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Stochastic Processes

Stochastic process (real-valued): a family X = (X(t))¢ecp of
random variables

X(t)=X(t,)): Q2—R
on a probability space (€2,%, P).

Paths (trajectories) of X: for fixed w € Q

D — R, t— X(t,w).
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Reconstruction of a Brownian Motion

In these lectures
D = [0,1]?

with d € N, and X has (at least) continuous paths, i.e.,
Vw e Q: X(-,w) € C(D).
Then X defines a continuous random function
X :Q— C(D), w— X(+,w).

Terminology, if d > 1: X random field.
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X second-order process if
vVt € D : E(X?(t)) < oo.
In this case, the mean and the covariance kernel,

m:D — R, K:DxD—R,

of X are given by

m(t) = E(X(t)),
K(s,t) = E((X(s) — m(s)) - (X(t) — m(t))).

Clearly (X(t1),...,X(tn)) has mean vector (m(t;))1<i<n and
covariance matrix (K (t;, tj))1<ij<n-
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X Gaussian process if
(X(t1),...,X(tn)) normally distributed

forevery ne€ Nand all t1,...,t, € D.
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Reconstruction of a Brownian Motion

Measures on function spaces: Consider the sup-norm on C(D)
and the respective Borel-o-algebra 6. Then

Px(B) = P({X € B}), B € B,

is well-defined. Clearly Px is a probability measure on (C(D),8),
called the distribution of X.

Conversely, for any probability measure . on (C(D), B),
X(t, f) = f(1)

defines a stochastic process on (C(D), B, i), called the canonical
process. Clearly ux = p.
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Clearly
Px =Py = mx=myANAKx=Ky.

For Gaussian processes X and Y we have <.
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Brownian Motion

In the sequel
D = [0, 1].

X one-dimensional Brownian motion if
(i) X(0) =0,

(i) X(t1) — X(to),...,X(tn) — X(th—1) independent for every
neNandall0 =t <---<t, <1,

(i) X(t) — X(s) ~ N(0,t —s) for 0 <s < t,

(iv) X has continuous paths.
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Existence: Let Z1,...,Z,iid., E(Z1) =0, Var(Z1) =1,

1
Xa(ifn) = —=-2Z, i=0,...,n,
jzl\/ﬁ

and use piecewise linear interpolation. Then

weakl
PX Y > W.

" (n—o0)

The canonical process on (C(D),*B, w) is a Brownian motion, and
w is called the Wiener measure. Compare: central limit theorem.

Simulation: Use random numbers to simulate realizations of
Z1,...,2,.
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Simulations with
P(Z1 =+1)=1/2 and n=>5, 50, 500.
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Uniqueness: Px = w for every Brownian motion X.
Applications: physics, finance, analysis, ...

Lemma Every Brownian motion is Gaussian with zero mean and

covariance kernel
K(s,t) = min(s, t).

Proof By (i)—(iii), X is Gaussian. Moreover,
m(t) = E(X(t)) = E(X(t) — X(0)) =0
and
K(t,t) = E(X*(t)) = E((X(t) — X(0))*) = t.
If s < t then
K(s, t) = E(X*(s)) + E(X(s) - (X(t) — X(s)))
= s+ E(X(s) — X(0)) - E(X(t) — X(s))

= S.
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k-dimensional Brownian motion
X(t) = (XB(t),...,x8(1))

with independent one-dimensional Brownian motions
XM o Xk,
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Simulation with P(Z; = +1) = 1/2 and n = 50 for both
components.
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Reconstruction of a Brownian Motion

Simulation with P(Z; = +1) = 1/2 and n = 2000 for both
components.
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Reconstruction of a Brownian Motion

Simulations with Z; ~ N(0,1) and n = 800 for both components.
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Reconstruction of a Brownian Motion X

Given n € N, choose

knots O<ti < -+ < tp, <1,
functions ai,...,a, € C([0,1]),

such that X — X, is ‘small’, where

Xa(t) = > X(ti) - ai(t).
=1
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Here mean-square L>-distance. For every w € 2

1/2

1
HX(,W) R Xn('aw)H2 — </O ’X(tvw) o Xn(taw)‘z dt)
The (average) error of X, is
1/2
e(Xn) = (E(IX = Xa[[3)) "~
n-th minimal error (minimization w.r.t. the a;'s and t;’s)

e(n) = |)r<1:" e(Xn).
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Minimization of e(X,) for fixed knots t;: Recall

