chain o in M" is a linear combination of k-cubes, ¢ = S\_ a'o;
where a* € R.
(7i) We define the integral of a k-form w over the k-chain o by

l

[ o= )

=1

Example. Replacing o by —o changes the sign of the integral, and so has the same effect
as changing the orientation of o.

Given a k-cube we now want to associate the chain of its boundary (k — 1)-cubes. We
want to denote the 2k faces, resulting as boundary restrictions from ¢ using double indices
(i,0), where 1 < i < k and b = 0, 1; the two parallel faces with normal e; are distinguished
by b. So given o: [0,1]* — M we define for 1 <i < k and b € {0, 1}

(48) oip: [0,1)7 — M, oip(zt, . 2" = a(xl,...,xi_l,b,xi,...xk_l).

Examples. 1. In case of a cube (k = 3), 03¢ parameterizes with the bottom (z = 0) face,
while 031 parameterizes with the top (¢ = 1) face.
2. If k =1 then 019 = 0(0) while 07 = o(1)

We want to take orientation into account. In case of a square, the desired orientation will be
a, say, counterclockwise arrangement of the four edges. In general, one of the parallel faces
oo and o;; will be assigned opposite orientations, that is, exactly one of them appears

with a minus sign.

Definition. (i) The boundary of a k-cube o in M™ with k € N is the (k — 1)-chain

k
Jo = Z Z (=1)* 0.

i=1 be{0,1}
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For k =0, when o: [0,1]° =0 — M, we define 9o :=1 € R.
(ii) The boundary of a k-chain o = Zi:l a‘c;, where k € Ny, is

!
Jdo = Z a'do;.
i=1
(7ii) A chain o is closed if 0o = 0.

Note that the number b makes a pair of parallel boundary faces oppositely oriented.

Ezamples. 1. Consider a closed curve o. That is, ¢ is a 1-cube with o(1) = ¢(0). Then
Jo =011 —019=0(1) —c(0) =0, so that o is a closed 1-cube.

1 _ 52 which is also

2. Two curves o', 0% with the same endpoints form a 1-chain o := o
closed. Indeed, if 0'(0) = ¢%(0) and o'(1) = 0*(1) then

_ 1 1 2 2
80 —_— Ul,l _0-170 - 0-171 +0’170 - O

3. Consider a 2-cube o: [0,1]> — M. Then 00 = 011 — 021 — 01 + 029. We claim
that do is closed. To see this, label the vertices in counterclockwise order as P = ¢(0,0),
Q) = 0(1,0) etc. Then

9(00) =(R-Q) = (R=5) = (5-P)+(Q - P)=0.
4. For a 3-cube the 1-chain 0(do) is a sum over 24 = 6 - 4 edges of the cube. Due to the

sign convention, pairs of edges cancel, so that again 0(do) = 0.

The property 9(0c) = 0, displayed in the examples, is analogous to d*> = 0 for forms, and
holds in general:

Proposition 40. If o is a k-chain in M™, then
0%0 == 0(do) = 0.

Proof. 1t is sufficient to check this for k-cubes. This can be done by a longer calculation. [J

Remark. The only interesting feature in the definition of O is the sign. In view of the
proposition we can say that the exponent ¢ 4+ b is chosen such that it assigns a pair of
adjacent faces of a k-cube an opposite orientation, in the sense that taking once again the
boundary of the (k — 1)-dimensional faces yields the opposite orientation of the (k — 2)-

dimensional faces.

Remarks. 1. While k-cubes are well adapted to coordinate parallel integration as needed for
Stokes theorem, there is another setting more widely used in algebraic topology: k-simplices
are build from triangles rather than squares, and have a similar boundary operator 0. See

[W], for instance, for this approach.

2. More generally, a class of objects indexed with k£ € Ny and an operator d going from
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the (k + 1)-objects to the k-objects (or vice versa) such that d*> = 0 form a chain complez.

On these complexes, a homology theory can be defined.

