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Supposed Knowledge:

1.) Discrete Probabilities
2.) Matrix operations: sums, matrix-matrix multiplication, matrix-vector

multiplication

ad 1)
Let E be a set of discrete events.
First axiom: 0 <P(e) <1 for all e € E. A Pobability is a number between 0
and 1
Second axiom: P(Q2) = 1. The probability that some event occurs is 1.

Third axiom: Let e(1),...,e(n) be pairwise disjoint events. Then
n

B(1) U...Ue(n)) :ZP(e(i)).

i=1

Example:
Let the results of a mathematical coin-toss be heads or tails.

- event set is {heads, tails} #(dt: Wappen oder Zahl)
- as event space can be chosen
> = {{},{heads},{tails}, {heads or tails}=Q}
- For the probability measure is then fixed:
P({}) =0,
P({heads}) = 1 - P({tails}),
P(Q)=1.

ad 2)
a) Sum of matrices
The sum of two matrices

Afaij)i =1.mj =1..nandB: (bij)i =1.mj =1..niSC: (Cij) :<alj +bij)
E | 44 -31 8 99| | 52 68
Xamper 92 67 i 69 29| | 161 96

b) Multiplication of two matrices
The product of two matrices

A=
>
a. andB=(b. isC=(c. =( a +b. j
( J>i=1..m,j=1..n ( IJ>i=1..n,j=1..o ( IJ) kzl( ik kj)
4 -31 8 99 (44-8 —31:69) (44-99—31-29)
Example; : =
92 67 69 29 (92:8 +67-69) (92-99 + 67-29)




C) is a special case of b)
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Unix Find Tutorial - [ Diese Seite aberseizen |

Unix find command. ... This capability is far above and beyond regular tree traversal of Unix
utilities so find is a real Unix utility - a useful enhancer ...

www, softpanarama, org/Tools/Find/find_mini_tutorial shiml - 27k - Im Cache - Ahnliche Seiten

Diateien suchen und finden mit find - Unix-Grundlagenschulung mit ...
Dateien suchen und finden mit find - A free Unix introduction with muLinusx
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Unix/Linux "find" Command Tutorial - [ Diese Seite ihersetzen |

Unix, Linuzx, find, find command, tutorial. ... The find command is used to locate files on a
Unix or Linux system. find will search any set of directories ...

wwa, heefl adufpollock/Unix/FindCmd.htm - 19k - I Cache - Ahnliche Seiten

linux, dateien, cli, find, unix | Mister VWong
linux oder dateien auf theelinuxguide. wordpress. com - Im__flberbl\ck bei Mister Wong.
wew. misterwong dedusers/@993681/ - 17k - Im Cache - Ahnliche Seiten

Some examples of using Unix find command. - [ Diese Seite ibarsstzen |

Some examples of using UNIX find command, Contents:. introduction Search far file with 2
specific name in a set of files (-name) How to apply a unix command ...

wvw. athabascau cafhtmifdepts/compserdwebunitHOWTOMind htrn - 5k -

Im Cache - Ahnliche &

find - Finden unter LinLegWUnix » Der Informatik Student

16, Juli 2006 ... Hierbei geht es um die machtigen Fahigkeiten und die, fur den Benutzer, nicht
so leicht zu metkende Syntax des Linux/Unix-Befehl find. ...

vy, Infarmatik-student. de/2006/07 /1 6Aind-finden-unter-linu-unix/ - 29k -

Im Cache - Ahnliche Seiten

The google problem:

given is
« a library with 25 billion documents
* no centralized organisation
* no librarians
* anyone can add documents

You are interested in information. You only know some keywords, and a
further complication is:

Google claimsnore then 25 billion indexed page®95% of the textin

the Web is composed afly some 1,000 wordsHow can we

distinguish the important pages from the unimportant ones?

Impossible?
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restartwith(LinearAlgebra;

