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Chapter 1

Number Basics

1 The Real Numbers

What are the real numbers? Depending on your point of view this can be a difficult
question. In the following, we describe the set R of real numbers by giving rules which
allow us to ‘calculate’” with these numbers. This set of rules (or axioms) form the aziom
system of the real numbers.

This system consists of the following:

e Field axioms
e Ordering axioms
e Completeness axiom

All statements about the real numbers can be derived exclusively from these axioms.
We begin with the field axioms.

1.1. The Field Axioms.
There are two operations on the set R , namely addition ‘+’ and multiplication ‘-’

Addition: RxR—>R
(z,y) — 2 +y

Multiplication: R xR — R
(z,y) = z-y

These satisty the following field axioms:
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Axioms of Addition

(A1) Law of Commutativity: for all z,y € R, z +y =y + x.
(A2) Law of Associativity: for all z,y,z € R, (z+y) + 2z =2+ (y + 2).

(A3) Eumistence of a Neutral Element: There exists 0 € R such that x + 0 = z for all
r e R

(A4) Euzistence of an Inverse Element: For every x € R there exists a —z € R such
that © + (—x) = 0.

Axioms of Multiplication

(M1) Law of Commutativity: for all x,y e R, z -y =y - z.
(M2) Law of Associativity: for all z,y,z € R, (x-y)-z=x-(y- 2).

(M3) Euzistence of a Neutral Element: There exists a 1 € R, 1 # 0 such that -1 =z
for all z € R.

(M4) Euxistence of an Inverse Element: for every x € R with x # 0, there exists an
r~! € R such that z - (z7!) = 1.

The law of distributivity shows how addition and multiplication interact.
(D) Law of Distributivity: for all z,y,z € R,z - (y+2) = (x - y) + (x - 2)

A set K of elements a,b, ..., together with the binary operations a + b and a - b
which satisfy the above axioms, is called a field. In the lecture linear algebra, fields
and their axioms will be treated in greater detail. At this point, we only remark that
the elements 0 and 1 are uniquely determined and that the statement x -y = 0 implies
that at least one of x and y is zero.

We introduce the following simplifying notations

T
vyi=x-y, —i=x-y ', z-—y=c+(—y), ¥=x-2, 2=+
)

1.2. The Ordering Axioms.
In R, certain numbers have the distinguished property of being positive (written z > 0)
such that we have:

(O1) For every = € R, exactly one of the following relations is true: x = 0, = > 0,
—x >0
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(02) >0, y>0=24+y>0
(03) If 2 >0, y >0, it follows that z -y > 0

The second axiom states compatibility with addition, the third one compatibility
with multiplication.
The following definition enables us to compare any two elements of R:

1.3 Definition. Let x,y € R. We define

r>y &= r—y>0
x>y & v—y>0orx—y=0.

An element = € R with = > 0 is called positive (positiv).

For x > y and = > y one can also write y < x respectively y < x. If z < 0, then z
is called negative (negativ).

1.4. Calculation rules. Let z,y, z,u,v € R. Then the following statements hold:

a) Ezactly one of the following relations holds: v = y, v < y or x > y (Law of
Trichotomy)

b)x <y andy <z =z <z (Transitivity)

c)x <y andu < v implies x +u <y + v (Monotonicity of Addition)
d)x<y=—x>-—y

e)r <y, u>0= zu < yu, (Monotonicity of Multiplication)

f)x#0= 22> 0, particularly 1 > 0

y0<x<y:0<%<%

he<y=z<il<y

Proof. a) Follows from Definition |1.3| and Ordering Axiom (O1).
b) By Definiton [1.3] y — 2 > 0 and z —y > 0. Ordering Axiom (02) implies
(y—z)+(z—y) >0 =z>rx=zw<z

7

v~
=Z—T

c) — e) Exercises

f) Let x > 0, then z -z = 2% > 0 by (02). If z < 0, then d) implies that —z > 0 and

from there (—z)(—z) = (—z)* > 0 by (03). That (—z)(—z) = 2? follows from results

in the solution of Tutorial 1. Namely, we get (—z)(—z) = (=1)z - (=1)z = (—1)%22.

We get also (—1)(=1) = —(1- (1)) = —(=1) = 1. So (—x)(—z) = 22

gzt =_x -(z7H?* > 0, analogously y~! > 0. Therefore z7' - y~! > 0. Given this,
\>/0‘/ H>6_/

together with 0 < z < y, it holds that:

-1 -1, -1 -1

y =@y ) <yllyT) =2
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h) Exercise
U

The field- and ordering axioms imply that in addition to 0,1, other numbers exist in
R. In fact, adding 0 resp. 1 to both sides of the inequality 0 < 1, we get 0+ 0 =0 <
1+40=1,1<141=2, therefore 2 # 0,2 # 1.

1.5 Definition. (Absolute Value). Let x € R. We define the absolute value (Absolut-
betrag) of = as
x, x>0,
x| ==

—z, = <0.

1.6 Remark. For the absolute value, we have the following rules:
a) |[zr| >0VzeRand |z|=0< 2 =0.

b) |—a|=le, zeR

f) |z +y| <|z|+]y|, =,y &R (Triangle Inequality)

g) |lz] = yl| < |z —vyl|, =z,y €R (Reverse Triangle Inequality)
Proof. a) b) ¢) d) e) g) as exercises. For f): Let x,y € R. Then z < |z|, y < |y|
and also —z < |z| and —y < |y|. The monotonicity of addition 1.4. ¢) gives that

—z—y < |z|+]y| and also that z+y < |z|+|y|. Therefore, it holds that |x+y| < |z|+]|y|.
U

We now consider the positive integers as a subset of R. To this end, we have the
following definition:

1.7 Definition. Let M C R. Then M is called inductive (induktiv), if the following
hold:

a) 0e M

b) x€M=z+1€ M.
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Obviously, the set R of real numbers is inductive. If we define M :={z € R: 2z >
a}, then M is inductive if we have a < 0.

1.8. Theorem and Definition. There exists a smallest inductive subset of R; this is
called the set of nonnegative integers and is denoted by Ny.

Proof. Let M C R be inductive. Set

Ny := ﬂ M,

MCR
M inductive

in other words, Ny is the intersection of all inductive subsets of R. Therefore, it holds
that 0 € Ny, since 0 € M for all inductive sets M C R.

Additionally, let z € Ny = x &€ M for all inductive subsets M C R
= x+ 1€ M for all inductive subsets M C R
= =+ 1€ Ng.

Therefore, Ny is inductive and since Ny C M for all inductive sets M C R, then Ny is

the smallest inductive subset of R.
O

1.9 Corollary. (Induction). Let N C Ny be a set with the following properties:
a) 0 e N
b) rte N=z+1€N

Then N = Nj.

The proof is obvious since Ny is the smallest inductive subset of R.

This corollary enables us to consider the method of proof by induction.

1.10 Theorem. For every n € Ny let the proposition A(n) be defined. If it holds that:
a) A(0) is true (Induction Start).
b) If A(n) is true, then A(n+ 1) is also true (Induction Step).

Then A(n) holds for all n € Ny.

Proof. Set N :={n € Ny : A(n) is true } = N C Ny inductive 2N =N,.

The assumption in b) that A(n) is true is called the Induction Hypothesis.
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1.11 Examples.

a) The Bernoulli Inequality:
Let x > —1 and n € Ny. Then

(14+2)" > 1+ nx.
The proof is left as an exercise.
b) Geometric Series: Let ¢ € R with ¢ # 1 and n € Ny. Then
1 — qn+1

q0+q1+q2+qn_ 1
—q

Proof. Induction Start: A(0) is true since ¢° =1 = }%g =1.
Induction Step (1S):
By assumption, A(n) is true. Then:

1 — qn+1 il _ 1 — qn+1 + (1 _ q)qn+1

q0+q1+'+qn+qn+1:—+q
1_qn+2
= Tq

Therefore A(n) holds for all n € Ny.

1.12 Theorem. (Properties of Ny). The following statements hold:
a) 0,1 €Ny
b)) neNy=n=0o0rn>1
c)nmeNy=n+m,n-meN,
d) n,meNy,n>m=n—méeN,
e) Let n € Ng. There does not exist an m € Ny such that n <m <n+ 1.

f) Every nonempty set M of nonnegative integers contains a smallest element, i.e.
let M #O,M CNy= dme M withm <nVneM.

Proof. a) 0 € Ny by definition and Ny is inductive. Therefore 04+ 1 =1 € Ny

b) Set B:={0}U{neNg:n—1€Nyandn—12> 0} C Ny. Then B is inductive. In
fact, 0 € B. Additionally, let n € B. We need to show that n +1 € B. If n = 0, then
it follows that n+1=1€ B. If n #0,then0<n—-1=0<1<n=(n+1)—1€ N,
and therefore n +1 € B. = B = Nj and therefore, the claim.

c)d)e)f) as exercises
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1.13. A Variant of the Induction Principle.
If for some nyg € Ny:

a) A(ng) is true.

b) A(ng), A(ng+1),... A(n) being true = A(n + 1) is also true

Then A(n) is true for all n > nyg.
Thus one can show, for example, that 2" > n? if n > 5.

1.14. Examples of Induction. @ We now consider recursive definitions:

a) Powers: For x € R set

20 =1
2t = x-a", neN,
b) Factorials:
o =1
(n+1)! (n+1)-nl, neNy

c¢) Finite Series and Products:
Let a; € R for j € Ny. We set

0

E a; 1= ao, E aj = Qpi1 + g aj, n €Ny
=0 =0 =0
0

a; = ao, Haj = GQpy1 - Haj, n € Np.

Analogously, we define

d) Binomial coefficients:
For a € R, n € Ny, set

() =1 (1) =50

The following statements can be proved by induction:
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i) Let a € R and n,m € Ny = a™ - a™ = o™

ii) For n,k € Ny with 0 < k£ < n, we have (Z) = k!(;;ik)!

(nﬁk) falls &k <n

iii) For n, k € Ny, we have ( ) :{ 0 falls k>n

k

iv) For n, k € Ny, we have (Z) + (kil) = (Zﬁ) "Pascal’s Triangle”

1.15 Theorem. (Binomial Theorem). Let a,b € R and n € Ny. Then

(a+b)" = Zn: (n) a’b" I,

=0 \J

Proof. Induction Start: For n = 0, it holds that:
l=(a+0)°= ZO: (Q)aobo =1
=0
Induction Step: Let the statement from the theorem hold for some n € Ny: Then

(a+b)"" = (a+b)(a+b)"

= (a+b) i (?) a’ b

j=0
=¥ <”> AR <”) al I
j=0 J J=0 J
n+1 n
= Z n ajbn—(j—l) +Z n ajbn—j—f—l
o \j—1 — \J
Jj=1 7=0
- Z [( n 1) + (n>] alpr—itl 4 (g) O+ (“) a0
= T 9 1/ L Q1
)iv) n+1 =1 =1
="
n+1
S (”fl)ajbn—m’
7=0 J

i.e. the statement from the theorem also holds for n + 1.
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1.16 Definition. a) A set M C R is said to be bounded from above (nach oben
beschrdnkt), if there exists an s € R such that

m < s for all m € M.

If this is the case, s is called an upper bound (obere Schranke) of M.
b) An upper bound s is called the least upper bound (kleinste obere Schranke) or the
supremum of M C R, if for every upper bound s of M,

S0 < s.

Remark. a) If s¢, s, are both least upper bounds of M, it follows that sy < s, s, < o,
therefore so = s(. Therefore the supremum is uniquely (eindeutig) determined.

b) The following axiom states that there exists a supremum in any nonempty upper
bounded set of real numbers.

1.17. Completeness Axiom. Let M C R be a nonempty set with an upper bound.
Then M has a supremum sy. We define sup M := s,.

Now we have axiomatically introduced R as a set that is equipped with addition + |,
multiplication - , and order < , and that satisfies the field-, order- and completeness
axioms.

1.18 Definition. Let ) # M C R and sy = sup M. If sg € M, then s is called the
mazimum of M. We define max M := sg.

1.19 Examples. a) Let M := {z € R,z < 1}. Then supM = 1 =: sg, although M
has no maximum. sy = 1 is clearly an upper bound of M. Assume there exists an

upper bound s < 1 of M. g < % < 1 this contradicts the assumption that s is
an upper bound of M. Additionally, 1 € M, therefore sy = 1 is not a maximum.

b) Let @ > 0 and M := {z € R : 2 < a}. Then M is bounded from above, for
example by 1+ 7. Furthermore, M is obviously nonempty, as 0 € M. Therefore, the

completeness axiom implies that s := sup M exists. Moreover, we have

st = a.
Proof.

i) If a = 0, then we have sy = 0. In the following, we therefore assume that a > 0.
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ii) We first prove s2 > a: We assume the statement is false. Then a — s > 0,

2
a—s,

0
35071 > V-

therefore ¢ :=

Furthermore we have € < 1, because € > 1 would imply that
a—sg>2s0+1ea>si+2s0+1=(so+1)°

This would imply so +1 € M and hence sy + 1 < sup M = sy. Contradiction!
Therefore

(so+¢€)°=sp+2s0c+6> <sg+ (280 +1)e=st+a—s;=a.
Hence sy + ¢ € M and consequently so + ¢ < sg, contradicting the definition of
so. Therefore, s2 > a.

iii) Now we prove s < a: Assume that the statement is false. Then, s2 —a > 0.

2_ 2_ 2 2
Define § := % > 0. Then s == sy — 0 = 2502;0°+a = 83;;“ > 0 and s* =
s¢—2s00+02 = s3—si+a+6> = a+6% > a. Therefore s* > a > 2? for allz € M
and s > z for all z € M. Hence s* < s3 is an upper bound of M in contradiction

to the minimality of sg.

Statements ii) and iii) imply s2 = a.

c¢) Corollary. For every real number a > 0, there exists exactly one real number w > 0
with w? = a. The number w is called the square root (Wurzel) of a and is denoted by

w = \/a.

1.20 Definition. a) A set M C R is said to be bounded from below (nach unten
beschrankt), if there exists an r € R such that

r <mfor all m € M.

In this case, r is called a lower bound (untere Schranke) of M.
b) A lower bound ry is called the greatest lower bound (grifite untere Schranke) or the
infimum, if for all lower bounds r of M,

r <rp.

We define inf M := rg.
c) If rg € M, then 1 is called the minimum of M, and we define min M := r.
d) If M C R is bounded from above and below, then M is called bounded (beschrinkt).
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1.21 Lemma. Let M C R and —M := {—m : m € M}. Then the following statements
hold:

a) M is bounded from below < —M ‘s bounded from above.

b) Every nonempty set M that is bounded from below has an infimum. The infimum
15 uniquely determined.

c) M # 0 is bounded from below = inf M = —sup(—M).
Proof. Exercise

1.22 Theorem. (Characterization Theorem for Suprema). Let () # M C R be
an upper bounded set and sq € R. Then:

supM = sy & For allm € M we have m < sq, and moreover, to each € > 0 there
exists an my; € M such that m; > sg — €.

Proof. =: Let so = sup M. Then m < sy for all m € M. Assume there exists ¢ > 0
such that for all m; € M we have m; < sg —e. Then s := sy — € is an upper bound.
Contradiction!

<: Let s¢ be an upper bound of M. Assume there exists s € R such that s < sg and
m<sVmeM. Sete :=s5—s>0. Thens=sp—candm<syp—ecVme M.

Contradiction!
O

To conclude this section, we define the natural numbers N and the integers Z as
N:=No\{0} and Z:=NquU{—n:n € N}.
The set Q of rational numbers is then given as
Q:={p/q:p,q € Z,q# 0};

Furthermore, we call the elements of R\ Q irrational numbers .

1.23 Corollary. a) Ny is not bounded from above.

b) Archimedes’ Principle:
Va>0,beR dn € Ny such that n-a > b.

c) 7Classical Method of Deduction” in Analysis:
If0<a<=2 forallneN, then a=0. (Recall N := Ny \ {0}.)



12 CHAPTER I. NUMBER BASICS

Proof. a) Assume Ny is bounded from above. Then there exists an sy = sup Ny by
the Completeness Axiom. The Characterization Theorem of sup (see Theorem [1.22)
with € = 1 implies that there exists an n € Ny with n > sg — 1. = n+1 > sy in
contradiction to the definition of sg.
b) Assume n-a < b for all n € Ny. Then Ny is bounded from above by g Contradiction
to a)!
c) Assume a > 0. Then n-a < 1 for all n € Ny in contradiction to b).

O
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2 The Complex Numbers

In this chapter we give an axiomatic introduction to the field of complex numbers and
begin with the following definition:

2.1 Definition. On R? := {(a,b) : a,b € R} we define addition and multiplication as
follows:

Addition @ :R2xR? - R?: (a,b)® (c,d):=(a+c,b+d)
Multiplication © :R?xR? - R?: (a,b) ® (c,d) := (ac — bd, ad + bc)

Then for x = (a,b),y = (c¢,d) and z = (e, f) € R? & and © fulfill the field axioms
from § 1, where

Og = (0,0) additive neutral element &
1s = (1,0) multiplicative neutral element ©
—(a,b) = (—a,—b) additive inverse element )
(a,0)"" = (2% a2+b2) multiplicative inverse element ©

i(a, b) % 05 = (0,0)

For the proof of this fact we refer to linear algebra. R? equipped with @ and © is
therefore a field, which we call the field of complex numbers, denoted by C.
For (a,0) € C we have

(a,0)® (b,0) = (a+10,0),
(a,0) ® (b,0) = (a-b,0),

i.e. if one identifies a € R with (a,0) € C, then R is a subfield of C.

2.2 Definition. We define i := (0,1) € C. The number i € C is called the imaginary
unit (imagindre Einheit).

Then by definition of ©:

i.e. 7 is a solution to the equation z? +1 = 0.

2.3 Remark. The field C cannot be ordered, i.e. there cannot exist a relation ”<”,
such that in C the ordering axioms from Chapter [I] hold. For if it were the case that
such an ordering existed, then in the same way as for R we would be able to prove that
22 > 0 for all z € C s.t.  # 0. Thus we would get —1 = 32 > 0. But we can prove
that —1 < 0, so this is a contradiction.
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2.4 Remark. Let z = (a,b) € C with a,b € R. Then

—a =i —b
If we identify a with (a,0) as above, then we get that

Ca(a,b)=z=a+i-b.

The real number a is called the real part (Realteil) of z = a + ib and is denoted by
Re(z) = a. The number b is called the imaginary part (Imagindgrteil) of z = a+ib. We
set Im(z) = b.

2.5 Definition. (Conjugation and Absolute Value).
a) Let a,b € R and z = a +ib € C. The complex number
Z:=a—1b
is called the complex conjugate of z.

b) The absolute value |z| of z is defined as |z| :== v2Z = Va? + b? > 0.
For z € R the definition coincides with that of Section 1.

2.6 Lemma. (Calculation Rules for Complex Numbers). For complex numbers z,w €
C, we have the following calculation rules:

a) Re(z+w) = Re(z) + Re(w), Im(z+w) =Im(z)+ Im(w)

b) z+tw=zZ+wW, Z-Ww=Z-W

c) z-z=|z|?

d) 2=0%<|z| =0« Re(z) =0=1Im(z)
e) |z = [Z|

f) 1z +w| < [z] +

Proof. Exercise



Chapter 11

Convergence of Sequences and
Series

Many of the basic theorems about infinite sequences and series, that we will examine in
the following, are due to AUGUSTIN-LOUIS CAUCHY (1789-1857), one of the greatest
french mathematicians of his time. Already as a twelve year old pupil, he stood out
because of his talent, why Lagrange said about him

Vous voyez ce petit jeune homme, eh bien! il nous remplacera tous tant
que nous sommes de géometres.

and advised Cauchy’s father

Don’t let this child touch a mathematical book before his seventeenth year.
If you do not hurry up to give him a solid literary education, his inclination
will carry him away.