8.3. Stokes’ theorem for chains. We can now prove a simple case of Stokes’ theorem:

Theorem 41. If 0 is a k-chain in a manifold M"™ and w is a (k — 1)-form on M then

/dw:/w
o do

Proof. 1. Consider the case M = R", k = n, and o = id. By linearity it is sufficient to
prove the theorem for the particular (n — 1)-form

w=fe' A NG AL Aem
Then
do=0ife' Ne' N...Aet N Ne" = (=1)"10,fe A Ne.

Using Fubini’s theorem as well as the fundamental theorem of calculus applied to integra-

tion w.r.t. the ¢-th variable, gives

/[01] dw:/[m] (=)o, f(at,.. . 2t 2™ dat . dat . da”

(49) ’

:(—1)"1/ flat, . o 1, 2™ — f(at, .. ,0,.. 2" dat L dat . da™,
[0,1]n~1

On the other hand, let us introduce the notation to parameterize the j-th pair of bounding

faces,

(50) e (0,17 = [0, 1], N G i e N A U L I

J,b

compare with (48). Then using the shorthand notation id" for id | 1j» we can write

/ w—zz 7+b/ w—zz J+b/ (L?,b)*fel/\.../\gj/\.../\e".
oid" [0,1]7—1

i=1 be{0,1} Lb j=1 be{0,1}
We claim that only the two terms with j = ¢ contribute. To see this, note that the form will
vanish on multivectors which come from coordinate-parallel hyperplanes not perpendicular
to e;. This can be seen by direct calculation: The differential of (50) is

d(ejp)(er) = er, ..., d(¢]y)(ej-1) = ej1, d(i},)(ej) = ejra,...,d(L])(en1) = e

and hence w vanishes on the linear hull of these fields except for the case ¢ = 5. We

/am" “T Z (_1>Hb/ ) f(y(x)) dat .. dzi .. dx",

be{0,1} [0,1]"~

conclude

which agrees with (49). Thus we have established Stokes’ theorem for our special case.
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2. For o a k-cube in M™, step 1 gives

/dw déf‘/ o*(dw) (E)/ d(a*w)g/ U*wZ/ w.
o id* id® didF o

3. The generalization to k-chains is immediate. 0

Note that the manifold dimension n can be larger than k, but the integral will not see the

extra dimensions.

15. Lecture, Thursday 11.2.10

Ezamples. 1. In case k = 1 we can apply the theorem to a 0-form f, and the 1-chain id".
Then [, df = [y; f which means [, f'(z) dz = f(1) — f(0).
2. If we take an alternating sum over the forms used in step 1 of the proof we obtain the

divergence theorem. To see this, consider the (n — 1)-form

w=Y ()it A A AL A with dw=divfel AL Ae"
on a standard cube. Writing w = ), w; we see that only the two i-faces ¢}, of 9[0,1]"

contribute to f 9 w;. Hence the left hand side of Stokes’ theorem reads

0,1]n

/ w— Z(—l)i+b/ i = Z(—mf’“/ filtan(@)) do = Z/ (Fouin 1) du,
o[0,1] ib L ib C ip J10A0m

where v; is the exterior normal to the face ¢;;,. Let v be the exterior normal to 0[0, 1]",
which is defined except on a set of measure 0, namely the (k — 2)-dimensional faces of the
cube. Then we can write fa[o 1}”< f,v)dx, 1 for the right hand side. Hence for our case,
Stokes’ theorem for forms f[O,l]" divfel = [ dl0.4]n
written with surface integrals: f[o I div fdx = fa[o 1}TH(f, v)dz,_1. It is worthwhile to

w gives the classical divergence theorem,

derive the same formula for any immersed singular n-cube o.

8.4. Integration of forms over manifolds. Let us first define orientation:

Definition. (i) Two charts (z,U) and (y, V) of a manifold are orientation compatible if
the transition map satsifies

(51) detd(yoxr ™) >0 foralpeax(UNV).

(7) An orientation of a manifold M is an atlas A = {(z4,U,) : @ € A} whose charts are
pairwise orientation compatible.

(7i) A manifold M is orientable if it has an orientation.
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FExample. Mobius band and Klein bottle are non-orientable 2-manifolds, RP™ is a non-

orientable n-manifold.