[&x, Add Adjoint, BackwardSubstituf@andMatrix Basis BezoutMatrixBidiagonalForm

vV VvV

BilinearForm CharacteristicMatrix CharacteristicPolynomialColumn
ColumnDimensionColumnOperationColumnSpaceCompanionMatrix
ConditionNumberConstantMatrix ConstantVectqrCopy, CreatePermutation
CrossProductDeleteColumnDeleteRowDeterminantDiagonal DiagonalMatrix
DimensionDimensionsDotProduct EigenConditionNumbeyr&igenvalues
EigenvectorsEqual ForwardSubstituteFrobeniusFormGaussianElimination
GenerateEquationg&senerateMatrixGeneri¢ GetResultDataTyp&etResultShape
GivensRotationMatrixGramSchmidtiHankelMatrix HermiteForm
HermitianTransposeHessenbergForpHilbertMatrix, HouseholderMatrix
IdentityMatrix IntersectionBasidsDefinite IsOrthogonallsSimilar, IsUnitary,
JordanBlockMatrixJordanForm KroneckerProduGgtLA_Main LUDecomposition
LeastSquared.inearSolveMap Map2 MatrixAdd MatrixExponentiglMatrixFunction
MatrixInverse MatrixMatrixMultiply, MatrixNorm, MatrixPower
MatrixScalarMultiply MatrixVectorMultiply MinimalPolynomialMinor, Modular,
Multiply, NoUserValugNorm Normalize NullSpaceOuterProductMatrix Permanent
Pivot, PopovForm QRDecompositigrRandomMatrixRandomVectoRank
RationalCanonicalForprReducedRowEchelonForRow RowDimension
RowOperationRowSpaceScalarMatrix ScalarMultiply ScalarVectorSchurForm
SingularValuesSmithForm StronglyConnectedBlockSubMatrix SubVectar
SumBasisSylvesterMatrixToeplitzMatrix Trace TransposgeTridiagonalForm
UnitVector VandermondeMatrix/ectorAddVectorAngleVectorMatrixMultiply
VectorNormVectorScalarMultiplyZeroMatrix ZeroVectorZip|

The heart of the google software is the PageRank algorithm.
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Let P be a web page.
We call Imp(P) the importance of P.

Let P have Lmany outgoing links to other pages.
If P, is such a page, ®ill pass 1/L.,importance* to P,.

Let B be the set of pages linking tp Phen the importance relation between a page
and its neighbours is as follows:

)

Imp(P,) = z # 2?7 chicken vs. egg problem

P. €B i
] | J

Next step: define a matrix H :ij(hwith

E P B
hij = j
0, otherwise

Then H =
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and with a vectorimp of pagerankse.g. | mp=

0 O]: Imp:=

o O r O O +—» O
H

© O r O O +» O

itisvalid: Imp
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> Imp, H.Imp, #checkthatlmp:Hmp 7
0

(2)

© O r O O+ O

o O B O O Bk

We saw:

a correct PageRank assignment can be interpreted as the eigenvector Imp of a
matrix

H with eigenvalue 1, such that Imp = H*Imp:

Problem 1: Unfortunately, H contains so called dangling nodes, i.e. nodes without sucessors.

Consequence: zero-columns => H not stochastic => possibly no stationary solution

> (eigenvalueseigenvectors := LinearAlgebrd Eigenvector$(H);

3)



eigenvalueseigenvectors=

0

o O ©O O B B+

o r O O +— O
O r O O +— O

0

0

O O o o+ o
O o o +r»r o ©O o

1

-2
1
0
0
1
0
0

00|
00
00
00
00
00

00

3)

Vv is a vector of eigenvalues, e the matrix of all eigenvectors. The i-th eigenvalue corresponds to the

i-th eigenvector.
-> good luck. This matrix has a solution.

Control:

> Imp := Columneigenvectors[2]);

#remember: we are looking for an Imp vyith Imp = H*Imp

Imp:=

> H.Imp, Imp

o O B O O +» O

0

o O r O O Bk

o O rp O O +» O

(4)

(5)

Now, let A be the matrix whose entries are all zero except for the columns of the dangling nodes, in

which each entry is 1/n,
n being the number of nodes. Let S :=H + A.
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. ooo%ooo oo%%ooo
0 0 00 0 O
2 1 1 1
. 0002 000|000 =100
5000100
1 1
5 0000 0ol |000F000[ 000 =000
1 1 1 1
0050000000000 00 2000 (6)
1 1 1 1 1 1
, 10002 1[/|/000-000[5 10 2031
OOOOOOOooo%ooo ooo%ooo
1
000 00=0
2 1 1 1
0002 000|000 5030

Now, for each column of S is valid that the entries of each column sum up to one.

This guarantees the existence of a stationary vectoNg@ proof here, but there
exists
a Theorem) S is called a "stochastic matrix".

--> New interpretation: there is a random surfer on the web. Which portion of time will he
spend
in which node, if she decides her next jump concerning transition-probabilities as they
are
described in the matrix S?

Let us take a look at the solution with the help of matrix S:

> (eigenvalue,seigenvectqrs = LinearAIgebyd Eigenvector$(S);

1 1 ==
14 * 14 15
1 1 =
14 1 VP
eigenvalueseigenvectors= -1 , (7)
0
0
0
1
1 1 1
2301 —
(201 4



14 14 ' 14 14 14

1 1 1 1 3

2025 (1 1 =\ 13 1 ((2301{5 Rl 15)
(14_14 )('14_14 )

2
—166(1—1 15) —2£447+‘152\/15)\/15),0,0,-2,0,0,

4
J 15) +32214(ﬁ n

5 11
> V1 8519(14 +

(8 .) (-5 0 20%) {4+ 2 )

7 77 “14 14 14 14 ' 2025
1 1 ~—\° 1 1 2 921 5
—4166[14— 14J15) —246(14— - \/15j 24 2T
—8519(i—i\/15)4+32214(i—i\/15)5j JlSj/((ﬁ
14~ 14 14~ 14 7
1 13 1 1 1 2
7\/15)( I 14\/15j(14 14\/15j j 1, 1,1,0,1},

2 1 1 3 1 1 2 247
((2301( = \/15) —166(14+ : \/15) -

2025 14

S ((5 ) ()
s V)

) [(2301(ﬁ_im) —166(i_%m)2_£

2025 14



>

S ) ) (54 ) (52 )

14

_im)),o,o,o,o,o},

14

1,101,000

Imp := Column eigenvectors[7]), SImpg,
# eigenvectors build a matrix. We need the last column!