In 1816, Cauchy was appointed a position as professor at the Ecole Polytechnique
in Paris and his three textbooks Cours d‘Analyse, Résumé des lecons sur le calcul
infinitésimal, Lecons sur le calcul différentiel are said to have introduced the formal
rigour in modern analysis. The systematic way, in which the theory of infinite series is
developed in Cours d‘Analyse is still exemplary today.

The infinitely small quantities, that were used by Cauchy, were replaced by pre-
cise and clear expressions involving inequalities by KARL WEIERSTRASS (1815-1897).
Thereby, a standardised choice of variable names proved very useful. ¢ is used as an
arbitrarily small positive number (probably derived from the french erreur), and 0 is
the number that corresponds to e.

From 1864 on, Weierstrass taught at the university of Berlin. In his lectures, he
treats the convergence of sequences and series and, more generally, the infinitesimal
calculus in ‘Weierstrassian rigour’ and thus became the father of ‘epsilonics’ which is
standard today in any lecture about analysis.

15
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1 Convergence of Sequences

We begin this chapter, which is very important for this analysis class and for the further
development of analysis, by some remarks on functions and their properties.

1.1. Introduction.

a) Let X,Y be two sets. A function or a mapping f : X — Y is a rule, which assigns
to every x € X one unique element y € Y. We write

fiX o Ye e f(@)

b) The set graph(f) := {(z, f(z)) :x € X} C X x Y is called the graph of f.

)
c) Two functions f,g: X — Y are equal, if f(x) = g(z) for all z € X.
d) The set Fun(X,Y) is defined to be the set of all functions f: X — Y.
)

e) Let f: X — Y be a function. Then X is called the domain of f and f(X) is
called the range of f. Further we say:

f is called injective, if x1,x9 € X, 21 # 19 = f(x1) # f(x2)
f is called surjective, if f(X) =Y.

f is called bijective, if f is injective and surjective.
f) Y C R (Y C C) holds, then f is called a real-valued (complex-valued) function.

Let M be a set. We call a mapping f : N — M, which assigns an element a,, of M
to each n € N, a sequence in M. If we let a, := f(n) for all n € N, we write (a,)nen-
If we have a,, € R for all n € N, then (a,),en is called a real sequence; analogously,
if we have a,, € C, n € N, then (a,)nen is called a complex sequence. Occasionally
it is convenient to start a sequence with agy. In this case, the sequence is a mapping
Ny — M and we write (a,)nen,

1.2 Definition. A complex sequence (a,)nen, convergesto a € C, if
Ve>0)(INoeN) (Vn>Ny) |a—a,l <e.

The number a is called the limit value or just limit of the sequence (ay,)neny and we
write
lim a, =a or a, — a.

n—oo

If there exists an a € C with lim a,, = a, then (a,)nen, is called a convergent sequence,
otherwise a divergent sequence. If (a,)nen, converges to 0, then (a,)nen, is called a null
sequence.
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1.3 Remarks. a) The limit is uniquely determined, i.e.

*
a, — a
" }:>a*:a*

an, — Qs
Proof. Let € > 0 be arbitrarily chosen. Then ng,ng € Ny exist, with:
€
la, —a*| < 5 V> ng
€ 2
la, — a.] < 3 Vn>ng
Here a* — a, = a* — a,, + a, — a, implies
0 <l|a* —a.] <la* — an| + |an, — a.| < eV n > max{ng,ni},

ie. |a* —as = 0 & a* = a, due to the classical conclusion method of Analysis
(Chapter I, [1.23)).

b) If a, is defined only for n > N, then we denote (ay,an1,--) as a sequence too,
and write (an)n>nN-

1.4 Examples.

a) For a € C, the constant sequence (a,a,---) converges to a.

b) The sequence (£),>; is a null sequence. We prove this as follows: Let & > 0 be
arbitrary. By the Archimedean Property I there exists ng € Ny with ng-¢ > 1.
Thus:

1 1

0——|<—<e Vn>ng
n N
¢) The sequence (525 )nen converges to 1.

Again choose ¢ > 0 arbitrarily. By the Archimedean Property I there exists

no € Ny with ng - > 1. Thus:

n 1 1
1— = < —<eg, Vn2>ng
| n—l—l‘ ’n—l—l‘ ng =0
N~ 1
d) Let a, := J; G forn = 1.
Sincej(j%l):%—jﬁ,itfollowsthatanzl—n%l;hencean—>1f0rn—>oo.

e) Let a, = (—=1)". Then (ay)nen, diverges: Assume for the moment that (a,)
converges to a € C. Then there exists ng € N with |a — a,| < % V n > ng. Thus

1 1
2:’an+l_an’S‘an+1—a’+’&—an|<§+§:1.

Here we get a contradiction, which means that (a,)nen is divergent.
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1.5 Definition. A sequence (ay),>1 C C is called bounded, if there exists a constant
M > 0 with
la,| <M VneN.

1.6 Theorem. FEvery convergent sequence (ay)n>o is bounded.

Proof. Let lim a, = a € C. By hypothesis, in particular for ¢ = 1 there exists ng > 1

n—oo

with |a — a,| < 1 for all n > ng. Thus for n > ng we have:
lan| < la, —al+|a| <1+ |al.

Hence

|an| S maX:{la()L |a1|7 e |an0—1|7 1+ |a|}: =M Vne NO-

finitely many

1.7 Examples. a) The sequence ((—1)"),en is bounded, but not convergent.
b) For ¢ € C let a,, := ¢". Then:

i) if |¢| > 1, then (a,) is not bounded, thus divergent.

i) if |¢| < 1, then (a,) is a null sequence.

1.8 Lemma. (Calculation rules for convergent sequences).  Let (ap)nen, and (by)nen,
be two convergent sequences with lim a, = a and lim b, = b. Then the following

n—oo n—oo

statements hold:

n—oo

a) (an+b,) — a+b

b) (a,-b,) == ab

n—00, N>ng

c) If b # 0, then there exists ng € Ny with b, # 0Y n > ny and 2—: — £

Proof. a) Let € > 0 be arbitrary. Then there exist ny,ny € Ny with

Z ny,

la —a,] < =, Vn
b—0b,| < Vn

vV

s Noy.

N O ™
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For ny := max{n, ny} holds:

la+b— (an +b,)| <l|la—ay|+]b—b,] <e Vn>ny,
—_—  ——

< <

|m
No|m

thus the claim.
b) Exercise.
c¢) Exercise.

O
The following example illustrates the above calculation rules for convergent sequences.
For n > 2, we let
3n2—2n+1 3-2+4
an = _= 1
—n?+n —14=

Now the above Lemma [1.8|implies that lim,,_,a, = —3.

An important approach to determine whether a given sequence converges is to
estimate its terms by the terms of a convergent sequence. For that, we have to assure
that convergence and order are compatible. This is the statement of the following
lemma.

1.9 Lemma. (Compatibility of convergence and order). Let (a,)nen, and (bp)nen, be
two real and convergent sequences with lima, = a and limb, = b. If a number ng € N
exists with a,, < b, for alln > ng, then a < b holds.

Proof. Assume, that a > b. Then ¢ := %7 > (0 and hence, by hypotheses, there exists
Ng € N with

a—a, <l|la—a,|<e Vn2>nog,
b, —b <|b—b,|<e Vn>ny

Thus
b ooy 2 a-b_ath
" £T 2~ 2

=a—c<a, VYn>ng.
Contradiction!

g

1.10 Corollary. (Sandwich Theorem). Let (ay)n, (bn)n and (c,)n be Teal sequences,
for which lima,, = a and limb,, = a. Let also nyg € N exist with

a, < ¢, <b,, Vn>ng.

Then lim ¢, = a.

n—oo
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Proof. Exercise.

Criteria which imply the convergence of a sequence without explicit knowledge about
the limit are especially important. For this, we introduce the following notions.

1.11 Definition. A real sequence (a,)nen is called

a) (monotone ) increasing, if a,41 > a, for all n € N

b) strictly (monotone) increasing, if a,.1 > a, for all n € N

¢) (monotone) decreasing, if a1 < a, for all n € N

d) strictly (monotone) decreasing, if a, 1 < a, for all n € N.

If one of the cases i)-iv) holds, then (a,) is simply called monotone.

1.12 Theorem. FEvery bounded and monotone real sequence (ay)n>1 converges.
a) If (a,) is increasing, then a, — sup{a,,n € N}.

b) If (ay) is decreasing, then a, — inf{a,,n € N}.

Proof. a) The hypothesis implies that s := sup{a, : n € N} exists. Let ¢ > 0 be given.
The characterisation of the supremum from Theorem I implies that there exists
ng € N with

s—e<ap, <a,<s Vn>nyg
Hence, —e < a, —s <0 Vn >ngand thus |a, — s| <eVn >n.
b) Exercise

We now apply the theorem above to define the root function.

1.13 Theorem. Let a > 0 and k € N with k > 2. Then there exists one and only one
real number w > 0 with w* = a. In this case we write ¥/a = a'/* .= w.

Proof. We begin with the ezistence of the number w. For this we define the sequence
(a;) recursively via
k

j
&
k a;

ag:=a+ 1, aj+1::aj<1—|— ), J € Np.

Then we claim:
a) a; > 0 VJ € Ny

b) af >a VjeN;
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¢) ajr1 <a; VjeNy,ie. (a;)is monotone decreasing.
We prove this by induction.
n = 0: It is trivial that ag > 0, af > a and a; < ay.

Induction step: Let n € Ny be such that a, > 0, a’fL > a and a,y1 < a,. Then
kaF + a — af > 0, hence a,,; > 0. By the Bernoulli inequality we have

k

k k a— a,\"* k k(a—afﬁ)
a”+1:a”<1+—ka7’§ > Za”<1+—kaﬁ )za,

ie. af ;> a. Finally, a9 < ayy1 since a — ak,; < 0. Thus the properties a), b) and
¢) hold.

So (a;)jen, is a bounded and monotone decreasing sequence. Therefore, Theorem [1.12)
implies that
w = lim a; = inf{q; : j € N}.

J—00

Further lim a;4; = w and (lim a;)* = lim ¢} > a > 0. In addition
J—00 J—00 ) J—00
1.8b

a—a? a—wk
=) = (- 450).
J

thus w = w(1 + “kf;”:), and so a = w*.
Uniqueness. Let u,v > 0 with ©* = w = v¥ and u # v. Without loss of generality, let

u < v. Then w = u* < vF = w. Contradiction!

g

At this point, we want to give a geometric interpretation of the sequence (a;);en,-
This sequence is the foundation for a method to calculate approximations of the root of
a given number - cf. also the ‘Newton method’. Consider the tangent of the function
f(z) = z¥ — a at the point & = a;. This tangent intersects the x-axis in the point
x = ajp1. We furthermore remark that this method converges for every initial value
a; > 0 and that there exists a constant M > 0 with |a—a;1| < M|¥Ya—a;f?, j € N.
We therefore speak of quadratic convergence of the method.

1.14 Remark. Starting from the n-th root /a of a real number a > 0, for p,q € N

we define more generally
abld -— (al/q)p _ (ap)l/q’

and for a > 0
a Pl1 .= (a—l)p/q‘
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If we furthermore define a® = 1, we obtain by induction the following calculation rules
aPtl = gPql, Pl = (aP)?,  aPb? = (ab)?

fora > 0,0 > 0 and p,q € Q. The general power a* for a > 0 and x € R will be defined
later via the exponential function; therefore we do not elaborate the above elementary
examination of the powers with rational exponent any further.

Now, we come to another application of Theorem [1.12

1.15 Theorem. (The number €). Let (a,)n,>1 be the sequence defined by

1 n
an::<1+—) , n>1.
n

Then (ap)n>1 converges. The limit, called Euler’s number, is denoted by e and satisfies

2< lim a, =e <3.

n—oo

Proof. By Theorem and Lemma [1.9]it is enough to show that
a) (a,) is increasing and
b) 2<a, <3foralln>1.

Proof of a). For n > 2 holds:

a, (=" "Tﬂn. n__(rP=1\" n
an_1 (%)”_1_ L n—1 n? n—1

Thus a,, > a,,_; holds.
Proof of b). The statement a) implies that a; = 2 < a,,. Further:

1., Binom. Thmsm (M) 1 " /n\ 1
¢ ( +n> ILIE < 0<j)n3 +Z(j>n3

j= Jj=2
For 2 < j < n we also have
n\ 1 n! 1 1-2---n 1 1 1
i 5N _-)uﬁ:y..(n_')n...n*uSTSQH
J/n J7n—=73) J)! L )¢ J:

j times
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and hence
n n—1 1\
1 1 geom. series 1— (_)
n <1 =1 i . A
S T T ey T

g

To conclude this section, we consider some further important limits. The proofs of the
limits d) and e) are very instructive exercises which require a good understanding of
the convergence concept.

1.16 Examples.

a) For s € Q, s > 0, we have

Given € > 0, we choose Ny € N with Ny > ¢~'/*. Then we have # < e for all n > N,.

b) For a > 0, we have

lim /a = 1.

n—oo

We first consider the case a > 1. If we set b, := a — 1, the Bernoulli inequality
implies @ = (1 + b,)" > 1+ nb,. This implies in particular that b, < £, and if we
choose Ny > 2, we have

|V/a—1|=b, <&, n> N.

If a < 1, then we have a=! > 1 and the proposition follows from c¢) and the
above:

lim {/a = ( lim "a*l)fl =1.

n—oo n—oo

c) We have
lim {/n = 1.

n—oo

For b, := {/n — 1 > 0, the binomial theorem implies

(n—1)

—1
n=(14b)" >1+" 5 n(n—1)

b2, hence n-—12> o b2.

2 n

Therefore, b? < % for all n € N, and if we choose for given ¢ > 0 an Ny € N such that
Ny > 6%, then we have
|/n—1=b,<e, n>N,.

d) For a € C with |a|] > 1 and k € N, we have
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i.e. for a with |a| > 1, the function n + a™ grows faster than any power n +— nF. In this
situation, we observe two contrary effects: the numerator n* exceeds any bound, while
the term - tends to zero. At first sight, it is not evident which tendency outweighs

an

the other.

e) For a € C, we have

a’fL

lim — =0,

i.e. the factorial function n + n! grows faster than any of the functions n — a”.
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2 Bolzano-Weierstrass Theorem

In the previous chapter we have observed that all convergent sequences are bounded.
In the following, we will examine the converse situation, i.e. we consider bounded
sequences and ask if there exist convergent subsequences. If we consider for example
the sequence (a,)neny = (—1)", the above question is easy to answer: there are at least
two convergent subsequences, namely (a2, )neny and (ag,+1)nen. The following theorem
of Bolzano-Weierstraf3 gives an affirmative answer to this question in a general context.

We begin this section with the formal definition of a subsequence of a given sequence.

2.1 Definition. Let (a,) be a sequence and ¢ : N — N be a strictly increasing function
(ie. @(n+1) > @(n)Vn eN). Then (apw), , is called a subsequence of (a,). If we
put p(k) := ny, we write (ay,, )ken.

keN

Example. Let a, := (—1)". Take p(n) = 2n, then as, = 1V n € Ny. If we choose
p(n) =2n+ 1, then as,yy = —1Vn eNy.

2.2 Lemma. Let (ay,)nen, be a real sequence. Then (ap)nen, has a monotone subse-
quence.

Proof. Let (an)nen, be a sequence of real numbers. Consider
A:={keNy:a, > a, for all m > k}.

Now either A has only finitely many elements, or else it has infinitely many.

Case 1: Suppose A has infinitely many elements. Then define ng := min A and
nipr == min(A\(| J{n,})), i€No.
§=0

Then (an, )ken, is decreasing.

Case 2: Suppose A has finitely many elements. If A # () we let ng := max A + 1. If
A = () we let ng := 0. Then since ng ¢ A there exist m > ng such that a,, > a,,. Let
ny be the least such m. Since also n; € A we can continue, and in general define an
increasing subsequence (ay, )ken, by

Niv1 = min{k : k > n; and ax > ay,, }.
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2.3 Theorem. (Bolzano-Weierstrass, 1st Version) FEvery bounded sequence
(@n)nen, C C has a convergent subsequence.

Proof. a) Let (a,) C R. Then the claim follows from Lemma and Theorem [1.12]

b) Let (a,) C C. Then (Reay)nen, is a real and bounded sequence. According to
a) it possesses a convergent subsequence (Re a%(k))neN. Further, (Im awl(k))neN is
a real and bounded sequence. Again from a), there exists a convergent subsequence
(I @y (g (1)) ) wen- We put ¢ = @9 0 1. Then ¢ is strictly increasing and (%(k)) S

a convergent subsequence of (a,)nen-

keN 1
[l

In order to formulate another version of the Bolzano-Weierstrass theorem, we consider
next the following definition of a cluster point.

2.4 Definition. (Cluster point). A number a € Cis called a cluster point of a sequence
(an)n C C, if for each € > 0 there exist infinitely many n € N such that |a — a,| < ¢.

2.5 Examples. a) Let a, = (3,2,3,3,1,4,...). Then a = 0 is a cluster point of (ay);

but the sequence (a,,) is divergent.

b) The sequence (a,) = (i") = (1,4, —1, —i,1,4,—1,...) has 4 cluster points, namely
1,72, —1,—¢ and 4 convergent subsequences.

c) Let a,, = n for all n € N. Then (a,) does not have cluster points and does not have
a convergent subsequence.

2.6 Remarks. In the following let K =R or C.

a) For a € K and € > 0 set U.(a) := {2z € K: |a — z| <e}. Then U.(a) is called an
e-neighborhood of a.

b) a is the limit of the sequence (a,), C K < for each € > 0, U.(a) contains almost
all a,, i.e. U.(a) contains a, for all but finitely many n.

c¢) a is a cluster point of the sequence (a,) C K < for each ¢ > 0, U.(a) contains
infinitely many members of the sequence (ay)s, -

2.7 Lemma. Let (a,) be a sequence in K and a € C. Then a is a cluster point of (a,)
if and only if there exists a subsequence (an,)cy, Of (@n)n with klim Ap, = a.
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Proof. 7 = ”: Remark c¢) implies that for each £ > 0 infinitely many sequence
members a,, lie in U.(a). Let ng := 0 and for all £ > 1 choose an nj > ng_; with

an, € U%(a). Then (ny)nen is strictly increasing and |a — ay,,, | < %, k>1,ie.

lim a,, = a.

k—oo

7 <=": Let a := klim ap, . Then for each € > 0 we have that U.(a) contains almost all

members a,, of (a,, ), and thus infinitely many of (a,), , cf. Remark [2.6|b), c).
U

2.8 Theorem. (Bolzano-Weierstrass, 2nd Version). Fvery real and bounded sequence
(an)nen has a cluster point. Further, the set of cluster points of (an)nen has a minimum
r and a maximum S.

Remarks. In the situation above we set

(Limit Inferior) lim inf a, :=lim a,, :=r (= lim (inf{ay : £ > n}), see (T5.2))

n—oo

(Limit Superior) lim supa, :=lim a, :=s (= lim (sup{ay : k > n}), see (T5.2)).

n—oo

Proof. Let H := {h € R: his a cluster point of (a,)}. Then
infa,, < h <supa, forallh € H.

Further H # (), due to the first version of the Bolzano-Weierstrass Theorem In
addition, the Completeness Axiom implies that s := sup H exists. We still have to show
that s € H holds. To this end, let ¢ > 0. By the characterisation of the supremum
given in Theorem I[1.22] there exists a € H with

€
a§s<a—|—§,

thus |s —a| < §. For x € U,/5(a) we then have

3

5
<l — —rl< =
ls — x| <|s—a|+ |a— x| 2—|—2

= 87

ie. U.s(a) C Uss). Now U.jz(a) contains infinitely many a,, and so does U.(s).
Remark implies that s € H. The proof for the limit inferior follows the same
pattern.