The following is not hard to check:

e detd(yoxz~!) > 0 implies detd(z o y~') > 0.

o If two charts with a connected nonempty intersection set are not orientation preserving
then composing one chart with an orientation reversing diffeomorphism of R™ makes them

orientation compatible.

e Suppose (M, A) is orientable and a one more chart is given which is orientation compatible
with one chart of A on a nonempty intersection set. Then this chart will be orientation
compatible with all charts of A. To prove this, use that the left hand side of (51) is
continuous and that M is connected by our general assumptions.

e Thus on an orientable manifold, there are exactly two differentiable structures (M, Sy),
(M,S_) which give an orientation, sometimes called positive and negative orientation, or
direct and indirect orientation. If we were to admit non-connected manifolds with k£ € N
connected components, then we had 2* orientations.

On an oriented manifold (M, A), we call an n-tuple of linearly independent tangent vectors
(v1,...,v,) € (T,M)"™ (positively) oriented if the orientation of their principal parts,

(52) (i, ..., vy) = sign(det(dz(vy), . .., dz(vy,))

is +1 and not —1 for x € A.

Given an oriented manifold (M", A), we call a local diffeomorphism o:  C R" — M ori-
entation preserving if o~ is orientation compatible with (M, A), and orientation reversing

if it is not. We can now formulate a crucial property, the parametrization invariance of the

integral of forms over oriented chains:

Lemma 42. Let M™ be an oriented manifold, and o1, be singular n-chains which are
the sum of orientation preserving diffeomorphic n-cubes. Then

suppw C o01([0,1]") Noo([0, 1]™) implies / w= / w.
o1 o2

Proof. In o5 ! (suppw) we can write 05 = 010 (0] ' 003) and so 03 is a reparameterization of
01, preserving orientation. Hence the result follows from the proof of the parameterization

invariance Prop. 39(i1). O
Let us emphasize what is hidden in the proof: the lemma holds since the forms and multiple
integrals obey the very same transformation rule.

Consequently, [ W= faw is well-defined for all diffeomorphic n-cubes, compatible with
the orientation of M, such that suppw C (][0, 1]").
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Consider an oriented manifold (M", A). By modifying charts suitably, one can show there
is a countable open covering {U, : a € N} of M with charts (z,,U,) such that each
0, =z, ' is a orientation preserving diffeomorphic n-cube. Indeed, we could cover z,(U)
with coordinate parallel open cubes in a locally finite way. The restriction of the z, to
these cubes then defines charts which cover, i.e. define an atlas.

Let now ¢, be a partition of unity subordinate to {U,}, that is, a family of functions
{pa: Uy — [0,1] : @ € N} such that
® supp ¢, CC U, and

®> enPa=1lon M.
The existence of such a partition can be shown to follow from second countability (see

[Lee]).
For w an n-form on M"™ we then define
[wo=X [ o
M acNYM
This definition is independent of the covering, as

%L%F%L(Zw)wzz /Mwﬁ%w=Z/M<Zwa)w5w:Z/M¢ﬁw.

BEN a,BeN BeEN a€eN BeN

Note that the orientation is implicit in our definition and a change of orientation will result
in a sign change. Thus, if we were to employ a more precise notation, we would write

[ =] w
(M,S4) (M,s-)

8.5. Manifolds with boundary. Let us define the upper half of a ball by
B :={r €R":|z| <1and 2" > 0}.

Note that the bounding (n — 1)-ball in the plane {z" = 0} is included. We now extend our
notion of manifolds to allow for boundary:

Definition. (i) A topological manifold with boundary of dimension n € N is a topological
space M which is Hausdorff, second countable, and such that each point has a neighbour-
hood homeomorphic to either B"™ or E: If M has an atlas of charts with differentiable
transition maps then M is a (differentiable) manifold with boundary.

(7)) The boundary OM of a manifold M with boundary is the set of those points p € M

which do not have a neighbourhood homeomorphic to B™.

The notion of a boundary in (ii) is well-defined since there is no homeomorphism (or
diffeomorphism) from Ei onto B™. Also, each connected component of M is a manifold
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of its own, whose charts are given by the restriction of the charts x: U — EZ tox™! (Fi N
{a" =0}).