(8)



Imp:=

SO O O +— O

0

O r O O +—» O

0

(8)

If Imp is a solution to our problem, then also 1/2*Imp is a solution: H * (1/2 * Imp) = 1/2 * Imp

1

> —.Imp

2

[l

{ [l

O O Nk o o Nk o

MY -

Unfortunately, there is Problem 2:

The nodes (2) and (5) are "importance sinks".

-> In the graph, you see that the random walker is trapped

(6)
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-> The graph is sayed to be "not strongly connected". It does not exists a path from any node to any
other node.
*

0
-> The matrix is not "irreducible", i.e. S can be written in block form: S*: .

Strongly connected graphs produce irreducible matrices.
(No proof here, but there exists a Theorgm.

(111111 1]
1111111
1111111
>E=]1111111j
1111111
1111111
1111111
(111111 1]
1111111
1111111
E=/1111111 (10)
1111111
1111111
1111111
> G:i= %-S—i— (1— %) %-E; #% becausavehave7 nodes - -
— thereis a bit g:onnectiorbetweerall pairsof pages
3 3 2 1 3 3 3
140 140 56 7 140 140 140
25 3 3 1 6 3 3
56 140 140 7 70 140 140
3 3 3 1 3 3 3
140 140 140 7 140 140 140
G= %o %o % % 1io 1io 1:310 (11)
25 61 3 1 3 25 61
56 70 140 7 140 56 70
3 3 3 1 3 3 3
140 140 140 7 140 140 140
3 3 3 1 3 25 3
140 140 140 7 140 56 140

> (eigenvalueseigenvectors := LinearAlgebrda Eigenvector$(G) :
> eigenvalues



17 (12)
20
17 17 —&
280 * 280 V15
17 17 ¢
280 ~ 280 ' 1°
> Imp:= Column(eigenvectors[1]), Glmp
1 1
139559 139559
12654 12654
40 40
57 57
Imp:= 1 , 1 (13)
147413 147413
12654 12654
40 40
57 57
1 1

>

The next question is, how we can compute the solution as fast as possible. The idea of the so called
power method is to use the fact that under certain circumstances the sequence Imp”~0 = a and Imp”"
(k+1) = G*Imp”k

converges to the correct solution.

It will do so, if the matrix G is irreducible and stochaslibdre is a Theorem, no proof here

(14)



Start:= (14)

Nk NP NP N NP N N

> G.Start
39
392

433
1960

19
490

39
392

79
196

19
490

39
392

(15)

> GZ.Start

(16)



13717 |

274400

45923
109760

1839
54880

13717
274400

200103
548800

1839
54880

13717

274400

> se_c{ evalf(G¢Start), k=8..11):

0.03693512985

0.03693512985
0.4239101952
0.02591652167,
0.03693512985,
0.4134513719
0.02591652167,

| 0.0369280731
0.3930446478
0.0259135514
0.0369280731
0.4443440297
0.0259135514
0.0369280731

> sed evalf(G'Start), k=100..103);

>

0.0369250701
0.4072408675
0.0259123299
0.03692507018,
0.4301592621
0.0259123299

0.0369250701

| 0.0369250701
0.4072408576
0.0259123299
0.0369250701
0.4301592720
0.0259123299

0.0369250701

| 0.03692595398
0.4192995509
0.02591269460
0.03692595398
0.4180971979
0.02591269460

0.03692595398

[ 0.03692507018

0.03692507018

| 0.03692533247

0.4072408660
0.02591232995
0.03692507018

0.4301592636
0.02591232995

0.03692533247

0.3969885859
0.02591243727
0.03692533247

0.4404105421
0.02591243727

| 0.0369250701

0.4072408588
0.0259123299
0.0369250701

0.4301592707
0.0259123299

0.0369250701

Last but not least: what about matrices with 25 billion rows and columns?
— RememberS=H + A

therefore G=0.85H + 0.85A +

(1-0.89
n

-E

therefore Impg* ™! =G-Impg*=0.85-H-Impf + 0.85-A-Imp* + (1_7:'85) ‘E-Imgf

now: mostentriesof H arezera Therowsof A areall thesame
and therowsof E are all thesame
therefore In practiceonlyabout300billion operations
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