4
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2.9 Examples. a) We again consider the sequence (a,)neny = ((—1)")nen. Clearly, we
have limsup,,_, a, =1 and liminf, ., a, = —1.

b) Consider the sequence

1123123451 7
4

which is formally defined as

a":%—f—l forn=k+j, j=12,...,2k+1, keN,.

Then every rational number ¢ with 0 < ¢ < 2 is contained in this sequence (even in-
finitely many times) and we have limsup,, . @, = 2 and lim inf,, ., a, = 0. Moreover,
every x with 0 < x < 2 is a cluster point of this sequence. In particular, the sequence
has infinitely many cluster points.

So far we have studied the convergence of a sequence only for the case in which the
limit was explicitly known. An exception to this is only Theorem We consider
now the so called “inner” criterion.

2.10 Definition. A sequence (a,) C K is called Cauchy sequence if for each ¢ > 0
there exists an ng € N such that

la, — an| <e forall n,m > ny.

The significance of this criterion is that it provides a necessary and sufficient con-
dition for the convergence of (a,),eny Without involving the limit a itself.

2.11 Theorem (Cauchy criterion for sequences). Let (a,) C K be a sequence.
Then (a,) is convergent, if and only if (a,) is a Cauchy sequence.

Proof. 7 == ": Let a = lima,, and £ > 0. Then there exists ny € N with |a — a,| < §
for all n > ng, thus

e €
|an—am|§|an—a|—|—|a—am|<§+§:5, n,m > ny.

7 <=7 Let (a,) be a Cauchy sequence. We divide the proof in 3 steps:
a) The sequence (a,) is bounded: For € = 1 there exists an mg such that

|a’n‘ - ‘amo‘ S ‘an - amo‘ <1 fOl" all n 2 mg.

Thus |a,| < 14|am,| for n > my. Hence |a,| < max{|aol, |ai1] ..., |amo-1], |[1+am.|},n €
N, and (a,) is a bounded sequence.
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b) The first version of the Bolzano-Weierstrass theorem implies that (a,) has a con-
vergent subsequence (ay, Jreny With limg_,o a,, = a.

c¢) Let € > 0. The hypothesis implies that m; € N exists with |a, — an,| < 5 for all
n,m > my. Step b) implies further that |a — a,, | < 5, n& >my. Thus
lay, —al <la, — an, |+ |an, —a| <e forall n>my,
—_—— ——

< <

NI
[SII0)

. n—oo
ie. a, — a.

g

2.12 Remarks. a) The property that every Cauchy sequence converges in K is also
called the completeness of K.

b) The set of rational numbers Q = {§ :p € Z,q € N} is not complete.

c) We have
Completeness axiom <= Archimedean property and completeness of R
<= Archimedean property and theorem of Bolzano-

Weierstrass in R
d) For g € C, q # 1 with |¢| = 1 set a,, := ¢". Then

lani1 —an =1q"l¢g— 1] =1]¢—1] >0, forall n>1,

i.e. (a,) is not a Cauchy sequence. Thus (a,) is divergent. Therefore, for g € C,q #
Llgl = 1:
(¢")nen 1s convergent <= |q| < 1lorq=1.

We introduce the following notation: for a,b € R with a < b let

[a,b] :={r eR:a <z <b}.

2.13 Theorem. (Banach fixed point theorem). Let a,b € R with a < b, and let
f :la,b] — [a,b] be a mapping. Assume that there exists q, 0 < q < 1 such that for all
x,y € [a,b] we have

[f(@) = f)] < qlz—yl (2.1)
Then there exists a unique r € [a,b] with f(r) = r. This means that r is the unique
fixed point of f.

2.14 Remark. A mapping which satisfies the condition ({2.1)) is called a strict contrac-
tion.
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Proof. For zy € [a,b] and n € Ny, define

Tpy1 = f(xn)

Then the following statements hold:
a) The sequence (x,),en is convergent: We show first the inequality

A(m) : T — Tt < ¢ Moy — 20|, m>1
via induction. The basis step m = 1 is clear. Let m € N, such that A(m) is true. Then

‘xm—i-l - xm| = |f(xm) - f($m—1)|
contr.
< q’.]fm — .%’m71|

I;I' m—1 m
< q¢" |1 — xo| = ¢ w1 — 0.

Thus A(m + 1) is true, and so the inequality holds for all m > 1.
Next we estimate |x,, — x,| for m > n:

|mm_~rn| S |xm_mm—1|+|xm—l _xm—2| ++|xn+1 — Tn
< @ T )| — ol
. 1— qm—n n
gCOmiSCI'ICS n _ < _ )
T1-4 |T1 — @] < 1_q!$1 o]
From Remark [2.12| d) it follows that lim ¢" = 0, because 0 < ¢ < 1. Thus (z,) is a
Cauchy sequence and Theorem [2.11] implies that (x,) converges. We set r := lim z,,.

b) We show f(r) = r: Let € > 0 be given. Then there exists ng € Ny with |r —z,| < §
for all n > ng, thus

‘f(r> - 7"‘ < ’f(T’) - xn0+1| + |xn0+1 - 7"
= f(r) = f@ao)| + |Tngs1 — 7]

e €
< Q|7ﬂ_l’no’+|xno+1_r|<§+§:€‘

The classical method of deduction in analysis from chapter |I| implies that f(r) = r.

c) We next show that the fixed point r is uniquely determined.
Assume that there exists an 1’ € [a,b] with f(r') = /. Then

r =7l =f(r) = fO) < qlr ='].

From this it follows that (1 — ¢)|r — /| = 0, which implies that |r — r'| = 0 and,
therefore, that r = /.
O
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2.15 Remarks.

a) The proof above is constructive, i.e. we build the fixed point r as r = lim f"(zo)
with f*= fo f---0of.
b) The following error estimates hold:

n

q
r—=T, <
r-ml < T
q
1—g¢q

|zy — xo| a-priori-estimate

lr —z,| <

|T, — xn_1| a-posteriori-estimate
¢) The Banach fixed point theorem also holds if [a,b] is replaced by R or by M :={a €
R:a <z}

d) A generalization of this theorem to mappings on so-called complete metric spaces
will be very important in the lecture “ Ordinary Differential Equations”.

To conclude this section, we discuss the concepts of infinite limits.

Often, it is convenient to write lim a,, = oo if the terms of a sequence become large
for large n, although strictly speaking, the sequence is divergent, and of course oo is not
its limit, as it is not even a number. Nevertheless, this notation is often very natural
and convenient and, therefore, we now make precise what we mean if we use it.

Let (an)nen be a real sequence. We write
lima, = oo (—o0),

if for arbitrary, fixed K > 0 there exists an Ny € N with a,, > K (a, < —K) for all
n > Ny. Furthermore, we write

limsup a,, = oo (liminf a,, = —00),

if for each K > 0 there exists an Ny € N with ay, > K (ay, < —K).
For a complex sequence (¢, )nen, We write

lime, = oo,

if for each K > 0 there exists an Ny € N with |¢,| > K for all n > Nj.
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3 Infinite Series

Let (a,) be a sequence in K, where again K = R or K = C. In this section we
analyze the question, how the notation >~ = a, has to be understood and under

which conditions one can speak of a convergent/divergent infinite series.

3.1 Definition. a) Let (a,).en, be a sequence in K. By the (infinite) series with terms

a,, notation

(o]
g+ a1 +ax+... oOr E aj,
§j=0

we mean the sequence of partial sums (Sp)neng,

n

Sp = Z aj;, s, being the n-th partial sum of the series.

J=0

That is, we use the symbol 3 °*  a; to denote the sequence (s,)nen,-

b) If the sequence (s,)nen, converges to s € K, then the series Z;io a; is called
convergent. In this case we use the symbol Z;’io a; also to denote the limit s of the

o0
sequence of partial sums. That is, we set Z a; = s.

5=0
Otherwise, the series is called divergent.

3.2 Examples. .

a) Geometric series. If ¢ € C with |¢| < 1, then qu =

=0
: ITIDb) 1_gnt1 nooo 1
For consider s,, = Z?:o q’ L] 1+q e

b) Harmonic series. The series

— 1
Z — diverges.
n=1 n

2n
1 1 1
For consider for n > 1 the difference s9,, — s, = E ->n- 5 =
j n

j=n+1

1—¢q

i.e., (8y)nen is not a Cauchy sequence, thus does not converge!

5 9
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c¢) The series > 7, n(n —y converges and Z Tl) = 1.
1
In fact - g+1) =5 j+1’ and
=1 1 1 nooo
sp=> (- ———)=1- )
]Z:;(j J+ 1) n+1

Sums of type Z?ZO(Cj — ¢j41) are called telescoping sums.

The Cauchy Criterion [2.11]is an inner criterion for the convergence of sequences. The
following lemma gives an analogue criterion for series.

3.3 Lemma. (Cauchy’s Convergence Criterion). The series Z;io a; converges, if
and only if for each € > 0 there exists Ny € N with

|Zaj| <e forall n,m > Nj.

J=n

Proof. Since |37, a;| = |y — sn-1, the claim follows from Cauchy’s criterion for

sequences, Theorem [2.11
U

If we set n = m in the above lemma, we see that the summands of a convergent
series always form a null sequence. We write down this important fact in the following
corollary.

3.4 Corollary. Assume that Z?io a; converges. Then lim; . a; = 0.

Proof. Choose n = m in the above Lemma
O
We note, that the example of the harmonic series shows that the converse of Corollary

3.4 does not hold.

3.5 Remark. Let (a;) be a sequence with non-negative elements, i.e. a; > 0 for all
j € No. Then 7, a; converges, if and only if the sequence of partial sums (s, )nen,
is bounded.

Proof. Assume that >~ a; converges, i.e. the sequence of the partial sums (s,)nen
converges. Theorem |1.6] implies now that (s,)nen is bounded.
Conversely, (37 Oaj)neNO is increasing, since a; > 0. By assumption (sy)nen is
bounded, which according to Theorem _ means that (s,),eny converges.

O
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3.6 Example. We consider the series ) > - , and show in the following that we have

[e.o]

1
>

n=0

where the number e was defined as e = lim (1 + 1) already in|1.15]

n—oo

Let a,, := (14;)" for n € N. The proof of Theorem|1.15implies, that a,, < >77 & <3
for all n > 1. Thus (3 7, 1,)neN is bounded and Remark (3.5 implies that » 77, 1,
converges. Let e := Z;io 31! be the limit of the series. Then by Lemma w we have
that lima, = e < Zjio% =¢€/. Thuse < ¢

We now show the inverse inequality: e > ZT:O% for each fixed m € N. Indeed for
n>m>1

j-factors
7\

Bin Thm. 1 & /n\1 1" n n—1 n—j+1‘
w2 (e X (w25
=0 j=0 \,1./\\,1_/ \q,l_/

J/

—~
—1(n—o0)

u rdin mma |1. im, ooa, =€ >> " L uniformly in m, thus
Thus according to Lemma |1.9, 1 DY ,
e > limy, .o 311 7 = €. Hence, summarizing, we have ¢’ = e.

O
To obtain estimates for Euler’s number e, consider
"1
dp i = Sptk — Sn,  k,n €N, where s, = Z —.
— !
7=0
We have for arbitrary n, k € N that
1 d Sk — 1
(n+1)! = "= (1)
which yields for £ — oo
-1
e ‘ (3.1)

—  _<e—s5, < _
(n+1)! — S"—(n+1)!

In addition to giving us 2,66 < e < 2,8 for n = 2, the above estimate is the basis for
the following proof of the irrationality of e.

3.7 Theorem. FEuler’s number e is irrational.
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Proof. Assume that e is rational. Then we can write e in the form e = p/q with
p,q € N. Take the above estimate for n = ¢ and multiply the inequality with ¢!. Then
you get

0< ! < p( 1)! ls, < 2 <1
— — 1) —qls, < —— <1,
q+1_pq q'Sq (+1-

and therefore
0<plg—1!—gls, <1

This is impossible, because p(q — 1)! — ¢!s, € Z.
U

In the following, we examine the convergence of series with alternating signs in the
summands. We begin with Dirichlet’s criterion.

3.8 Theorem. (Dirichlet’s Convergence Criterion).  Let a,, € C for alln > 1 be such
that the partial sums (s,)nen = (D ;_; @j)nen are bounded. Let (e,)nen be a decreasing
null sequence. Then Z;’il gja; converges.

An important consequence is the so-called Leibniz-Criterion.

3.9 Corollary. (Leibniz Criterion). Let (¢,)nen be a decreasing (hence real) null se-
quence. Then 72 (—1)7¢; converges.

3.10. Examples and Remarks. a) The series

i(_Dj Lot 1 1.1
= j+1 2 3 4 5 7

converges and is called alternating harmonic series. We show in Analysis II, that the

limit value of the series Z?O:O<_1)jj+% is equal to log 2.

b) A series of the form ) 7% (—1)’a; with a; > 0 for all j € Ny is called alternating.

Proof of Theorem[3.§ For m,n € N with m > n set

m
Onm ‘= E Ejlj.
j=n

The assumption says that lim; .. €; = 0; thus according to Lemma (Cauchy Cri-
terion) it is enough to show that there exists a constant M > 0 with

\opm| < Me,, forall m,n>1.
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We first transform o,,,, by Abel’s summation by parts: Set s, := Z?zl a; and sy =0
to obtain for m >n > 1

m m m m
Onm = E gja; = E gj(sj —8j-1) = E £jSj — § &5 851
j=n Jj=n j=n j=n

m m—1 m—1
= Zsjsj — Z €j415; = Z(ej — €j4+1)8j + EmSm — EnSn_1.
j=n j=n—1 j=n
With C := sup{|s,|,n € N} we get from the above that (recall (¢;); is decreasing)
m—1
|onm| < (&5 = €511) 851 + emlsm| + enlsn]
——
Jj=n >0
m—1

(6j —€j11)C + enC + e,C

™

|
3

o )

en —Em)C +enC+e,C=26,C=2Cc¢,.

O

A very important concept in the topic of convergence of series is that of absolute
convergence.

3.11 Definition. (Absolute Convergence). A series » 2 a; is called absolutely con-
vergent, if 3% |a;| converges.

3.12 Remark. Every series Z;io a; which converges absolutely, converges.

In fact | Y770, a;] < 3700 |a;] for all m > n. Thus, the claim follows from the Cauchy
criterion for series, Lemma [3.3|

3.13 Theorem. (Comparison Test [Majorantenkriteriuml). Let (a;)jen, C C and
(bj)jeny C R be two sequences such that |a;| < bj for almost all j € N. If 3722 b;
converges, then Z;io a; converges absolutely.

In the situation above the series ) ™2 b; is said to dominate or majorise Y2 a;.

Proof. Since 7" [a;| < 377, b; for all m > n, the claim follows from the Cauchy
criterion Lemma [3.3

O
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Example. In Example c¢) we have shown that Y °° —-— converges. Observing

J=1j(+1)
that 0 < G +1)2 < 7T ]H) for j > 1, it follows that Z +11)2 converges and hence so

does ZFl 2= 1+ ZFl J+1)

In particular, if we choose as dominating series the geometric series, we get the so-called
Root Test.

3.14 Theorem. (Root Test [Wurzelkriterium]).  Let (ay,), be a sequence in C.
a) Assume that there exists some q, 0 < q < 1, with

{/la;| < ¢ for almost all j € N.

Then Z;‘io a; 1s absolutely convergent.

b) If we have {/|a;| > 1 for infinitely many j € N, then )" a; diverges .

Proof. a) By assumption, there exists Ny € N with {/|a;| < ¢ for all j > Ny. Thus
laj| < ¢’ for all j > Ny, which implies that > 7=, la;| is dominated by the geometric
series > 27, ¢’. (Note: The finite sum ag + - + an, 1 is trivially convergent. )

b) The assumption says, that {/|a;| > 1 for infinitely many j € N. Thus |a;| > 1 for
infinitely many j € N. In particular, the sequence (a;); is not a null sequence, which
means that 72 a; diverges.

O

Example. The series > >° converges for each fixed | € N, because

3027

S

Thus {/]a;] < 2 = ¢ <1 for almost all j € N.
Often it is easier to implement the following test.

3.15 Theorem. (Ratio Test [Quotientenkriterium]).
a) Let a; # 0 for almost all j € N and assume that there exists 0 < ¢ < 1 with

‘ Aj+1

| < ¢ for almost all j € N.
a;

Then E;io a; converges absolutely.

b) If |a]a—+1\ > 1 for almost all (not only for infinitely many) j € N, then Z;io a;
J

diverges.
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Proof. a) By assumption, there exists Ny € N with ]—a2f1| < g for all j > Ny. Thus
J
foralln > Ny +1

J=No GNO ANy an—1

Thus |a,| < |an, |¢" ™ for all n > Ny + 1 and

> - r |
Y aal <3 Jan| + nod Z
n=0 n=0

Now, the Comparison Test implies the claim.

b) The assumption and the relation (*) imply, that || > 1 for all n > Ny+ 1. Hence
0

(7% is not a null sequence and a; diverges.
( ) q J g
O

3.16 Example. The exponential series

converges for all z € C. This is clear for z = 0. Furthermore, for z # 0 we have

Q541 o |Zj+1| ]' . |Z| j—o0
== =77 — 0
aj (DA 41

ie. %] < L for almost all j € N.
aj 2

Now consider variants of the above root and quotient tests, in which the existence of
a number g with 0 < ¢ < 1 is replaced by a condition concerning the limit inferior or
the limit superior, respectively.

3.17 Theorem. (Another formulation of the Root and Ratio Tests).
a) If lim; .o{/|a;] <1, then Yo aj converges absolutely.
b) If limj_..</]aj] > 1, then > 2o a; diverges.

¢c) Let aj # 0 for almost all j € N and lim; o|*2*| < 1. Then Y 2 a; converges
J
absolutely.

d) If lim a]jl| > 1, then 372 a; diverges.

lim; |
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3.18 Remarks. a) If lim; .., {/|a;| = 1, then no conclusion for convergence can be
made! Indeed, consider for example a; = % and b; = %2 Then by Example c¢) and

Remark [I.14] we have
/la;| = (/:: — =21 and
! i i

{/1b; :i/:: —1,
1051 = 1/ e

J j?

but 37, a; diverges, while > 7% | b; converges.

b) The Ratio Test is "weaker” than the Root Test, i.e.

Tim {/lay| < T | %%,
J—00 J—00 aj

We conclude this first section about convergence of series with Cauchy’s Conden-
sation Test.

3.19 Theorem. (Cauchy’s Condensation Test).  Let (a,) be a decreasing null se-
quence. Then:

o0 (e.o]
E a; converges < E 27 aq9; converges.
J=0 Jj=0

The above theorem says that we can completely read off the convergence behavior of a
given sequence from the convergence behavior of the ‘condensed’ sequence which only
has elements with indexes 27, and thus far less elements than the original series.

Proof. Let s, :=Y_"_ga; and t,, := Y7 (2 ay.

" —=": For n > 27

Sn > a1+ as+ (ag+ag) + (a5 + - ag) + - 4 (agioryq + - + ag)
> %+a2+2a4—|—4a8+...+2j—1a2j
1 : 1
= §(a1+2a2+4a4---—|—23a2j):§tj

Let 377 aj =: s. Then t; < 2s for all j and according to Remark > ey 2ay
converges.

""" Let n <22t1 — 1. Then

Cl0—|—CL1+(CL2+CL3)+(CL4"'—|—(Z7)+"'+(a2j—|—"'+a2j+1_1)
a0+a1+2a2+4a4+---~|—2jazj:ag—i—tj

Sp <
<
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Let t = Z;'io 2 a;. Then s, < ag+t for all n > 0 and Remark implies that

oo
Y j—o Gj converges.