By definition, a manifold in the usual sense can also be considered a manifold with (empty)
boundary. It is common to say closed manifold to emphasize that a manifold has no bound-
ary, OM = () (nevertheless, considered as a topological space, a manifold with boundary is

also closed).

Ezamples. 1. {z € R" : x, > 0}

2. S"N{z: 2" > 0}.

3. If : R™ — R with grad+ # 0 on ¢~*(0) then the implicit function theorem gives that
M = 1(]0,00)) is a differentiable manifold with boundary OM = ~1(0).

In order to have faMW well-defined, where w is an (n — 1)-form, we need to define an
orientation of OM. The idea is simple to explain for a submanifold like S*~! = 9B™ C R™:
Here we define tangent vectors (v1,...,v,-1) € T,S" ! to be positively oriented for S"~*
if with respect to the exterior normal v(p) = p to B™ at p the n vectors (p, v, ..., V1)
are positively oriented in R".

At a point p € OM, let us call a tangent vector v € T,M outward pointing if its principal
part w.r.t. to a chart z: U — Ei is negative, dz"(v) = " < 0. In particular, an outward
pointing vector cannot be linearly dependent on any tangent vectors to M, since the
latter satisfy &" = 0.

Definition. Let M" be oriented, and vy, ..., v,_; linearly independent tangent vectors to
OM at p € OM. If v is an outward pointing vector at p we define the induced orientation
of OM by

M(?M(Ula cee 7vn—1) = //JM(Ua U1y .. 7vn—1)-
Ezxample. For the upper half-space M := R" N {z™ > 0} the vector —e, is an outward

pointing normal. Then

(53) for (€1, ... en_1) & pri(—en,er, ... en_1) = (=1)"up(er, ... en)

and so for n odd the orientation of 9M = R"™! x {0} differs from the standard orientation
of R* 1,

Suppose o is an orientation preserving (diffeomorphic) singular n-cube in an oriented man-
ifold M, such that its n-th bottom face parameterizes a subset of OM, that is,

(54) OM Na([0,1]") = gnp([0,1]"71).

By (53),
om0 [0,1]"7! — (0M, induced orientation)
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is orientation preserving for even n, and reversing for odd n. Consequently, if w is an
(n — 1)-form on M with compact support in o ((0,1)" U ({0} x (0,1)"7!)) we have

/mw=<—1>"/ww'

On the other hand, o, ¢ appears with coefficient (—1)" in do and so

(55) / w:/ / w—/
oo (—1)”0n,0 On,0 OM

Note that the outer sides of the equation are equal without any extra signs. This means
that the definition of induced orientation and the sign in the definition of the boundary
operator for chains are consistent for our purposes.

8.6. Stokes’ theorem for manifolds.

Theorem 43. If M is an oriented n-dimensional manifold with boundary OM (given the
induced orientation), and w is an (n — 1)-form with compact support then

/dw:/ w
M oM

The assumption that w has compact support is needed to guarantee that the integrals
exist, just as fR f" = 0is valid for f with compact support. In case M itself is compact,
the condition is superfluous.

Proof. The manifold M has a countable open cover O = {U, C M open : a € A} with
the images of singular orientation preserving diffeomorphic n-cubes, and which are either
interior, or parameterize the boundary with their n-th bottom face as in (54). We let
{¢a : a € N} be a partition of unity subordinate to O; as in the previous subsection
we require for boundary cubes that the support of ¢, is in o ((0,1)" U ({0} x (0,1)"1)).
Finitely many indices suffice to cover the compact set supp w.

For each a € N such that U, is a an interior n-cube, Stokes’ theorem for chains gives that

(56) / d(paw) T2 / Pal;
« OUq

in fact, the right hand side vanishes, due to compact support of p,w. On the other hand,
for each v € N such that U, is the image of a boundary cube

(55)
(57) / d(paw) = / PaWw. = / Daw
« U, oM

With sums which are finite at every point we have

ngpa:ngoa:dl: = ngpa ANw=0 = Z/dgpa ANw = 0.

a€eN a€eN a€eN a€eN
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Thus we can sum (56) and (57) to obtain

/dwdéf'Z/ goadw:Z/ dgpa/\w+goadw:2/ d(paw)
M Ua Ua o

aeN a€eN aeN

(56457)2/ Do déf./ "
oM oM

aeN

O

Corollary 44. If M s orientable, compact and without boundary then fM dw = 0 for all
weA"IM.