2(X,) = /D E(X(t) — X (£))2 dt.
Put
= (K(ti, tj))1<ij<n, b(t) = (K(t,ti))1<i<n, a(t) = (ai(t))1<i<n
to obtain

E(X(t) — Xa(t))* = E(XZ(t)) — 2E(X(t) - Xa(t)) + E(X7(1))

— K(t,t) _zz tYK(t, t;) + Z ai(t)a;(t)K(t, t;)
= K(t,t) — 2a(t)Tb(t) +a(t) X .;;(t).

For every t € D this is a quadratic functional w.r.t a(t). Minimizer,
a*(t) = X 1h(t).
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Conclusion: With a*(t) = X ~1h(t)
Xi(6) = D0 X(8) - 211

has minimal error among all X, that use the knots t;. Furthermore,

e2(X*) = / (K(t, t) — b(t) T b(t)) dt.
D

Valid for every second-order process X (if det¥ £ 0)!
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Explicit formulas in the Brownian motion case: Here

s=|. -~ = | =BCH,

where, with to = 0,

ﬁ 0 ... m
B — 1 1 R : C:diag(t,-—t,'_1)1§i§n-

. .0
\l ... ... 1)
It follows that X is the piecewise linear interpolation of
0, X(t1),...,X(tn), X(tn)

at the knots 0, tq, ..., t,, 1.
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Moreover,
2(X*) = 1i:(t,- b )Pt (- )2
6 2

Note: X is ‘local’, which reflects the Markov property of X.

Minimization of ¢( X)) with respect to the knots t;:
Easy to see: e(X}) is minimal iff

3
o 3p+1°
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Theorem (Suldin 1960) For piecewise linear interpolation X

with knots t
1

V2(Bn+1)

Used so far: m = 0 and K = min, but not: X Gaussian.

e(Xy) = e(n) =

Notation: strong equivalence
a(n) = b(n) if nli_)moo a(n)/b(n) =1,
weak equivalence
a(n) < b(n) if cyra(n) < b(n) < ca(n)
for sufficiently large n with constants c¢;, ¢ > 0.
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Equidistant knots t; = i/n yield

o(X?) = % Y2 a2 e(n).

Simulation: Clearly
Y: = X(tj) — X(ti_1) ~ N(O,t; — t;_1), independent.

Use random numbers to simulate realizations of Y7,...,Y,.
Compare p. 3.
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Reconstruction in L,-norm: For 1 < p <ooand 1 < g < oo,
error of X,

ep.a(Xn) = (E(|IX = Xu[|9))"*

and n-th minimal error
€p,q(n) = i)rgf €p,q(Xn)-
So far p = g = 2. We have

n—1/2 if p < oo

€p.q(n) =<
palr) n~12.VInn if p=cc.

In all cases e, (X)) < ep.q(n) for piecewise linear interpolation X
based on equidistant knots.
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Smoothness of a Brownian motion

> In mean-square sense:

VE(X(s) = X(£)) = |s — ¢]/2,

> pathwise: almost surely (Lévy's modulus of continuity)

X(s) — X(t
limsup sup X(s) (£) =1
h—0+ |s—t|<h \/2/7 In ]./h
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Decomposition of a Brownian motion
X — X is zero mean Gaussian with covariance kernel

((min(s, t) — ti_1) (t; — max(s, t))
ti — ti—1
K(S, t) = 4 if s,t € [t,'_l,t,']
min(s, t) — t, if s, t €[ty 1]
0 otherwise.

Moreover, X7 and X — X are independent.
A Gaussian process on [u, v] with covariance kernel

(min(s, t) — u) (v — max(s, t))

K(s,t) =

is called a Brownian bridge.
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Simulation of corresponding trajectories of

X, X, X — X*

W(H-X(1)

/
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Here n = 4 and

tt=1/4, tb=1/2, t3=3/4, t;=1.
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Simulation of corresponding trajectories of

X, X, X — X*.
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Here n = 3 and

t1 =04, t,=0.6, t3=1.
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Simulation of corresponding trajectories of

X, X, X — X*.
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Here n = 4 and

t1 =03, th=04, t3=0.8, t;=1.
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