O

The above theorem implies, that the series

=1
>

n=1

with a € Q, converges if and only if & > 1. The corresponding condensed series

i 21977 — izﬂ—aﬁ = i ¢ with g :=2"
=0 j=0 7=0

is a geometric series and converges by if and only if ¢ < 1, or equivalently o > 1.
Bear in mind that at the moment, we have defined n® only for a € Q; we will define
n® for arbitrary a € R later.

The function given by the convergent series

1
¢(s) = —, s>1
nS
n=1

(at the moment only for s € Q), is the famous Riemann zeta function . It is an

important tool to study the distribution of prime numbers. In the lecture ‘Analysis
I, we will prove ((2) = %2. The still unsolved Riemann hypothesis states that all

nontrivial roots of the zeta function have real part %
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4 Rearrangement and Products of Series

If we add finitely many real or complex numbers, the result does not depend on the
order of the summands, i.e. any arbitrary rearrangement of the summands yields the
same result. For infinite series, the situation is completely different. We will see in the
following section that it is possible to change the value of a series by rearranging its
terms and that one can even achieve divergence of a former convergent series this way.
However, this at first sight quite surprising effect does not appear for absolutely conver-
gent series. This is a reason why the concept of absolute convergence is so important.
Of course, for a precise description of the situation we must first define the concept of
rearrangement. We start with an example.

Consider the alternating harmonic series

We denote the n-th partial sum of the original and the rearranged series by s,, and ¢,
respectively, and we define s := lim,, ., s,,. Then we have

82:% 2t3—2%:%
_ 1411 o _ 1 21 1 1
s1=5+371 6=51T23 %)
—_————
11
3 4
1 11 11 1 11 1 1
ss=3+(G—2)+(E %) 9=5+G-2)+t2 -5 )
—
5 6
andbecauseof;—;—i:1(2].—1_1—2%.),Wecaninfer2t3n252nforallnz1.

-1 43-2 4 2
Because (So,)neny converges to s and the terms of the rearranged series converge to
0, there exists for each ¢ > 0 an Ny € N such that at the same time |t3, — 5| < 5,
[tant1 — t3n| < §5 and [tapio — t3,| < § for all n > Ny. This implies [t,, — 5| < § for all

m > 3Ny + 2, which means that the rearranged sequence converges to s/2.

This example motivates the following definition.

4.1 Definition. Let >~ a, be a series of complex numbers and ¢ : Ny — Nj a
bijective mapping. Then Y ay(, is called rearrangement of the series ) > a,.
Further the series Y~ a,, is called unconditionally convergent, if every rearrangement
of the series >~ ' a, has the same limit value.
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4.2 Theorem. Every absolutely convergent series Y -, a, is unconditionally conver-
gent.

Proof. Let ¢ : Ny — Ny be a bijective mapping. Let

n n
Sni= Y g, b= Y dg()
=0 j=0

We show, that (,), converges to s, where s denotes the limit value of the sequence s,
ie. s:=1lim, . s,. According to the definition of the convergence of »_ |a,|, for e > 0
there exists an Ny € N with

o
3 gl < =
: ! 2
Jj=No
Hence
No—1
’3_2‘1]|—|Zayl<2|a3|<_
Jj=No j=No

Now choose Nj so large, that {0,1,2--- Ny —1} C {¢(0),¢(1)---@(Ny)}. Then for all
m > Nj holds

m m No—1 No—1
|Zaw(j)_5|§‘za<p(j) ZCLJ|+‘Z@J—5|<Z‘@J|+ <e
j=0 Jj=0 = j=No
%,_/
<3

Thus (¢,,) converges to s.

The following result (due to Riemann) is quite surprising.

4.3 Theorem. (Riemann Rearrangement Theorem). Let Y °  a, be a convergent,
but not absolutely convergent series of real numbers. Then there exists for every b € R
a rearrangement Y Gy (n), Which converges to b.

The Riemann Rearrangement Theorem has the remarkable consequence, that you may
only rearrange finitely may terms in a convergent series which is not absolutely conver-
gent — otherwise the concept of convergent series does not make sense any more! On
the other hand, the above Theorem says that the value of an absolutely convergent
series is invariant under rearrangement.

We do not prove the Riemann Rearrangement Theorem here and instead refer to the
book of Mangold/Knopp.
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In the following, we want to multiply two convergent series »_° ,a, and >~ b,. For
this, we consider the product

(a0+a1+a2+---)(bo+bl+--~).

Expanding gives terms of the following form, which have to be summed up.

apbo apby apbsy apbs
aq bo aq b1 Qo b1
asby asby agby

There is the question, in which order should the single terms be summed up. In
particular, we ask when

(Z aj)(z bj) = Z i,

with pogm)y = @by, for [,m € Ny and some bijection ¢ : Ny X Ny — Ny. Possible
orderings are

0 1 3 6 or 0 — 1 4 9
7 / / ! !

2 4 7 3 «— 2 )
7 / !

5 8 8 «— 7 «— ©
/

9

We call the series » % p; a product series of 3 a; and Y- bj if poam) = aiby, for all
I,m € Ny and ¢ : Ny x Ny — Ny is bijective.

4.4 Theorem. Let Z;io a; and Z;io b; be two absolutely convergent series. Then all
their product series converge to

(Z a;) - (Z b;)

Proof. Let 372 p; be an arbitrary product series of > 2 a; and 3 72 b;. Then there
exists for all n € N an m € N with

Dol <D T lagl D bl <> la> 1yl
=0 =0 is0 =0

=0
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Now Remark implies that > 7 |pj| converges. Further, from Remark it
follows that also ;;0:0 p; converges, and Theorem implies that the convergence is
unconditional (i.e. independent from the chosen order). This means that every product
series converges to the same s € C.

Use now the special product series given by

agbo aoghy aghy - -- do qQ g4
! | ! !

aiby <+ aib aiby --- q3 <~ Q2 qs
| !

agby < azby < agby --- g8 < qr < (s

Then we have

QO+Q1+"'C](n+1)2—1Z\(a0+"'+an)“(bo+"'+bn)1-

TV NV
n— 00 0O N— 00 00
— 2520 a5 — 250 b;

From this, the claim follows.

If one chooses the following order for the summation

agbo aoby apby or Po P1 Y2 ]
/ / / /

aq bo ay b1 P2 P4
/ /

a2b0 DPs

letting ¢y := agby, ¢1 := apby + a1by and generally

n
Cp = g @b,
=0

we obtain the following corollary.

4.5 Corollary. (Cauchy Product of Series). Let )77 a; and 72 b; be two absolutely
convergent series and let

n
Cp = E ajbn_j, n e N().
J=0

Then Y7, ¢, converges absolutely and
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We remark that Corollary in general does not hold for series which are only con-
vergent, but not absolutely convergent.

In particular, let us return to the exponential series given by

o0

J
exp(z) = Z z_ z e C.

J=0

From the Ratio Test Theorem and Example it follows, that exp(z) is abso-
lutely convergent for all z € C. Further, we can now show the important functional
equation of the exponential series.

4.6 Corollary. (Functional Equation of exp). For z,w € C

exp(z) exp(w) = exp(z + w).

Proof. For z,w € C

J wn— J
exp(z)exp(u) 2 (305 Z o ey S
Jj=0 J: =0 n= 0_7 O ‘7
© 1> .
= — v j,m—j BinThm. il n
= an j'n_J)‘zw - Zn!(Zer)
n=0 7=0 n=0
" exp(z + w)

4.7 Corollary.

a) For all z € C holds: exp(—z) = exp( 5. In particular, exp(z) # 0 for all z € C.
b) For all x € R holds: exp(z) > 0.
¢) For all ¢ € Z holds: exp(q) = €.

d) For all ¢ € Q holds: exp(q) = e?.

The proof is left as an exercise. Finally, if we let

z

e’ :=exp(z), z€C,

the above proposition d) implies that this definition extends the original definition of
e? for rational exponents ¢ € Q (compare remark to arbitrary exponents z € C.
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5 Power Series

Power series have a long tradition in analysis. If one expresses a function f in the
form f(z) = Y77, an(x — x0)", then this is called the power series expansion of f
centered at xo. The general theory of such expansions will be presented in the course
on Complex Analysis (Funktionentheorie). Only then, the full importance of power
series will become visible.

Apart from these general properties, we are interested in power series because of
the fact that their convergence behaviour can be described by the so-called radius of
convergence. We start with the following definition.

5.1 Definition. Let (a,), C C be a sequence of complex numbers and z € C. Then
Yoo ganz™ is called a power series.

In this section we will analyse the question, for which z € C the series above converges.

5.2 Definition. Let (a,), C C. Then

1

*7 Tme/an]

is called the radius of convergence of the series Y, a,z™ (we use the convention that

% = oo and é = 0). This definition of the radius of convergence is also called Cauchy

Hadamard formula.

We will in the following call the set
Uy(0) :={2€C: |2z| < 0}

the disc of convergence of the series Y~ a,2".

The following theorem is the main result of this section.

5.3 Theorem. Let) ° a,z" be a power series with radius of convergence o. Then
for z € C we have:

a) If |z| < o, then >, an2™ is absolutely convergent.
b) If |z| > o, then > ", a,z" diverges.

c) If |z| = o, then in general no conclusion is possible.
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Proof. The proof is an application of the root test. We have {/|a,z"| = |z| {/|an]|.
Since
lim {/|a,z"| = |z| im {/]a,| < 1< |2| < o,
n—oo n—oo
the Root Test implies the statement of the theorem, i.e. we have
|z] < 0= ", a,2™ converges absolutely.
|z] > 0 = > 7, an2™ diverges.
|z| = 0 = no conclusion possible.

g

5.4 Remark. In addition to the root test, one can also use the ratio test to determine
the radius of convergence. In particular, let Y~ ; a,z" be a power series for which

. Qp+1

lim | |
n—oo Oy

exists. Then the power series Y >, a,2" has a radius of convergence p = %. To prove

this we note that
an+1zn+1
= —alzl, (n—o0)
Ay 2™
holds. If 0 < ¢ < oo, we choose z1, 2z € C with |z;| < 1/q and |23] > 1/q, and the ratio
test implies that the series >~ ja,2} converges absolutely and the series >~ @, 2%
diverges. By Theorem , we therefore have o = 1/¢. The cases ¢ = 0 and ¢ = oo are

proved similarly.

5.5 Examples.
a) The exponential series

[ee] 2"

has a radius of convergence of o = co. Observe that

n=0 n!
Ap 1 n! 1
an (n+1)!" n+1

so that Remark ﬂ now implies o = % = 0.

b) The series Y~ , n"2z" has a radius of convergence ¢ = 0, because

lim {/]a,| = lim¥/n" = lim n = oco.

n—oo

and hence p = é =0.

. | . .
c¢) The series ) | 22" has a radius of convergence g = e. Proof as exercise.



48

CHAPTER II. CONVERGENCE OF SEQUENCES AND SERIES



Chapter 111

Continuous Functions and the
Basics of Topology

1 Continuous Functions

We begin this chapter by considering continuous functions and their properties. The
notion of continuity that we use in the following is — like the notion of convergence
— essentially due to Cauchy, who defined the continuity of a function in his Cours
d’Analyse (1821) as follows:

En d’autres termes, la fonction f(z) restera continue par rapport a x entre
les limites données, si, entre ces limites, un accroissement infiniment petit de
la variable produit toujours un accroissement infiniment petit de la fonction
elle-méme.

Cauchy still used the then-common concept of ‘infinitely small quantitiy’ (quantité in-
finiment petite), however this was replaced over the years by the e-d formulation which
is customary today. The latter was vitally influenced by Weierstraf.

We recall the definition of a function: Let X and Y be sets and f : X — Y a function,
i.e. a rule that assigns a unique (eindeutig) element y € Y to every x € X. The set
graph f := {(z, f(z)),z € X} C X x Y is called the graph of f.

We start with the definition of continuity of a function which builds on the concept of
convergence.

1.1 Definition. (Continuity). A function f : D C K — K is called continuous
(stetig) at xy € D, if for every sequence (x,,),>1 C D with lim z,, = xo, it holds that

n—oo

lim f(z,) = f(wo)-

n—oo

49
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In other words:
(xn) C D, Tn — To — f(l‘n> - f(ZL‘())

The function f is called continuous in D, if f is continuous at all points xg € D.
The following theorem is a reformulation of the definition of continuity in e-d-language.

1.2 Theorem. (¢-0 criterion). A function f: D C K — K is continuous at vo € D
if and only if

(Ve>0)(Fd>0) (Vax e D,z —xo| <) |f(x)— f(zo)| <e.

Proof. " =": We assume that the assertion is false. Then there exists an g9 > 0 such
that for all n € N there exists an x,, € D with

lzg — 2, < 1/nand |f(xo) — f(zn)| > €o-

Then lim x, = x¢ but f(z,) /4 f(xo) for n — co. Contradiction!

n—od

" «<=": By assumption, for every £ > 0, there exists a § > 0 with |z — x¢| < § =
|f(z) — f(xo)| < e. Let &, — xo. Then there exists an Ny € N with |z, — 2| < 0 for
all n > Ny. Therefore, |f(z,) — f(zo)| < € for all n > Ny, i.e. im f(z,) = f(zo).

0

1.3 Examples. a) Let f: R — R be given by f(z) = ax + b with a,b € R. Then f
is continuous, since x,, — o implies f(x,) = ax, + b — ax + b= f(x).

b) The absolute value f: R — R,z — |z| is a continuous function.
c) The Heavyside function f:R — R, defined by
0 =<0
ro={1 13

x>0

is continuous for all z € R\ {0}, but not continuous in 0.

d) The function f, given by

1, >1,
fIR=R flz)=¢ =, 1L Sx L n=23,...
0, <0,
is continuous at 0, since we can choose e.g. § = € because of | f(z)—f(0)| = |f(x)| < |z].

e) The Dirichlet Function (Dirichletsche Sprungfunktion), given by

0, €@

fiR—)R,f(Q?):{ I, z€R\Q
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is discontinuous at all points z € R. Proof as an exercise.

f) Consider the function given by

v ="%¢€Q with¢ >0 minimal

f:R—MR,f(x)—{ 5: s €R\Q

Then f is continuous at all points zy € R\Q but discontinuous at xy € Q! Proof as an
exercise.

g) Let f: D C R — R. Assume there exists an L > 0 with

\f(x) — f(y)| < Lz —vy|, xz,y€eD.

Then f is continuous. Indeed, choose for € > 0 a 0 such that § := £=5. A function that
satisfies the above condition is called Lipschitz continuous and L is called the Lipschitz
constant of f.

h) Every Lipschitz-continuous function f is continuous. The converse does not hold.
Consider, for example, f : [0,1] — R given by f(z) = /x. Then f is continuous, but
not Lipschitz-continuous (Exercise).

i) Let the functions fi, - f1 : C — C be given by

fi(z) =z, fo(z) =2, fs(z) =Rez, fi(z)=Imz.

Then the functions fi,--- fy are Lipschitz-continuous with Lipschitz-constant 1, and
therefore continuous.

The above definition of continuity via sequences allows us to apply our knowledge
about convergent sequences to continuous functions. More precisely, we first define the
sum, the product and the quotient of two functions. For this, let f,g: D C K — K be
two functions, and «, § € K. If we define

af+pg :D—K, (af +Bg)(x) = af(zx)+ Bg(x)
f-g :D—=K, (f-9)(x) = f(z) g(x)
L {zeD: g(x)#0} =K, (L)(z) = %

we have the following theorem.

1.4 Theorem. Let f,g: D C K — K be continuous at xqg € D. Then the following
statements hold:

a) af + Bg: D — K is continuous at xg € D for all o, 3 € K.

b) f-g: D — K is continuous at xy.
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c) If g(xg) # 0, then there exists 6 > 0 with g(x) # 0 for x € Us(xg) N D and

= Us(xog) N D — K is continuous at x.
g

Proof. The statements a) and b) follow from [L.1}and the calculation rules of convergent
sequences.

c¢) By assumption |g(xg)| =: v > 0. Because g is continuous at x, it follows that there
exists a 0 > 0 such that

l9(x)] ~ lo()| < lg(eo) = g(@)| < 5, € Us(a) N D.

Therefore, |g(z)| > 3 for 2 € Us(xo) N D. The assertion then follows from the calcula-
tion rules of convergent sequences.

O

We now consider the composition of two functions f : Dy CK — Kandg: D, CK —
K with g(D,) C Dy. We define then fog: D, — K as

(fog)(x) = flg(x)).

The following theorem says that the composition of two continuous functions is again
continuous.

1.5 Theorem. Let f: Dy C K — Kand g : Dy, C K — K be functions with
g(Dy) C Dy. If g is continuous at xo € D, and f is continuous at g(xo) € Dy, then
f o g is continuous at xy.

Proof.  Let (x,) C D, be a sequence in D, with lim z, = z,. By assumption g is

n—oo

continuous at xg; therefore, g(z,) — g(x¢). Then, because f is continuous at g(zo) it
follows that (f o g)(x,) = f(g9(zn)) — f(g(z)) = (f o g)(x), i.e. fo g is continuous at

Zg.
O
1.6 Examples. a) Polynomials, i.e. functions of the form
T A + ap_12" -+ ag, with a; € K
for j =0,1,2,...,n, are continuous.

b) If p and ¢ are polynomials, then the function P given by
q

P '—]&Wi P =12 Lqlz
5(2),_(1(2) th D» = {z € K: g(2) # 0}

is also continuous. Such functions are called rational functions (rationale Funktionen).

c¢) The sign function (Signumfunktion) sign : C\{0} — C, sign (z) := 7 is continuous.

|2l
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Power series are the natural generalisation of polynomials. In the following theorem,
we show that power series are continuous functions inside their disc of convergence.

1.7 Theorem. Let Y >, a,z" be a power series with radius of convergence ¢ > 0.
Then f: B,(0) :={2z€ C:|z| <o} = C,z— >, a,2" is a continuous function.

Proof. Let zy € B,(0), ¢ > 0 and choose r > 0 such that |z9| < r < ¢. Theorem II,

o0

implies that > |a,|r™ converges, i.e. that N, € N exists with

Z lan| ™ < =
4
n=Np+1
Thus for z € C with |z]| <7r
No No 00 00
|f(2) = f(20)] < |Zanzn - Zan23| + Z |an||2]" + Z |an|z0]"
n=0 n=0 n=No+1 n=No+1
= [p(z) = plzo)| +2 > lanlr”
n=Np+1
<2-£

with p(w) = S a,w". Since polynomials are continuous, there exists § € (0,7 —|2|)
with |p(2) — p(20)| < § if |2 — 20| < d. Therefore |f(2) — f(20)] < € if |2 — 20| < 0.
U

When applied to the exponential function, the above theorem implies that the expo-
nential function is continuous for all z € C.

1.8 Corollary. (Exponential Function (Exponentialfunktion))  The exponential func-
tion
exp: C — C, z +— exp(z)

18 continuous.

Proof. By Example II) the series >, ;—7,1 has radius of convergence o = oo.
Theorem implies the assertion.
U

Many existence statements in analysis depend on the so-called intermediate value the-
orem. Bolzano was the first to realise the necessity of proving this apparently ‘self-
evident’ statement. From the modern point of view, the following theorem is a variation
of the completeness of R. In the following, we again set [a,b] := {r e R:a < x < b}
fora,b e R, a <b.
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1.9 Theorem. (Intermediate Value Theorem (Zwischenwertsatz))  Let a,b € R with
a < b. Further, let [ :[a,b] — R be a continuous function with f(a) <0 and f(b) >0
(or f(a) >0 and f(b) <0). Then there ezists an zq € |a,b] with f(zo) = 0.

Though the above theorem is intuitively obvious, caution is required: for example, let
D={reQ:1<z<2}and f: D — R be given by z — 22 —2. Then f(1) = -1 <0
and f(2) =2 > 0, but there exists no xo € D with f(zo) = 0.