There are various topics which could now be addressed:

1. The recovery of all classical integral formulas from Stokes theorem: divergence theorem,
Green’s theorem, the classical Stokes theorem.

2. Closed and exact forms: A form n € A¥M is called exact if = dw for some w € A¥=1M.
The so-called Poincaré-Lemma says that on a contractible domain, for instance on R",
a closed form is exact. On the other hand, since a compact orientable manifold has a
volume form 7 with [, 1 > 0, the above corollary shows that compact manifolds are not
contractible.

3. The de Rham cohomology groups

HY(M) = {closed forms in A*M}
" {exact forms in A¥M}

capture the topology of M. A further topic in this context is the mapping degree, in

particular a proof of the Brouwer fixed point theorem.

8.7. Problems.

Problem 28 — SKEW SYMMETRIC BILINEAR FORMS:

The purpose of this problem is to prepare the class on multilinear algebra.

a) Give an example of a skew-symmetric bilinear form, b: R™ x R"™ — R, that is, b(v,w) =
—b(w, v) for all v,w € R™.

b) Show that b(v,v) = 0 for all v € R™ is equivalent to b skew-symmetric.

c) What is the dimension of the space of skew-symmetric forms B(n)? Exhibit a basis for B(n),
for instance in terms of the basis e’ = (., e;) of the dual space.

d) Can you find a projection which maps an arbitrary bilinear form to the skew-symmetric forms?
What are the reasonable properties to ask for?

Problem 29 — Quiz:

a) For given f € V(R") find a form w on R™ such that dw = div fe! A... Ae™.
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b) Determine {v € R? : el A €2(v,e3) = 0}

¢) For w € R3 given determine V(w) := {v € R? : e! A €%(v,w) = 0}

d) Determine L := {w € A’R" : w(ey,e2) = 0}.

e) Let w € A*M and X1,..., X € V(M). Which of the following statements is true?
e The value of dw(Xj,...,X) at p € M depends only on the values of the X;’s at p, but not
on the way they extend to M,

e this value depends only on the value of w at p but not of the way the form w extends to M.

Problem 30 — n-DIMENSIONAL CUBE:

Denote the standard unit cube by C' := {x € R* : 0 < z%,... 2" < 1}.

a) Write down the faces of the standard cube (how many are there?).
b) For 1 <i <nlet
w; € AR, wi::el/\.../\;/\.../\e".
Describe those faces of C' such that the form w; vanishes on multivectors formed by tangent
vectors to the faces.
Problem 31 -~ GEOMETRIC INTERPRETATION OF A TWO-FORM:

Let P(v,w) be the planar parallelogram in R3, spanned by v,w € R3. Let m: R3 — R? be
projection to the zy-plane and let nn = e! A €2 € A2R3.

a) Give a formula for the signed area of 7(P(v,w)).

b) Prove that n(v,w) agrees with the signed area of w(P(v,w)).

Problem 32 — DECOMPOSABLE AND INDECOMPOSABLE FORMS:

a) Show that in R? any two-forms w := v Aw and 1 := 7 A s have a sum w + 71 = a A b for some
covectors a,b € R3".

b) Prove that e! Ae? + €3 A et € A’R?* cannot be written in the form v A w for v, w € R*".

¢) Find w € A?R* such that w A w # 0.

Problem 33 — HODGE STAR:

Let V™ be a vector space with inner product. With resprect to an orthonormal basis (e!, ..., e"),

define an operator
x: APV — ARV *(eiy Neiy Ao Negy) = e Ney N Neiy,
if {41, ik, ik41- - in} is an even permutation of {1,2,...,n}.

a) What is *(e! A €?) in R3? What is *1 in R"?
b) Prove s = (—1)k(n=k),
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c¢) Prove that on A*V we can define an inner product by

(v,w) = *(w A *v).
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