Proof. Consider the set M := {z € [a,b] : f(x) < 0}. Then a € M and hence
M # (). Additionally M is bounded from above by b. The completeness axiom implies

xo = sup M exists. Now we show that f(x¢) = 0.

We assume that f(xg) < 0. By hypothesis, f is continuous; thus for ¢ := =feo) g,

there exists a 6 > 0 with § < b — xy and ’
f(z) = f(xo) < &, whenever x € (xg — 0,29+ J) N [a, b].
Therefore, f(z) < @ < 0 for all x € (xg — 0,29 + J) N [a, b] and, therefore,
(xg — 0,20 + &) N [a, b] C M.

Then zy + % € M in contradiction to the definition of x;.

We now assume that f(zg) > 0. Analogously to the above, the hypothesis f being

continuous implies that to ¢ := @ > () there exists a 6 > 0 with § < 9 — a and

flxo) — f(x) <e x € (xg — d,z0+ 0) N [a,b].
Therefore 0 < @ < f(z) for all z € (xo — 6,29 + ) N [a,b] and, therefore,
(xo — 6,20 +9) N [a,b] N M = 0.

This implies that xy — §/2 is an upper bound of M in contradiction to the definition

of xg. Summarizing, we have that f(zq) = 0.
U

1.10 Remarks.

a) Let f : [a,b] — R be a continuous function. Then f takes every value between f(a)
and f(b). In other words, let (without loss of generality) f(a) < ¢ < f(b). Then there
exists an xg € [a,b] with f(x¢) = c. Proof as exercise.

b) Every polynomial of odd degree with real coefficients has at least one root.

c¢) For all y > 0 there exists exactly one x € R with exp(z) = y. We denote x by
x :=logy

and call it the natural logarithm (natirlichen Logarithmus) of y.
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In order to see this property, observe that for n € N,

2

exp(n):1+n+%+'--21+n—>oo.

The functional equation of the exponential function implies that exp(—n) = Wl(n) —
0. Thus, there exists an Ny € N with exp(—Ny) < y < exp(Ny). Because exp :
[—No, No] — R is continuous (see Corollary , by the intermediate value theorem,
there exists an x € [— Ny, Ny|] with exp(z) = y.

In order to prove the uniqueness, we assume that there exists a z, x < z, with expx =
y = expz. The functional equation of the exponential function then implies that
exp(z) = exp(h) exp(x) for h = z — . Since h > 0 and

exph=1+h+...>1

we get exp(x) < exp(z). This is a contradiction.

The function log : (0,00) — R is called logarithm function.

As a further application of the intermediate value theorem, we now consider the image
of an interval under a continuous function. Here the following subsets of R are called
intervals (Intervalle):

(a,b) == {xeR:a<z<b}

[a,b) = {xe€eR:a<z<b}

(a,b] == {reR:a<x<b}

la,b] = {reR:a<z<0b}
(—o0,b) = {xeR:z<b}
(—o0,b] = {reR:z<b}

(a,00) = {xeR:x>a}

[a,00) = {xe€eR:z>a}
(—o0,00) = R

1.11 Theorem. (Continuous Images of Intervals)  Let I be an interval and f : I — R
be a continuous function. Then f(I) is an interval.

Proof. First let I = [a, b] be a closed and bounded interval.

We first show that f(I) is bounded: Assume f(I) is not bounded. Then there exists
a sequence (y,), of elements of f(I) such that |y,| > n for all n € N. On the other
hand, there exists a sequence (z,), in I with f(z,) = y, for all n € N. The sequence
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(@n)n is bounded since I is bounded by assumption. By Bolzano-Weierstra8, (x,,), has

therefore a convergent subsequence (z,, ), with z,, % a0 € [a,b]. By the continuity

k—o0

of f, we have f(z,,) — f(zo). On the other hand, we have |f(z,,)| > n, and this
is a contradiction.

Next we show that f(I) is closed: Since f(I) is bounded, inf f(I) and sup f(I) exist
(as finite numbers). We show that infimum and supremum are in fact minimum and
maximum, respectively, and we carry out the proof for the maximum.

By the characterisation of the supremum we know that there exists a sequence (z,),
in I such that f(z,) ™= sup f(I), and again by Bolzano-Weierstra8, this sequence
has a convergent subsequence (x,, )r, and its limit p is contained in I, because we

assumed [ to be closed. By continuity, we have f(x,,) ooy f(p) and because the limit
of a sequence is unique, this implies f(p) = sup f(I), whence sup f(I) is an element of
f(I). Analogously, we can show that there exists ¢ € [a,b] with f(q) = inf f(I).

By the intermediate value theorem, we can infer that f takes any value between f(q)
and f(p) on I, hence f(I) = [f(p), f(q)] is an interval.

Next let I be a bounded and open interval, i.e. I is of the form I = (a,b). Then we
can express I as the following infinite union.

I= |J [la+1/nb—1/n]
neN
1/n<(b—a)/2

By the argument above, each f([a + 1/n,b — 1/n]) is an interval, and hence

see ex. T 4.1
O U lat/nb—1/n) "% U fla+1/nb-1/n)
neN neN
1/n<(b—a)/2 1/n<(b—a)/2
is an ascending union of intervals, which is again an interval.

If the interval is of the form [a,b) or (a,b] or unbounded in one or both directions,
we can apply essentially the same argument and express the interval as an ascending
union of closed and bounded intervals.

Below we give a list of possible representations for the remaining forms of I.

[a,b) =Ula,b—1/n]  [a,00) = U[a,n] (—00,b] = U(—n, ]
Ea, b = L)J[ﬁa[l/n,b]] (a,00) =Ula + 1/n,n] (—o0,b) =J[-n,b—1/n]

Our next task is to check the continuity of the inverse function of a given continuous
function (so long as it exists). We introduce the following concepts:
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1.12 Definition. A function f: D C R — R is called
(monotone) increasing, if v,y € D,x <y = f(x) < f(y)
strictly (monotone) increasing, if x,y € D,x <y = f(z) < f(y)
(monotone) decreasing, if v,y € D,x <y = f(z) > f(y)

strictly (monotone) decreasing, if z,y € D,x <y = f(x) > f(y)
monotone, if f is increasing or decreasing.

strictly monotone, if f is strictly increasing or strictly decreasing.

At this point we recall the definition of injectivity: A function f: D C R — R is called
injective (injektiv), if f(x1) = f(xe) = x1 = x9. A strictly monotone function f: D C
R — R is injective and it is possible to define the inverse function (Umkehrfunktion)
f7t: f(D) — D via the following:

fHfD) = D, fHy) =2 =y = f(a).

The graph of f~! is simply the reflection of the graph of f around the line z = v, i.e.

graph(f ") ={(y, f'(v)) :y € f1(D)} ={(f(2),2) : = € D}.

We now consider the question whether or not the inverse function of a continuous
function is also continuous.

1.13 Theorem. Let I be an interval and f : I — R be a continuous, strictly
monotone function. Then the inverse function f~': f(I) — R is continuous.

Proof. W.l.o.g. let f be strictly increasing. We divide the proof into three steps:

1) By Theorem [1.11} f(I) =: J is an interval. We set g := f~':J — I.

2) The function g is strictly increasing: If s; < s5 in J then g(s1) < g(s2). Otherwise
g(s1) > g(s2) and the monotonicity of f would give

s1= f(g(s1)) > f(g(s2)) = s2 — a contradiction.

3) The inverse function g is continuous:

Consider first the case of a closed bounded interval [ := [a,b]. Then by the proof
of Theorem [1.11} f(I) =: J is a closed bounded interval. Now assume that g¢ is
discontinuous at sy € J. Then there exists an g9 > 0 and a sequence (s,), C J with

1
|sn — So| < - and |g(s,) — g(sp)] > o for all n € N.
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Set t, := g(sn) € [a,b]. By the theorem of Bolzano-Weierstrafl the sequence (t,,),, con-

tains a convergent subsequence (t,, Jxen With limit ¢y € [a,b]. Because f is continuous,
k—o0

it follows that f(t,, ) — f(to).

On the other hand, f(t,,) = s,
so = f(tp). Therefore,

. ooy so and the uniqueness of the limit implies that

k—o0

g<8nk) =ln, — to = g<50)
in contradiction to the above property of the sequence (g(s,))n.

Next let I = (a,b) be an open bounded interval and s, € J arbitrary. Then to
g(so) =: tg € (a,b) one can find a closed bounded interval [c,d] C (a,b) with ¢y € (¢, d).
Thus, by the [a,b]-case, the continuity of g in sy, hence on J. As in the proof of
Theorem the remaining cases of intervals can be reduced to the above two cases.

O

We conclude this chapter with some examples.

1.14 Examples. a) For n € N, the n-th root function
f:]0,00) = [0,00), z+— Jx
is continuous and strictly increasing. To see this, consider the function
g:10,00) — [0,00), 1"
Then ¢ is continuous and strictly monotone, because for 0 < s < ¢, we have
g(t) = gls) = t" = 5" = " (1= (5)") > 0.

The claim then follows from [[.13l

b) The exponential function exp : R — R is strictly increasing. We repeat the argument
from Remark c). Because we have e*™ = ehe® for all z € R and h > 0, the strict
monotonicity of the exponential function follows from the estimate

h2
eh:1+h+§+...>1, h > 0.
Furthermore, the exponential function exp : R — (0, 00) is continuous by Corollary|[L.8]
The above theorem about inverse functions then states that the logarithm function
log : (0,00) — R,z — logz ,which was defined in ¢) as the inverse function of the
exponential function, is continuous as well.

c) For x > 0 and o € R, we define the general power by

% := exp(alog z).
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Then, the two functions

fo : R=R, f.(a):
ga : (0,00) = R, go(x):=

¢ for fixed z > 0 and
¢ for fixed o € R

are continuous.

At this point, we note that the above definition extends the previous definition of
powers with rational exponents from Remark II1[1.14] to arbitrary exponents « € R.
To see this, for given x > 0 and a = § € Q,p € Z,q € N, we deduce from the
uniqueness of the root that

o (loga) = (exp<1°§ x))p ~ (Vexpllogm)’ = (V27"

d) If f: D C R — R is continuous and strictly monotone, then f~! is not continuous in
general if D is not an interval. Consider for example the function f: D = [0,1) U {2},

given by
[z, forxzel01)
fz) = { 1, for x = 2.

Then f is continuous and strictly monotone, but f=!: f(D) = [0,1] — R, given by

1,y Jy forye0,1)
/ <y)_{2, fory=1

is not continuous at y = 1.
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2 Basics of Topology
We begin this section with the concept of vector spaces, which play an important role
in modern analysis. Throughout the section we let the scalar field be K = R or K = C.

We start by recalling the definition of a vector space, as known from linear algebra.

2.1 Definition. A wvector space (Vektorraum) over K, or a K-VS is a triple (V, +, )
consisting of a set V # ), an addition + : V. xV — V| (u,v) — u+ v, and a
multiplication by scalars - : KxV — V| (A, v) — X-wv, are defined in accordance with
the following rules:

(VR1) (V,+) is an abelian group
(VR2) Distributivity:
Ao+ w) = M+ \w, A+pv=+upuv, \NpekK, vweV
(VR3) A« (uv) = (M) -v, 1-v=wv, ANpeK veV
The vector space is called real if K =R, and complex if K=C.
The elements of V' are called vectors (Vektoren), while the elements of K are called

scalars (Skalare). More information about the concept of vector spaces will be given
in the Linear Algebra lectures.

2.2 Examples.
a) Let n € N, z = (21,29, -+ ,x,) € K" and y = (y1,¥2,...,yn) € K". Then K" is a
K-VS equipped with

Ty = <x1+y17”'7$n+yn)
Aex = (Azq, -0, Azy,), AeEK

In particular, R™ and C" are vector spaces.

b) Let X be a set. Then VX :={f: X — V' : fis amap} is a vector space with

(f+9)@): = fla)+g(x), v€X
(Af)@): = M(z), z€X, AeK
c) The set ¢o := {(zn)n>1 C K : (z,) is a null sequence} is a K-vector space with

coordinate-wise addition and scalar multiplication

(xn>n + (yn)n L= (33'1 + Y1, T2 + Yo, - ) = (xn + yn)n7
Mzp)n: = Az, Axe, -+ ) = (Azp)n -

This follows from the calculation rules for convergent sequences.
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We now want to equip the vector space R™ with a FEuclidean structure and, therefore,
introduce the idea of a distance between two elements z,y € R"”. We call

o =yl = d(w,y) = V(@ =)+ (00— yn)?
the Fuclidean distance (euklidischer Abstand) between z and y. In particular, the
Euclidean distance of z to the origin is |z| = d(x,0) = /> 2?. We sometimes write
i=1

||lx — y|| instead of |x — y|. We call
By(z):={yeR":d(y,z)=|ly—z|<r}, zeR" r>0,
the open ball (offene Kugel) with center x and radius v with respect to d.

In the following, we transfer the concept of convergence for sequences and series of real
numbers, which we introduced earlier, to sequences and series in the Euclidean space
R™. For this, it proves useful to introduce some basic topological concepts for subsets
of R™. These concepts are mostly due to FELIX HAUSDORFF.

2.3 Definition. a) A subset U C R" is called a neighborhood (Umgebung) of x € R™,
if there exists an ¢ > 0 with B.(x) C U. The set B.(z) is also called an e-neighborhood
of x.

b) A set A C R™ is called open (offen), if for every = € A there exists an £ > 0 such
that B.(z) C A.

Examples. Let a,b € R with a < b. Then:
a) The set U = (a,b) is open. In fact, let x € (a,b); set € := min(|a — z|, |b — z|), then
B.(z) C (a,b).

b) The intervals (a,00) and (—oo, a) are both open.
¢) The inverval [a,b] is not open, since B.(a) Z [a,b] for every £ > 0.

d) B.(x) is an open subset of R™. (Exercise).

2.4 Definition. A set A C R is called closed (abgeschlossen), if R™\ A is open in
R". Here, R"\A:={z e R": = & A}.

Examples. Let a,b € R with a < b. Then:
a) (a,b) is not closed in R,

b) [a,b] is closed in R,

¢) [0,1) is not open and not closed in R,

d) @ given by @ = {(x1, - z,) € R": a; < z; < b;, 1 <i < n} where a;,b; € R with
a; < b; is closed in R™.
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In the following two theorems, we examine unions and intersections of open respectively
closed sets.

2.5 Theorem. The following statements hold:

a) The empty set O and also R™ are open in R™. (Thus the property open is not a
negation of the property closed.)

b) Let O, C R", a € I be open sets. Then |J O, is open in R™, i.e. a union of
arbitrarily many open sets is open. o

c) Let Uy, Uy --- Uy be open sets. Then EV] U; is open in R™, i.e. a finite intersection
of open sets is open. -

Proof as exercise. The example of the open intervals (—1,1+ 1) = I, with [0,1] =

oo
() I, shows that in general, arbitrary intersections of open sets are not open.
n=1

2.6 Theorem. (analogous to Theorem [2.5])

a) The empty set O and R™ are closed.

b) Intersections of arbitrarily many closed sets are closed.
¢) Finite unions of closed sets are closed.

The proof follows from Theorem [2.5| and de Morgan’s Rule. (Exercise).
Observe that the statement from Theorem 2.6 ¢) does not hold for arbitrary unions of

closed sets. In fact, B1(0)“ is closed for all n, but |J [B1(0)¢] = R™\ {0} is not closed.

In the following, we continue to introduce basic topological concepts.

2.7 Definition. a) Let A C R™ and # € R". Then z is called a boundary point

(Randpunkt) of A, if every neighborhood U of = contains both a point from A and
from R™\ A.

b) The set
0A :={x € R" : z is a boundary point of A}

is called the boundary (Rand) of A and
A= A\0A

is called the interior (Inneres) of A. An clement a € A is called an interior point
(innerer Punkt) of A.
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c¢) Additionally, z € R™ is called an accumulation point (Haufungspunkt) of A C R™, if
every neighborhood of x contains infinitely many elements of A.

d) We call
A:={r€R":2 € A or zisan accumulation point of A}

the closure (Abschlufs) of A.

e) Finally, A C R" is called bounded (beschrdinkt), if there exists an z € R™ and an
r >0 with A C B,(z).

As an example, we consider the closed unit ball A = {z € R" : |z[ < 1}. Its interior
is the open unit ball A = {z € R" : || < 1}, and its boundary is the unit sphere
0A={x eR": |z| =1}.

The following properties of open respectively closed sets often prove useful.

2.8 Remarks. (Interior, Boundary, Closure) Let M C R"™. Then:

2)
- Y

OCM, O open

is open. i.e. M is the largest open set that is contained in M.
b)
M=MUOM = N A
MCA, A closed

i.e. M is the smallest closed set in which M is contained.
c) OM = M () R\ M is closed.

2.9 Theorem. (Hausdorff’s Separation Axiom) Let x,y € R" with © # y. Then
there exist neighborhoods U, of x and U, of y with U, N U, = 0.

The proof is not difficult: set U, := U.(x),U, := U.(y) with ¢ := ‘x;”. We as-
sume that a z € R" exists with z € U, N U,. However, we then have 2¢ = |z — y| <
|z — z|+ ]z — y| < 2e. Contradiction!

S Y=

<e <e

After the analysis of the convergence of real or complex sequences (a;); in Chapter 2,
we now consider the convergence of sequences (a;); C R™.



64CHAPTER III. CONTINUOUS FUNCTIONS AND THE BASICS OF TOPOLOGY

2.10 Definition. Let (a;);en C R™ be a sequence. Then (a;); is called convergent to
(konvergent gegen) a € R™, if for each neighborhood U of a there exists an Ny € N
with a; € U for all 7 > Ny. In this case, we write lim a; = a.

Jj—0o0

The following result says that a sequence in R™ is convergent if an only if each of its
coordinate sequences converges.

2.11 Lemma. A sequence (a;j)jen C R" converges to a = (a1, az,--- ,a,) € R" if and
only if

lim a;; = a, l=1,---n,

j—o0

i.e. if and only if the [-th coordinate of a; converges to a; for alll =1,---n.

Proof. =: By assumption, there exists to each ¢ > 0 an Ny € N with [ja; — a|| =

(M |ar; — a|?)z < e for all j > Ny. Therefore |a;; — ai] < |la; — a| < & for all
=1

l:].,...,’n,, ] ZN(]

<=: For ¢ > 0 there exists an N; € N with |a;; — /| < \/iﬁ for all 7 > N;. Thus, for

Jj > No:=max(Ny,---, N,)

3

n 2
1 1
la; —al = (E |ai; — a]?)2 < (=n)z =,
=1

n

O

2.12 Definition. A sequence (a;); C R™ is called a Cauchy sequence (Cauchyfolge), if
for all € > 0 there exists an Ny € N with

lla, —aml <&, n,m > N.

The following theorem about the convergence of Cauchy sequences in R™ again
relies ultimately on the the completeness of the real numbers.

2.13 Theorem. In R" every Cauchy sequence is convergent.

Proof. Let (a;); C R™ with a; = (a1;,a24,---an;), 7 € N, be a Cauchy sequence in
R™. Since .
1
|a1/,€_a1/,m| < (Z|au,€_au,m|2)2a V= 17"'”7
v=1

every coordinate (a, ;);>1 of (a;); is a Cauchy sequence in R. Because R is complete,
(ayj);>1 converges for each v =1,--- ,n. Lemma now implies the assertion.
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g

The following theorem describes closedness of a set in terms of convergent sequences.

2.14 Theorem. (Characterization of closed sets via sequences)  Let A C R". Then
A is closed if and only if for every sequence (a;); C A with lim a; = a € R™ it holds
j—00

that a € A.

Proof. =>: Let a; € A for all j € N with jli_)r(rgo a; = a € R". We assume that a ¢ A,
i.e. that a € R\ A. Because A°:= R™\ A is open, A°is a neighborhood of a. By the
definition of convergence (see there exists an Ny € N with a; € A¢ for all j > N,.
Contradiction!

<=: We again assume that the assertion is false, i.e. that A€ is not open. Then there
exists an a € R™\ A such that for all ¢ > 0 the neighborhood U, (a) is not contained in

R™\A, i.e. U.(a)NA# (. For j € Nnow choose a; € Ur(a)NA. Then lim a; = a ¢ A.
J j—o0

Contradiction!
O
For a set M C R™ we define its diameter diam M as

diam M :=sup{||z —y|| : x,y € M }.

Then we have the following theorem.

2.15 Theorem. Let (A;);>0 be a sequence of non-empty, closed subsets of R™ with

Ay DA DAY D -+

and lim diam (A;) = 0. Then there exists exactly one v € R™ with x € (] A;.

Jj—00 j=0

Proof. We begin with the existence of an element x with the desired properties. Here,
choose for each j € N an z; € A;. Then for given € > 0 there exists an N € N with

||z; — xx|| < diam (Ay) < e, j, k> N.

Therefore, (z;); is a Cauchy sequence in R" and Theorem implies that (x;);
converges to some x € R". Because z; € A, for j > k and Ay is closed, it follows from
Theorem that x € Ay for all k € N. The uniqueness is clear.

U

Finally, we extend the definition of continuity of real functions of one varible to those
of n real variables.
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2.16 Definition. Let M C R" and f : M — R be a function. Then f is called
continuous (stetig) at xy € M, if for every sequence (x;); C M with lim x; = =,

Jj—00
there holds that lim f(x;) = f(xo). If f is continuous for all 2y € M, then f is called
j—00

continuous.

Analogously to Theorem 1.2 one shows: f: M — R is continuous at xy € M if to each
e > 0 there exists a § > 0 (which depends upon ¢ and () such that

|f(x) = f(zo)| <e forall x € M, |z — x| <.

If f:R" — R we can thus reformulate its continuity property at o € R" in the form:
f:R™ — R is continuous at xg € R™ if and only if for every neighborhood V' of f(x¢)
in R (in particular for V.(f(zo) C R) there exists a neighborhood U of 2, € R™ (in
particular Us(zg) C R"™) with f(U) C V.

For the following theorem, which is a fundamental characterization of continuous func-
tions, we need the notion of a pre-image. Let f:R"™ — R and B C R. Then

fY(B) :={x €eR": f(x) € B}

is called pre-image of B w.r.t. f or inverse image of B under the function f.

2.17 Theorem. For a function f : R™ — R the following are equivalent:
i) f is continuous.

i) f71(O) is open in R™ for every open set O in R, i.e. pre-images of open sets are
open.

iii) f~1(A) is closed in R™ for every closed set A in R, i.e. pre-images of closed sets
are closed.

Proof. i) = ii): Let O C R be open. If f~1(O) = 0, then the assertion follows
from Theorem a). Let f~1(O) # (). Because f is continuous, there exists to each
x € f~1(O) an open neighborhood U, C R™ of z with f(U,) C O, i.e. x € U, C f~}O)
for all € f~1(O). Therefore

U Ux:f_1(0)7
)

zef~1(O

and then, by Theorem , f7YO) is open as a union of open sets.

ii) < iii): A C R is closed if and only if A° is open in R. Since f~1(A°) = (f~1(A))°
we have f~1(A) is closed if and only if (f~'(A))¢ is open in R™.

ii) = i): Let x € R™ and V be an open neighborhood of f(z) in R. By the definition
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of an open neighborhood, there exists an ¢ > 0 such that V.(f(x)) C V. Then by
assumption U := f~Y(V.(f(z))) is open in R". Since z € U there exists some § > 0
such that Us(x) C U, ie., f(Us(x)) C Vo(f(x)) and f is continuous at = € R™.

U

Before we now consider examples with the aim to exemplify the statement of the
above theorem, we remark that Theorem implies that a function f : R” — R is
continuous iff inverse images of open sets are open, or alternatively iff inverse images
of closed sets are closed.

2.18 Examples.
a) Let f: R" — R be a continuous function and y € R. Then f~!(y) is closed in R".
This is obvious, since {y} is closed in R.

b) Let f: R™ — R be a continuous function. Then
{z eR": f(z) <r} isclosed and {x € R": f(z) < r} is open.

This is clear, since {x € R" : f(z) < r} = f~!((—o0,7]) and (—o0, 7] is closed, resp.
{z eR": f(x) <r}=f"Y(—o0,7)) and (—o0,r) is open.

¢) The closed n-dimensional unit cube
Q={reR":0<z;<1,1<j5<n}
is closed in R". In fact, the projection p; : R* — R, (xy---z,) — x; on the j-th

coordinate is continuous. Because

v

:ﬁ reR": )<1}mixeR":pj(x)20})

~~
closed by (iii) closed by (iii)

and finite intersections of closed sets are closed (Satz [2.5)), the assertion follows from
Theorem 2.17
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d) Continuous images of open sets are, in general, not open:

Consider the interval O = (—1,1) and the continuous function f : R — R, z + 2.
Then f(O) = [0,1) which is not open in R.

Continuous images of closed sets are, in general, not closed:

Consider the set A := {(z,y) € R? : zy = 1} C R? and the continuous function
f:R?* - R, (z,y) — xy. Then A= f~1({1}) and by statment (iii) A is closed in R2.
Now p; : R? - R, (z,y) — z is continuous, but p;(A) =R\ {0} is not closed.
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3 Compactness

The notion of compactness is of central importance in analysis. In particular, impor-
tant existence statements of analysis depend on properties of continuous functions on
compact sets. Exemplary, we mention the fact that a real-valued function on a compact
set attains a minimum and a maximum value.

We define the concept of compactness of a subset of R” by means of open covers
and we show that this definition is equivalent to the later introduced ‘compactness by
sequences’. Furthermore, the Theorem of Heine-Borel states that a subset of R" is
compact iff it is closed and bounded.

The reason to introduce compactness via open covers is that this concept can be
straightforwardly generalized to normed and metric spaces to be defined in Analysis
[T, while the characterisation of Heine-Borel only works in finite dimensions.

In this section, K is always a compact subset of R". We start with the definitions
of ‘open cover’ and compactness.

3.1 Definition.

a) Let I be an index set. Then (O;)e; is called an open cover (offene Uberdeckung)
of K, if O; are open sets for all © € I and

KclJo.
iel
b) The set K C R" is called compact (kompakt), if every open cover (O;);e; of K
contains a finite subcover, i.e. if there exist i1, --- , 1y with

N
KclJo,.

=1

3.2 Examples.

a) The set of real numbers R is not compact, because R C | J (—n,n).
neN

b) The interval (0, 1] is not compact in R, because (0,1] C |J (%, 2).
Jjz1
c) Let (a;) be a convergent sequence in R™ with lim a; = a. Then

j—00
K = {a;,j € N} U{a}

is compact. To see this, let (O;);c; be an open cover of K. Then there exists j € [
with a € O,. Since O; is a neighborhood of a, there exists Ny € N with z,, € O, for all
n > Ny. Choose now ig, - - ,in, such that z, € O;,,n=1---Ny. Then

No
Kc(|J0o,)uo;.
n=0
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d) The statement of ¢) does not hold in general, if we remove a from K. To realize
this, consider the sequence (1/n), and let

1
M={=:jeN}CR,

J
1
01:(5,2), and
1 1
O;=(——,——) for j > 2.
Then we have
MCUOj

Jjz1

and each O; contains exactly one element of M. Therefore, the open cover (O;);en
does not contain a finite subcover.

3.3 Theorem. Let K C R" be a compact set. Then K is closed and bounded.

Proof. First we show that K is bounded: Let x € R™ be arbitrary, then fixed. Then
R™ = |J Bi(x) and since K is assumed to be compact, there exists N € N with

K C By, (2)

j=1
For R := max{ky,--- ,kn}, we have K C Bg(x), therefore, K is bounded.

Next we show that K is closed or, equivalently, that R™\K is open: To this end
consider z € R™\K and set U, := {y € R": ||ly — z|| > 1}. Then U, is open and

K cR\{z} = U..
n=1
Since K is compact, there exists N € N with K C U Up,. For R :=max{n,---,nx},

we have B1 ( ) C R"\ K, i.e. R"\K is open, and therefore K is closed.
0J

3.4 Lemma. Let A C K C R", where A is closed and K is compact. Then A 1is
compact.
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Proof.  Let (O;);e; be an open cover of A. By assumption R™\ A is open and
K CcR"=|JO;URMA.
icl

Since K is compact, there exists a finite subcover of K, i.e., there exist 71, -+ ,iy € [
with
K C (O“ U--- O'LN) UR”\A.

Therefore A C O;, U---O,,.

3.5 Theorem. (Heine-Borel)
A set K C R"™ is compact if and only if K is closed and bounded.

Proof. =>: This is Theorem [3.3

<=: Conversely, let K be closed and bounded. Then K is contained in a cuboid of
the form:
Q:{(xh”' 7In> e]:Rn:al le Sbla l:]-))n}

with a;,b; € R,a; < b;. If we can show that () is compact, the assertion follows from
Lemma (3.4, This, however, is exactly the statement of the following lemma.

3.6 Lemma. Let Q C R" be as above. Then Q) is compact.

Proof. Let (O;);cr be an open cover of (). We assume that there does not exist an open
subcover of (). Now we construct a sequence of closed sub-cuboids

QoD0Q1DQ2D ...

with the properties
i) each @,, has no finite subcover
ii) diam (@,,) = 27" diam (Q)

by the following procedure: Set Q)9 = () and assume @), is already constructed. Then
Qum =11 x I x --+ x I, where I; C R are closed intervals. Now halve I, I, = I} U I}
and set

Sheotn = [P X e x I s, =12,

Q _ S1yeeny Sn
m T m .

Since (), does not have a finite subcover and is represented by a finite union of sub-

Then
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cuboids, there must exist at least one sub-cuboid Q! **» which has not a finite subcover.
We denote this by @Q,,+1. Then

diam(Q 1) = % diam(Q,,) = 27! diam(Q)

and therefore ),,, 11 has properties i) and ii). By Theorem there exists exactly one

a with a € (| Q. Additionally, since (O;);es is a cover of @, a is an element of O;,
m>1
for some ig. Since O;, is open there exists some ¢ > 0 such that B.(a) C O;,. Choose

now m so big that diam @, < 5. Since a € @Q,,, we have
Qm C B:(a) C Oy,

in contradiction to property 1).
[

The notion of compactness, in particular the Theorem of Heine-Borel, has many impor-
tant consequences in analysis. First of all, we consider basic properties of continuous
images of compact sets.

3.7 Theorem. Let f: D C R" — R be a continuous map. If K C D is compact,
then f(K) C R is also compact. In other words: Continuous images of compact sets
are compact.

Proof. Let (O;);cr be an open cover of f(K). For any point € K we have f(x) € O,
for some i € I. Since O, is open, there exists an open interval BEX(f(z)) C O;,, where
BE(f(z)) :={s € R:|s—f(z)| < €}, for some € = &(f(x)) > 0. By the continuity of f
there exists some § = §(e, z) > 0 such that f(BY (z)ND) C BX(f(x)); here B (z) :=
{y e R": |ly — z|| < 6}. Clearly, K C |J,cx BY (z). Since K is compact, there are
finitely many x; such that K C U;VZI By (x;) and f(By" (x;)ND) C BE(f(x;)) C Oy .
Hence f(K) C Ujvzl O, -

0J

The following corollary is a direct consequence of Theorem [3.7] and Theorem [3.3]

3.8 Corollary. Let f : D C R* — R be continuous and K C D a compact set.
Then f(K) is bounded, i.e. there exists M > 0 with |f(x)| < M for all x € K.

In fact, f(K) is compact by the above Theorem [3.7 and Theorem [3.3|implies that f(K)

is bounded.

3.9 Theorem. (Minimum and Maximum). Let f : K C R" — R be a continuous
function and K compact. Then the function f has a maximum and a minimum, i.e.
there exist xo,x1 € K with

flwo) = min f(z) and f(1) = max f(z).

zeK
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The proof is as follows: By Theorem f(K) is compact and, therefore, by Theorem
B.3 closed and bounded. Thus

m :=inf f(K) > —oo and M :=sup f(K) < oo.

Then there exist sequences (y;);, (2;); C f(K) with y; — m and z; — M. Since f(K)
is closed, it follows from Theorem that m and M are in f(K). Therefore, there
exist xg, x; € K with f(xg) =m and f(x;) = M.

O

The above theorem implies that a closed set and a compact set whose intersection is
empty always have a strictly positive distance.
Here the distance between two sets is defined as follows:

Let My, M, C R™ and x € R". Then
d(x, My) .= inf{||lz —y|| : y € My}
is called the distance (Abstand) of x from M; and
d(My, M) :=inf{||x —y|| : v € My,y € M}

is the distance between the two sets M, and M.

3.10 Corollary.
Let A C R™ be closed and K C R™ a compact set with AN K = (. Then d(A, K) > 0.

Proof. The function d(-, A) : R® — R, x — d(x, A) is continuous (Exercise) and K
is compact by assumption. By Theorem there exists an zg € K with d(zg, A) =
d(K,A). If we had d(zo, A) = 0, there would exist a sequence (a;); C A with a; — .
A being closed implies that zy € A, i.e., xy € AN K in contradiction to AN K = ().
U

3.11 Theorem. (Sequential compactness)  For a set K C R" the following state-
ments are equivalent:

i) K is compact. (cover compactness)

i1) Every sequence in K has a subsequence that converges to an element a € K.
(sequential compactness)

Proof. (i) = (ii) : We assume that the assertion is false. Then there exists a sequence
(an)nen € K that does not have any convergent subsequence with limit in K. Therefore,
for every x € K there exists a neighborhood U, of x that contains only finitely many
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terms of the sequence. Since clearly K C |J U, and K is compact, there exists
zeK
a finite subcover of K. Then K contains only finitely many terms of the sequence.

Contradiction!

(ii) = (i) : By assumption K is bounded, because otherwise, there would exist a
sequence (a;); C K with |a;| > j for all j € N, which would then, however, contain no
convergent subsequences.
By the Theorem of Heine-Borel we now only have to show that K is closed. Here, let
(a;); C K be a sequence with lim; ., a; = a € R". By assumption, there exists a
subsequence (a;,)ieny with lim; . a;, = ¢’ € K. From the uniqueness of the limit, it
follows that a = @’ and therefore a € K. Theorem implies that K is closed. By
the above it is also bounded, therefore, by the Theorem of Heine-Borel K is compact.
O

We now consider the concept of uniform continuity of a function defined on a set
M C R"™. The continuity of the function f: M C R®™ — R at a point zyp € M means
the following:

(Ve >0) (36 =d(c,20) > 0) (Vo € M, ||z — zo|] < 8) | f(x) — flmo)] < &.

Here, § depends on ¢ and ! xq. If we can choose  independent of xg, then f is called
uniformly continuous on M.

3.12 Definition. Let f: M C R" — R be a function. Then f is called uniformly
continuous (gleichmdssig stetig), if to each € > 0 there exists a (universal) d(¢) > 0
with

nyeM, [lz—yll<d = |f(zx)-[flyl<e

or in short notation

(Ve >0) (36> 0) (Vay € M,|le—yll <8) |f(2) )] <.

We easily verify that f : (0,1) — R, z — 1/x, is continuous, but not uniformly
continuous. However, f : [0,00) — [0,00), x — +/x, is uniformly continuous.

The following theorem says that a continuous function on a compact set is uniformly
continuous.

3.13 Theorem.

Let f : K C R* — R be a continuous function and K a compact set. Then f is
uniformly continuous, i.e., continuous functions on compact sets are uniformly contin-
Uous.
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Proof. Let € > 0. The continuity of f says that for all y € K, there exists a radius
r(y) > 0 with

f(y) — f(2)| < g it z€ B, (y)NK.

Since K C | B%y(y) and K is compact, there exist finitely many v, --- ,y, with
yeK

N
K C | Brui (y))-
j=1

Let § := s min(r(y1), -+ ,7(yn)) and z, 2’ € K with ||z — 2’|| < §. Then there exists a
je{l---N} with € Bry; (y;) and 2’ € B,, (y;) and
2 -

(@) = F@)] < |f () = Fu)| + ;) — )] < e

~ —~

£ £
<3 <3

g

The extension of a given continuous function f : M C R" — C to a continuous
function on M is closely related to the concept of uniform continuity. More precisely,
let zg € R"\M be an accumulation point of M. We want to examine the question
under which circumstances there exists a continuous extension of f to M U {x¢}.

At first, we introduce the concept of limit of a function (as opposed to sequence).

3.14 Definition. A function f : M C R" — C has a limit @ in the accumulation
point zq of M, if for each sequence (z;); C M\{xo} with z; — x¢, we have

lim f(z;) = a.

o0
In this case, we also say that f(x) converges to a for z; — zy, and we write

lim f(x)=a or f(z)—a for x— x.

T—T0

If 20 € M and f is continuous at xg, then the value of the function at xg is equal to
the limit, i.e. we have lim, .., f(x) = f(xo). Furthermore, we call the function

F:MU{z} — R,

Yo X =To
a continuous extension if lim, ., f(z) = yo exists.

For the special case M C R, we furthermore define the limit from the left (links-
seitiger Grenzwert) of f in zg to be g, in symbols

lim f(z) = yo (or in short  lim f(z) := yo),

x—x0—0 T—x0—
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if for all sequences (x;); C M N (=00, zo) with x; — x, we have lim; ., f(z;) = yo.
Analogously, we call

lim f(z):= lim f(x):= yo,

r—x0+0 r—xo+

the limit from the right (rechtsseitiger Grenzwert) of f in zy, if for all sequences (z;); C
M N (xp,00) with x; — xo, we have lim; . f(z;) = yo.

If M C R is not bounded from above and we are given a function f : M — C, we call
a € C the limit of f in oo, if for each € > 0 there exists Ny € N such that

|f(z) —a| <e forall x € M with z > Nj.

Analogously, one defines the limit in —oo.

3.15 Examples.
a) Let M =R\{1} and f : M — R be defined by f(z) = £=L. Then

, ot —1
)= =

because =L =1+ + 22 +--- 2" L.
b)

-1

lim &= — 1,
z—0 z
because , ,
ef—1 z+5+5+-- 14 z +z2+z3+
z z I B TR

Therefore |[<=1 — 1| < [Z[(1+ [z] + [*] +...) = 2(1|j‘|2|) — 0 for z — 0 if |2] < 1.
(geometric sum)
¢) The limit

.o

lim —

A o
does not exist: Define the function

1 x>0
fR\{0} - R, xr—>{_1 <0

Then the limit from the left lim, .o = —1 does not coincide with the limit from the

right lim, oy = 1.

The following theorem characterizes when a function can be continuously extended
in terms of uniform continuity:.
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3.16 Theorem. Let M C R be a bounded set and f: M — R be a function. Then
the following are equivalent:

i) There exists a unique continuous extension F': M C R — R of f on M, i.e.
F(z) = f(x) forx e M.

it) f is uniformly continuous.

Proof. (i) = (ii) : Because M is bounded and closed, it is compact by the Heine-
Borel Theorem, and the claim follows from Theorem 3.13.

(ii) = (i) : See the Exercises.
g
To conclude this section, we consider a function g (see below) constructed via the
so-called ‘saw tooth function’ f, which is defined by

fiR—R, f(z)=

x—[x]—§ :

|
Clearly f is continuous on R. Now define

9101~ R, () = 7(0),

which as a composition of two continuous functions is continuous on (0, 1]. But g is
not uniformly continuous since

1 1
9~ 9G 3T

)= f(n) = f(n+1/2) =1/2, neN.

Therefore, by the above theorem, we cannot extend g continuously to the closed interval
[0, 1]; in particular the limit lim, o, g(z) does not exist.
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4 The exponential function and related functions

Central for this section is the exponential function, one of the most important functions
of all mathematics. With its help, we will firstly introduce the trigonometric functions
sine and cosine, and secondly we will examine the already known power and logarithm
functions more closely.

Many of the following definitions and arguments can be traced back directly to
LEONHARD EULER (1707-1783), one of the all-time greatest mathematicians. Born
in Basel in 1707, he enrolled at the university of Basel at the age of 13 where he was
a student of Johann Bernoulli. In 1727, he went to the Academy of St. Petersburg
where he was appointed a professorship in 1733. During this time, the academies were
the center of scientific research, and Euler spent his whole life at the academies of St.
Petersburg and Berlin (1741-1766).

Euler was most influential in mathematics through his textbooks. His “ Introductio
n analysin infinitorum” of 1748 paved the way for analysis as a branch of mathematics
on a par with geometry and algebra. Our contemporary mathematical notation is due
to Euler in great parts.

Before we — following Euler — define sine and cosine as power series, we recall the
exponential series, already known from Chapter [II]

z = = Sk =1 G C
e expz; T +z+ 5 +..., ze(,

with infinite radius of convergence. The power series of sine and cosine, which we will
examine thoroughly in the following, have a close relationship to the exponential series.
Here it is essential to work with complex numbers. Only then the connection between
the exponential and the trigonometric functions becomes fully apparent. Retrospec-
tively, from considering the trigonometric functions, we will also gain new insights
concerning the exponential function; e.g. that the exponential function is periodic
with a complex period.

4.1 Definition. The sine series and cosine series are defined as

‘ o . 22n+1 23 25

sinz = ZO<—1)m_Z—§+E—, ZE(C,
e N Z2n 22 24

cosz = Z%(—l) (271)!:1—5—1—1—..., z e C.

These series have the following elementary properties:

4.2 Theorem. a) The sine and cosine series have an infinite radius of convergence.
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b) Euler’s formula
e =cosz+1isinz, z¢€C.

holds.

c¢) The functions z — sin z and z — cos z are continuous on C.

The claim about the radius of convergence follows from the Cauchy-Hadamard formula
1 Euler’s formula is a direct consequence of the presentation

2n+1

eizzz(“’) - +Z 2n+1 ; =cosz+isinz, zeC.

n!
n=0 n=0 n=

The continuity of z — sin z and z — cos z follows from Theorem [1.7]
Further properties of sine and cosine can be deduced directly from the definition like-

wise.

4.3 Corollary. a) The cosine function cos : C — C, z + cosz is an even function,
and the sine function sin : C — C, z — sin z is an odd function, , i.e. we have

cosz = cos(—z) and sinz = —sin(—z), z¢€ C.
b) For all z € C we have
eiz + e—iz ) eiz _ e—iz
cosz = and sinz = ——, z € C.
i

¢) For x € R we have cosx = Re (e) and sinz = I'm (e'*).

d) For all x € R we have |e™| = 1.

The functional equation of the exponential function implies the addition theorems for
the sine and cosine functions which express how we can rewrite these functions applied
to sums of angles.

4.4 Theorem. (Angle sum and difference identities).  The following equations hold

for all z,w e C.

cos(z + w)

sin(z + w)

sin z — sinw

COS 2 — cosw

COs 2 cOs w F sin z sin w,

sin z cos w = cos z sin w,
Z—w

2cos(z—;w)sin( ) ),

w) sin(

Z—w
2

).

—2 sin(Z 5
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Proof. For all z,w € C, we have

coszcosw —sinzsinw = —[(e®4+e )" +e )+ (e —e ) (e — )]
_ Z1‘1:[€i(z+w) _i_efi(erw) +ei(z+w) _|_€fi(z+w)]
1. . )
_ 5[ez(z-i-w) + e—z(z—i—w)] _ COS(Z + w>.

by Corollary b). The proof of the remaining identities is similar and left to the
reader.
O

From the first of the above identities we infer (take z = w)

2

cos® z + sin z@cos(z—z) =cos0=1, zeC.

We write down this important relation explicitly in the following corollary.

4.5 Corollary. For all z € C we have

2

cos?z +sin?z = 1.

In the following we examine the exponential function specifically for real arguments.
The proof of the following properties is left to the reader as an exercise.

4.6 Theorem. The following statements hold:

a)e® <lifx<0ande* >1ifx>0.
b) The function exp : R — Ry 1is strictly monotone increasing.

¢) For each (fized) o € R we have

in other words, the exponential function grows faster for x — oo than every power x®.

d) For every a € R we have

xa

lim 2% * = lim — =0;

T—00 r—oo er

xT

in other words, e™* decreases faster than every power x®.
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Since the exponential function exp : R — (0,00) is continuous, surjective, and strictly
monotone increasing, by there exists an inverse function

log : (0,00) — R

of the exponential function. As in Chapter [[I} this function will be called logarithm
function. In particular, we have

logl=0 and loge=1.
Furthermore, the logarithm function has the properties
log(zy) = logz +logy, =,y € (0,00)
log(T) = logz —logy, =,y € (0,00).
Y
This follows directly from the functional equation of the exponential function, because

if we let a := logz and b := logy, we have x = ¢® and y = €’ and it follows that
xy = e - e’ = e®*?; hence log(xy) = logz + logy.

The exponential function also allows to define general powers a* for a > 0 and z € C
in accordance with the previous definition of powers, compare Example c).
If we define

af =e*% e C,a>0,

then we have the following calculation rules for z,w € C and a,b > 0:
a*a’ = a*™,  a"b" = (ab)®, z,w € C,
log(a®) = zloga, (a*)Y=a", z,y € R.

To prove the first rule observe a?a¥ = e?logaewloga — plztw)loga — ;(2+w)  The others
follow analogously.
We also verify that for each a > 0 there holds

logr

lim 0 and lim z%logx =0
z—o0 ¢ z—0+

In other words, the logarithm function grows slower than any (positive) power z® for
xr — o0, and its singularity at the origin is controlled by any (tiny) positive z-power.

Let us now discuss the sine and cosine functions for real arguments; in particular, we
are interested in their roots.

4.7 Lemma. For z € (0,2] we have:

3 2 IZ [L’4

L <sinz < d 1-Z < <1 n
Xr— — Sinxr X an _ — COS T _ — —.
6 2 Y

In particular, sinx > 0 for x € (0,2].
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Proof. For = € (0,2] we have

I S R B 23
Slnx:fﬁ—§+a—ﬁ+§—ﬁ+...>x—§,
>0 >0
because
" a2 7m”[(n—|—1)(n+2)—m2]>0
n! (n+2) (n+2)! ‘

On the other hand,

and this implies the proposition for the sine function. The estimate for cos is analogous.
O

We also note that the cosine is a strictly decreasing function on the interval [0, 2] : For,
if © > y, we have

cos T —cosy@—Qsin(x+y)sin($;y) <0, z,y€]l0,2].
>0 >0

We can now show that the cosine function has exactly one root in the interval [0, 2].

4.8. Theorem and definition of the number 7. The cosine function has exactly
one root xo in the interval [0,2]. We define

T = 2x.

Proof.  'We have cos(0) = 1 and the above Lemma 4.7 implies that
cos(2)<1—272~|—%=—§<0.

Because cos is continuous, the intermediate value theorem implies that cos has at least
one root zy in [0,2]. The uniqueness follows from the strict monotonicity of cos in
[0, 2].

!

The term 7 became popular through the textbook of Euler that was mentioned above,
and is possibly derived from the Greek word megtpepera for circumference. If we try
to compute m numerically, we obtain

m = 3.14159 26535 89793 23846 . . .
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With the following mnemonic these digits of m can be reproduced, if one assigns to
each single word the number of its letters:

“Sir, T send a rhyme excelling in sacred truth and rigid spelling numerical sprites
elucidate for me the lexicon’s dull weight”

4.9 Remark. A real number is called algebraic if it is a root of a non-trivial polynomial
with integer coefficients. For example, every rational number p/q is algebraic as a root
of the polynomial x +— gx — p. Real numbers which are not algebraic are called
transcendental. In particular, they are irrational.

Already in 1761, H. J. Lambert proved that 7 is irrational. The transcendence proof
of m was given 1882 by F. Lindemann. This theorem also decided the more than 2000
years old and still famous problem of squaring the circle: it is impossible to give a
ruler-and-compass construction of a square that has the same area as a given circle.

The above definition of the number 7 implies in particular that

T T
COS(§> =0 and s1n(§) =1
This identity holds because cos?(3) + sin*(3) = 1 implies firstly sin 2 = =+1, and the
positivity of the sine in (0, 2] then yields sin § = 1.

If we combine these formulas with Euler’s formula of Theorem [4.2/b),we obtain e™/2 =
cos(m/2) + isin(m/2) = i. More generally we have the following table of values of
cosz,sinz and e :

T 0 % T %71’
cosx|1|0|-=11] 0
sinz | 0|1 0 | —1

e 12| —-1| —

If we combine the above function values with the functional equation of the exponential
function, we can deduce the important periodicity of the exponential function.

4.10 Theorem. For all z € C and n € Z we have

z+i%7r o zm z+2inm z

e e*i",  and wn particular e =e”.

This means that the exponential function has the purely imaginary period 2.
This result transferred to the trigonometric functions gives the following corollary.

4.11 Corollary. a) For z € C we have

i) cos(z +3) = —sinz, cos(z+m) = —cosz, cos(z+2m)=cosz,
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i) sin(z + %) =cosz, sin(z+m) = —sinz, sin(z+27) =sinz.
In particular, the functions sin and cos are periodic functions with real period 2.
b) We have

T
cosz =0 & z:§—|—n7rf0rcmn€Z,

sinz=0 < z=nr forann € Z,

ee=1 & z=2nim forann € Z.

We conclude our discussion of the trigonometric functions for the time being by intro-
ducing the tangent and cotangent functions. We define the tangent and the cotangent
functions by

sin z

tan : C 2 ‘n e C, ,
an: C\{7/2+nmw:n }— z = .
cot : C\ {nm:neZ} — C, z HC?SZ.
sin 2z

To conclude this section, we consider the inverse functions of the trigonometric and
the hyperbolic functions. We begin with the following properties of sin, cos and tan.

4.12 Lemma. a) The function cos : [0,7] — [—1,1] is continuous, surjective and
strictly decreasing.

— [—1,1] is continuous, surjective and strictly increasing.

5]
c¢) The function tan: (-3, %) — R is continuous, surjective and strictly increasing.

Proof. (a) Since cos0 = 1, cosm = —1, and the cosine is continuous by Theorem
2.4, we have surjectivity on account of the intermediate value theorem. Furthermore,
since the cosine is in particular strictly decreasing on [0, 7/2] and cosz = — cos(m — x)

the cosine is also strictly decreasing on [7/2, 7], i.e., injectivity.
(b) Since sinx = cos(7/2 — x) the assertions follow from (a).

(c) Since sine is strictly increasing and cosine strictly decreasing on [0,7/2) and
tan(—x) = —tanx the tangent is strictly increasing and continuous on (—m/2,7/2).
Also lim,_,,/o— tanz = oo and, therefore, surjectivity follows.

O
The above lemma therefore implies that the inverse functions
arccos :  [—1,1] — [0, 7]
T
in : -1,1 -, =
arcsin: - [=1,1] — [~2, 7]
arctan: R — ( 7r 7r)

)
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of sin, cos, and tan, resp., exist on the respective intervals. These are called inverse
trigonometric functions or cyclometric functions and they are all continuous by The-

orem [L.13]

Our current state of knowledge now allows to treat the polar form of complex
numbers. We have the following theorem.

4.13 Theorem. (Polar form of complex numbers). Every z € C\ {0} has a repre-
sentation of the form '
z =re'’,

where r = |z| and ¢ € R is determined up to addition of an integer multiple of 2.

In the above representation, r is called the absolute value (or modulus) and ¢ the
argument (or angle) of the complex number z.

Proof. For z € C\ {0} there exist z,y € R with % =2 +iy. Then we have 24+y? =1

and therefore x,y € [—1,1]. Therefore, « := arccosx is well defined. Now z = cosa
implies sina = +v/1 — 22 = +y. We set

e : sina=y arccosz, y >0,
7 —a sina=—y | —arccosz, y <0,

In either case we have that ¢ is well defined and ¢ € [0, 7] provided y > 0: By

Lemma [4.7, we have sin > 0 for all ¢ € [0, 2] and because sin ¢ = sin(m — ) (cf.

b)), we deduce sinp > 0 for all ¢ € [0, 7]. Furthermore, because sin® p = 1 — cos? ¢ =
y?, it follows that sin ¢ = y. Therefore we obtain

‘ - , z

e =cosp+ising =x+iy = g,

and thus z = re® for r = |z|. The case y < 0 is treated analogously.
O

4.14 Remarks. a) The polar form gives us a nice geometric way to visualize the
product of complex numbers in the complex plane. For z = |z]e¥ and w = |wl|e™, we
have

z-w = |zw|e' PV,

b) Furthermore, for each z € C\ {0} and each n € N, there exist exactly n different
numbers zq,..., 2, € C with (z;)" = z for all K = 1,...,n. These numbers are called
n-th roots of z. In particular, for z = 1 there exist exactly n different roots of unity
&1,82, ..., &, i.e., complex numbers &, with £ =1 for all k =1,...,n. The n-th roots
of a complex number z = re'¥ are given explicitly by

.co2Tk )

2L = {L/Fék with fk = 61( n

forall k=1,...,n.
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In many concrete problems, the exponential function appears in the form (e* 4+ e~*)/2
or (e* — e %)/2. Based on this, we define the hyperbolic functions as follows:

coshz := 5(62 + e7*) hyperbolic cosine,
1

sinhz := 5(6'2 — e *) hyperbolic sine,
sinh z

tanh z := hyperbolic tangent,
cosh z
cosh z

cothz = — hyperbolic cotangent.
sinh 2z

The relations
coshz = cosiz, sinhz = —isiniz, z¢€C

and
cosh?z —sinh?2=1, zeC

are easily verified as well as their power series representation

00 : o9 :
22] 22]+1

COShZZZ@, and sinhzzzm, z e C.

j=0 7=0



Chapter IV

Differential Calculus in one
Variable

1 Differentiable Functions

The differential and integral calculus, which dates back to Leibniz and Newton, builds
the core of all basic lectures on analysis. In this section, we restrict our attention to
the differential calculus of functions in one real variable, however we do admit that the
functions may have complex values.

We begin with the problem to approximate a given function f : D C R — K at
the point g € D by an affine function. If we have K = R, we can interpret this
geometrically as the problem to find the tangent line of the graph of f at the point

(zo, f(w0)).

The basic idea to solve the above problem is to approximate the tangent lines by
the lines through the points (zo, f(z0)) and (zo + h, f(zo + h)) for small h. The slope

of these lines is given by w This motivates the following definition.

1.1 Definition. Let D C R and assume that zy € D is an accumulation point of D.
We call a function f: D — K differentiable (differenzierbar) at xo € D, if the limit

lim flx) = flxo) _ lim f(@o+ h) — f(xo)
T—x() xr — 370 h—0, h#0 h
z€D\{zo} zo+heD

exists. This limit is called derivative (Ableitung) of f at xq and is denoted by f'(xg) or
%(xg). If f is differentiable at every x € D, we say that f is differentiable on D and
we call the function ' : D — K, z — f'(z) the derivative of f.

87
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1.2 Examples. a) The function f : R — R, f(z) = 2" is differentiable for each
n € N and one has f'(z) = nz"! for all z € R. Just observe that

xn_xn _ _ _ _1 T—x0 _ _ _ _
O = w2+ 2" TR e  pa T b = a2l

r — Tg

b) The function f : R — C, f(z) = e** is differentiable for all « € C and we havef’(z) =

ae®® | because we have

ea(mg+h) — %o - eah —1. oo o
; = e ( ; ) — e

in analogy to Example b).

In the following theorem, we give an equivalent reformulation of the concept of
differentiability. For this, we require that zy € D is an accumulation point of D.

0
)

1.3 Theorem. Let f: D CR — K be a map and xo € D an accumulation point.
The following statements are equivalent.

i) The function f is differentiable at .
it) There exists a function ¢ : D — K which is continuous at xy, such that
f(x) = f(wo) + (z = xo)p(2), we€D.
In this case, we have f'(xo) = ¢(xo).
ii1) There ezists a linear mapping L : R — K such that

lim f(xo+h) — f(xo) — Lh _
h—0 h

In this case, we have f'(xo)h = Lh for all h € R.

0.

Proof. 1) = ii): By assumption, the function z — %ﬁéxo) for x € D\ {xo} has an
extension ¢ which is continuous at zy. In zy we then have ¢(xo) = f'(xo).

i1) = 4i1): The linear mapping Lh := ¢(z9)h = f'(xo)h has the properties which
are required in statement iii).

i1i) = i): Let L be a linear mapping for which statement iii) holds. If we have
Lh = ah, h € R, for some o € C, it follows that

lim f(xo 4+ h) — f(xo) _azlimf($o+h)—f($o)—ah _
h—0 h h—0 h

0;

This means that f is differentiable in 2y and we have f'(zq) = a.
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The statement iii) of the above theorem says that for a differentiable function f
the increment f(xg + h) — f(xo) is approximated so well by Lh, that the difference
f(xo+h) — f(xo) — Lh tends to 0 faster for h — 0 than h itself. This formulation aims
at approximating functions locally by linear functions and will be further extended
later by the theorem of Taylor (Taylor formula). Also, this formulation is the starting
point for the generalization of the notion of differentiability to functions of several
variables.

In particular, Theorem immediately implies that a function, differentiable at
xo , 1s continuous at this point.

1.4 Corollary. A function f : D — K, which is differentiable in xqo € D C R, is also
continuous at xg.

We note that the converse of Corollary does not hold in general. For this, consider
for example the absolute value function f(z) = |z| in the point 0. We further remark
that there exist continuous functions on R which are differentiable in no point of their
domain of definition.

1.5 Theorem. (Calculation rules for differentiable functions) Let f,g: D C R — K
be functions differentiable in xq € D. Then the following statements hold:

a) The function af + g : D C R — K s differentiable in xqy for all a, f € K and

(af + Bg)'(x0) = af' (o) + By’ (wo)-

Thus, differentiation is a linear mapping; here differentiation is interpreted as an op-
eration acting from some set of functions into another set of functions.

b) (Product rule). The product f - g is differentiable at xo and we have

(f - 9) (x0) = f'(w0)g(x0) + f(w0)g (o).

¢) (Quotient rule). If g(zo) # 0, then there exists a 6 > 0 such that g(z) # 0 for all
r€ DN (xg—3d,z9+9) and E : DN (xg— 6,20+ ) — K is differentiable in xo and

([)l(xo) f'(20)g(0) — f(20)g'(x0)

g - (o)

Proof. The statement a) follows directly from the calculation rules for limits.

To prove b), let h # 0 and z¢ + h € D. Then we have
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f(xo+h)g(wo + h) — f(20)g(wo)

h
_ f(JJO + h})L — f(x(])g(fﬂo + h) + g(JJ() + h})L — g<x0>f($0)
=2 S (wo)g(o) + g (20) f (o).
To prove ¢) we note that § =f- é, thus by (b) it is sufficient to discuss 1/g.
1( L >: 1 9(z0) —g(@o+h) hoo  g'(w0)
h\g(zo+h)  g(xo) g(zo + h)g(wo) h 9*(wo)

O

1.6 Examples. a) A polynomial p of the form p(z) = 52° + 722 + 3z is differentiable
with derivative p/(z) = 1522 + 14z + 3. This follows from Example a) and Theo-

rem |1.5] a).

b) The sine as well as the cosine functions are differentiable for all € R and we have
sin’(x) = cosz, cos'(x) = —sinz, x€R,

because sinz = o (¢ — e7*) and Example [1.2]b) and Theorem |1.5a) imply

1 . .
(sinz)" = 2—@,(2’6” +ie”") = cosx.

c¢) The quotient rule implies that the derivative of the tangent function is given by

. cos?r+sin’rmmy 1
(tanz)" = =

m
=1+ tan® ER\{= +kr:keZ}.
cos? cos? +tans, @ \{2 T !

d) Forn € Nlet f : R\{0} — R be given by z + x~". Then we have f'(z) = —nz™""!,
because if we define h(x) = 2™, then we have f = %, and by the quotient rule we can

n—1

deduce f'(z) = =25 — = —na "' for all z € R\ {0}.

1.7 Theorem. (Chain rule) Let f: Dy C R — K and g: Dy C R — R be two
functions with g(D,) C Dy. If g is differentiable in xg € Dy and f is differentiable in
Yo := g(xo) € Dy, then fog: D, C R — K is differentiable in xo and we have

(fog) (o) =g (w0) - f'(v0) = f(g(%0)) - g’ (o).

yo=g(z0)
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Proof. By Theorem [I.3] there exist functions ¢, and ¢y which are continuous at g
and yo := g(zo), resp., such that

fW) = flwo) = W—vo)erw), ¢r(wo) = f'(w), y € Dy
g(x) = g(wo) = (v —x0)py(x), ©g(w0) = g'(0), € Dy

Therefore, we have

(fog)(@) = (f o g)(wo) = (9(2) = g(20))ps(9(2)) = (x = z0) Py ()¢ (9(2))
—_———

=:p()
with a function ¢ := ¢, - (¢f o g), which is continuous at zy. Now, Theorem implies
that f o g is differentiable at xy and, by the preceding formula,

(fog)(z0) = w(w0) = @g(xo)pr(g9(x0)) = f'(9(w0)) - ¢'(w0).
0

To conclude this section, we examine the derivative of the inverse of a given differen-
tiable function.

1.8 Theorem. (Derivative of the inverse function). Let J C R be an interval and let
g be the inverse function of a continuous and strictly monotone function f : J — R.
If f is differentiable at xo € J and f'(x¢) # 0, then g : f(J) — R is differentiable at
Yo := f(xo) and we have

¢ () = 9 (F(z0)) = — !

Fixo) ~ F(g(yo))

Proof. By assumption and Theorem [I.3] there exists a function ¢ which is continuous
at zo such that f(x) — f(zo) = (x — xo)p(x) for all z € J. Because we have p(zy) =
f'(xo) # 0, there exists a § > 0 such that ¢(z) # 0 for all x € Js := JN[xg— 0,29+ J].
If we let z = g(y) for y € f(Js5), we have

y—yo = flgw) = fla(wo)) = (9(y) — 9())e(9(v), v € f(Js).
Therefore, g(y) — g(yo) = (y — yo)m holds, and ¢ o g is continuous at xy by Sec-
tion [[TI|[T] Theorem [1.3] now implies that ¢ is differentiable at yo and that we have

1 1 1 1

900 = S~ wa) Pl Flal)

g

1.9 Example. The function tan : (—7/2,7/2) — R is differentiable by c¢) and we
have tan’(z) = 1 + tan?z for all z € (—m/2,7/2). Therefore, arctan : R — R is also

differentiable and we have
1 1

1+ tan?(arctan y) BT

arctan’(y)
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2 The Mean Value Theorem and Applications

In Section [[TI|3, we saw that a continuous real valued function f on a compact set
has a global maximum and a global minimum. We shall now see that if the function
is furthermore differentiable, the derivative gives an additional information on the
location of the extrema. More precisely, we have the following (necessary) criterion for
extremal values; as an application of the mean value theorem, we will later also give a
sufficient criterion.

2.1 Definition. If f: D C R — R is a function, we call zy € D a local maximum
(minimum) (lokales Maximum (Minimum)) of f, if there exists a 6 > 0 such that

flz) < f(xo) (f(z)> f(xo)) forallze DN(xg— 0,20+ 9).

Local minima and maxima are also called local extrema (lokale Extrema) of a given
function f. In the following, we will give criteria which allow to examine a given
function for local extrema. Firstly, we begin with a necessary criterion.

2.2 Theorem. Leta,b e R witha <b and let f : (a,b) — R be a function which has
a local extremum at xo € (a,b). If f is differentiable in xq, then f'(xq) = 0.

Proof. Let xy be a local minimum of f. Then there exists a § > 0 with
f(z) = f(xg) >0, forall z € (xg—4z0+9).
Therefore we have, when we let = tend to x( from the left hand side,

o — 1 T@ = @)

T—T0— xr — ;EO

<0.

For the right sided limit we obtain

f(xo) = lim M >0.
r—xo+ Tr — X9
This implies f’(z9) = 0. The proof for a local maximum is analogous.

O

At this point we remark that the converse of the above theorem does not hold in
general, and that a function f that is defined on a closed interval [a, b] can attain an
extremum at a or b even if f'(a) # 0 and f'(b) # 0.

The following theorem is an easy consequence of the above theorem.

2.3 Corollary (Rolle’s Theorem (Satz von Rolle)). Let f : [a,b] — R be a
continuous function which is differentiable on (a,b). If f(a) = f(b), then there exists

€ € (a,b) with f'(¢) = 0.
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Proof. If fis a constant function, then we have f’ = 0 and, therefore, the proposition
holds. Let us now assume that f is not constant. By Theorem [[T3.9, f attains its
maximum max f and minimum min f on the compact interval [a, b]. Then
max f # f(a) = f(b) or min f # f(a) = f(b). Thus, there is a £ € (a,b) which is an
extremum of f. By Theorem [2.2] above, we thus have f/(§) =0

0

The following mean value theorem is the central theorem of this section. It has far
reaching consequences for the analysis in one real variable.

2.4 Theorem (Mean value theorem (Mittelwertsatz)). If f : [a,b] — R is a
continuous, real-valued function which is differentiable on (a,b), then there exists a
¢ € (a,b) with

f(0) = fla) = f(E)b—a).

Proof. We define a function F : [a,b] — R by

F(w) = f() - {00 )

Then F'is continuous on [a, b] and differentiable on (a,b). We have F(a) = f(a) = F(b).
Therefore, by Rolle’s Theorem [2.3] there exists a £ € (a,b) with

f(b) — fla)

Fle)=0=fe-12—

4

At this point, we remark that the mean value theorem does not hold for complex-
valued differentiable functions f : [a,b] — C. A counterexample is given by the function
f:10,27] — C, defined by f(x) = €. We have f(0) = 1 = f(27), but f'(z) = ie™ # 0
for all x € [0, 27].

The mean value theorem has many important consequences. Some of these are assem-
bled in the following corollary.

2.5 Corollary. Let f : [a,b] — R be a continuous function which is differentiable on
(a,b). Then the following propositions hold.

(a) f is constant < f'(x) =0 for all x € (a,b).
(b)

f'(x) >0 forallx € (a,b) & [ isincreasing on [a,b].
f'(x) <0 forallx € (a,b) & [ is decreasing on [a,b].
f'(z) >0 for allx € (a,b) = [ is strictly increasing on [a,b].
f'(z) <0 for all x € (a,b) = f s strictly decreasing on |a, b].
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(c) If f'(z0) =0 for an xy € (a,b) then, for a sufficiently small § >0, xq is a
i) local minimum, if f' <0 in (xg — 6,20) and f' >0 on (xg,zo +90);
ii) local maximum, if f' >0 in (xg — 6,20) and f' <0 on (xg,zo + 0).

(d) If |f'(x)] < L for all x € [a,b], we have

[f(x) = f(y)l < Llx —yl,  for all z,y € [a, ],

1.e., fis Lipschitz continuous with Lipschitz constant L.

(e) The function f' has the intermediate value property even though it is not con-
tinuous in general. More precisely, let f'(a) # f'(b) and min{f'(a), f'(b)} < a <
max{ f'(a), f'(b)}. Then, there exists £ € (a,b) with f'(§) = a.

Proof. a) If f is constant, it is clear that f/'(x) = 0 for all € (a,b). Conversely, let
x € (a,b]. By the mean value theorem and the assumption, there exists £ € (a, z) with

f(x) = fla) = f'(§)(x — a) = 0. Therefore, f(x) = f(a).
b) The definition of differentiability immediately implies that f'(z) > 0 for all z € (a, b),

given that f is increasing. Conversely, let a« < x < y < b. Again, by the mean value
theorem, there exists a & € (z,y) with

fly) = f(z) = f'(§) (y —x) >0,
vl

if f'>0.
The propositions c), d) and e) are left as exercises.

O

A further corollary of the mean value theorem is the following characterization of
the exponential function on R.

2.6 Corollary. The exponential function exp is the only differentiable function f :
R — C with f' = f and f(0) = 1.

As proof, consider the function g(z) := f(z)e™™ for z € R. We have ¢'(x) = [f'(z) —
f(z)]e=® =0 for all z € R and, therefore, g is a constant with the value ¢g(0) = 1.

2.7 Theorem (Generalized mean value theorenm)). Let f, g : [a,b] — R be con-
tinuous functions which are differentiable in (a,b) and assume that ¢'(x) # 0 for all
x € (a,b). Then we have g(a) # g(b) and there ezists a £ € (a,b) with

f) = fla) _ (&)
g(b) —g(a) g

talso known as Cauchy mean value theorem
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Proof.  Firstly, we have g(a) # g(b), because otherwise, by Rolle’s Theorem [2.3] there
would exist a z € (a,b) with ¢'(z) = 0, contradicting the assumption.
To prove the theorem, we define F': [a,b] — R by

O ),
Pla) = fle) = L= g(o) — a0
Then F(a) = f(a) = F(b) and by Rolle’s theorem, there exists a £ € (a,b) with
o g _f(b)_f(a)/
0=F (5) - f (é) g(b) o g(a) g (5)

g

Making use of the generalized mean value theorem, we also prove the rules of I’Hospital.
They allow to compute limits of the form lim,_.,, % where f(x) as well as g(x) tend

to oo for x — xg.

2.8 Corollary (L’Hospital’s Rules (I’Hospitalsche Regeln)). Let —co < a <

b < oo andlet f,g: (a,b) — R be two differentiable functions with ¢'(x) # 0 for all

z € (a,b). If

a) lim, .4 f(x) =0=lim, . g(z) or

b) lim, oy f(z) = 00 =lim, 4 g(x),
f'(z) f(i?

and lim,_q er) exists, then lim,_,q o) exists as well, and we have

lim M: lim Jz)
A gle) e (@)

The corresponding result does also hold for x — b—, © — 00 or x — —o0.

Proof. To prove proposition a), we view f and ¢ as continuous in a by setting
f(a) = g(a) = 0. By the generalized mean value theorem, for each x € (a,b) there

exists a £ € (a,x) with
flx) _ fx) = fla) _ ['(§)

g(z)  g(z) —gla) g
If x — a, it follows that £ — a, Which in turn entails the proposition.
For the case b) let ¢ := lim,_., %. Then for each € > 0 there exists a ¢ € (a,b) with

Then, by the generalized mean value theorem,
‘ f(@) — fy)
9(x) —g(y)

f'(x)
7@ Q‘ <eg, forall z € (a,c).

_Q|§57 x,ye(a,c),x#y.
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Now fix y € (a,c). Because lim,_,, g(z) = oo by assumption, there exists a ¢’ € (a,c)
with
}M| and }fy | <e forallz e (a,c).
g(x) ()
Thus, we have

@) o
i B Cerp
< €2+ gl +

)

for all x € (a,(), i.e. we have lim,_,, % =q = lim,_,, %.
The remaining cases are proved analogously.

L’Hospital’s rules are often very convenient to calculate limits.

2.9 Examples. The following propositions hold.

. log(1 m =
a) lim M lim ﬁ =1.
x—0 x—0

T—00 T—00 T AT T—00 AT
C) hm(,l _ 1) — lim &= sinz 149 ~ lim l—cosx ~ lim . sinz . = 0.
70 SInT T 20 Tsinz 20 Sinzt+z cosw 7—( COST+cosT—Tsinw

We now consider derivatives of higher order. More precisely, let f : D C R — K
be a differentiable function. If f’ is also differentiable, then f is called two times
differentiable and we call f” := (f") the second derivative of f. More generally, one
deﬁnes the n-th derivative ™ recursively as the derivative of f~Y. For £ we also
wrlte 4 or D" f.

2.10 Definition. A function f: D C R — K is called n times continuously differen-
tiable if f is n times differentiable and the n-th derivative is still continuous.

Notation: f e C"(D,K).

The second derivative of a function can also be interpreted geometrically. For this,
we introduce the notion of a convex function.

2.11 Definition. If J C R is an interval, f : J — R a function, we call f convex
(konvex), if for all zy, x5 € J and all X € (0,1) we have

FI(1 = N2y + Azg) < (1= AN)f(21) + Af(22).
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The following theorem describes the relation between convex functions f and properties
of f'.

2.12 Theorem. Let f:J C R — R be a differentiable function. Then f is convex
if and only if f' is monotone increasing.

Proof. —: Let x,z1,29 € J with 27 < © < x5. We choose A € (0,1) such

that z = (1 — X\)z; + Azy. Because f is convex by assumption, we have f(z) <
(1 =X)f(x1) + Af(x2). Therefore,

flx) = flz) < X[f(z2) — f(z1)]

flw) = f(x) = (1= A)[f(22) = f(a1)]

and because of x — z7 = ANz — 1) > 0 and 5 — z = (1 — A)(zg — x1) > 0, it follows
for all z, r1 < < x5, that

f(z) — f(x1) < f(z2) — f(1) < f(xa) — f(2)

T — I - To9 — I1 Tog — X

, T << Ta.

Therefore, we have

f'(z1) = lim f(x) — f(x1) < f(x2) — f(1) < lim f(za) — f(7)

r—r1+ r— I To — 1 T—T2— To — X

= f,(l'?)a

thus f is increasing.
<=: The proof is similar to the preceding one and is left to the reader as an exercise.
O

2.13 Corollary. If f: (a,b) — R is a two times differentiable function, we have

fis conver <= f >0 in (a,b).

2.14 Example. The function —log is convex on R, , because we have (logz)” =
—x% < 0 for all x > 0. Functions f with the property “—f is convex” are called

concave (konkav). In particular, log is a concave function on R,

Convex and concave functions are important notions in analysis and have interesting
applications. We consider in particular Young’s and Holder’s inequalities. For p €
(1,00), we call ¢ € (1,00) with

-+-=1

P q
the Hélder conjugate of p (zu p konjugierter Index) .
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2.15 Theorem (Young’s inequality). For 1 < p,q < oo with 1/p+ 1/q = 1, we
have

1 1
ab < —ad? + -b%, a,b>0.
p q

Proof. Let a > 0 and b > 0, otherwise the statement is trivial. Since log is a concave
function, it follows from the definition of convexity with A = 1/p and (1 — \) = 1/q,

that
PP 1 1
log(a + —) > —loga? + —logb? = loga + logb = log(ab).
p q p q

Because the exponential function is increasing, the proposition follows by applying the
exponential function on both sides of the above inequality.

O
For a vector = (x1,x2,...,7,) € K” and p with 1 < p < 0o, we define

1

2]l = ZI%I” )?

2.16 Corollary (Holder’s Inequality). For 1 < p,q < oo with 1/p+1/q =1 and
x,y € K", we have

n
> Lyl < llellpllylly:
j=1

We observe that the special case p = ¢ = 2 is precisely the Cauchy-Schwarz inequality
known from linear algebra.

Proof. W.l.o.g. let x,y # 0. Young’s equality above implies

25l lysl 1yl lfyj|q.
]|, ylle — pllzllp  allyllg

Summing up yields

1 1
Z IE: ERTD ot h

||pHqu q

which is equivalent to the assertion.
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3 Taylor’s theorem

The differential calculus, as presented previously, approximates a function, which is
differentiable at a, by an affine function, i.e., we have the representation

f() = f(a) + f(a)(z — a) + R(x)
of f as a sum of an affine function and an error term R(z) for which

lim R(z)(x —a) =0

r—a
holds. Now, we want to use polynomials instead of affine functions to get even more
accurate approximations. More precisely, for a given n times differentiable function f,
we seek a polynomial p of degree at most n such that

p(a) = f(a), p'(a) = f'(a), ... p"(a) = f"(a). (3.1)
Considering such a polynomial p(x) = Y7 aj(z — a)’ we get for its coefficients
ag, .. ., a , since p*(a) = klay,
k
a
ak:fk('), kIO,...,Tl.

That means that there exists exactly one polynomial of degree at most n for which

(3.1) holds, namely

(T f)(@,a) = fa) + T

T (x —a)+

This motivates the following definition.

["(a)

5 (x—a)*+...+

3.1 Definition. Let I C R be an interval, and f : I — R an n times differentiable
function and a € I. Then we call T,, f the n-th Taylor polynomial (n-tes Taylorpolynom,)
of f near a.

The question of how good f is approximated of course depends on the remainder term

(Rnf)(x,a) := f(z) = (T.f)(x,a).

Taylor’s theorem provides a conclusive answer to this question.

3.2 Theorem (Taylor’s Theorem). Let I C R be an interval, a,x € I with a # .
Letk € Nand f : I — R be an (n+1) times continuously differentiable function. Then
there exists a € € (min{a, z}, max{a,z}) such that

" rG)(g REICEE) o — e\ "k
f(x):Zf ( )(x—a)]+f + (5) ( €> ([E_a)n-i-l'

! kn! r—a

Jj=0
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Proof. In the following, we will show that the remainder term of the approximation is

given by .
n+1 n—k+1
R = R

kn! r—a
To this end we define functions g:J — R and h: J — R by

n.oo£0G) ,

where J denotes the interval J := (min{a, x}, max{a,z}). Then we have

n (j+1) , ) . x—t)"
g0 =3 (P00 —ay - L2050 gy = gm0

s J! n!

and K (t) = —k(z —t)*"! for all t € J. By the generalized mean value theorem, there
exists a £ € J with
9(x) —gla) _ ¢'(§)
h(z) — h(a) — W(€)
Further, we have g(z) — g(a) = R,f(z,a) and h(x) — h(a) = —(z — a)* and, therefore,

(n+1) T — n—k+1
R,.f(z,a) = / (©) ( 6) (z —a)".

kn! T —a

O

If welet Kk =n+1or k=1 in the above theorem, we obtain the Lagrange form and
the Cauchy form of the remainder term, respectively.

3.3 Corollary. With the assumptions of the theorem, we have

o f(n+1) (5) n+1 .
R, f(z,a) = m(x —a) (Lagrange form of the remainder term)
n !
and
(n+1) —&\"
R,f(x,a) = / o (©) (z — 2) (x —a)"™  (Cauchy form of the remainder term).

In the following, we consider an arbitrarily often differentiable function f on an interval
J C R. For a € J we call

oo 71

(Tf)(z,a) Z (x —a)” ,}LIEO(T"JC)(J:’&)

n=0

the Taylor series (Taylorreihe) of f in a.
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It is now natural to ask the following questions:
a) Does the Taylor series converge, and if yes, to which value?
b) Does the Taylor series converge to f at least in a neighbourhood of a?

A first answer to question b) is given by the following Theorem:

3.4 Theorem. Let f : J — R be an arbitrarily often differentiable function and
x,a € J. Then we have

(Tf)(e0) = fr) = Jim R,f(z.0) =0.

Of course, this theorem follows directly from Taylor’s theorem (3.2)) and the defi-
nition of convergence of a series. At first sight, the statement of this theorem seems
quite banal; however there exist functions f for which lim R, f(z,a) exists, but is not

n—oo

equal to 0. In this case, the Taylor series converges at the point x, but not to f(x)! In
the following example, we explicitly state such a function.

3.5 Example. Consider the function f : R — R, given by

. e_m%, x#0
Jw) = { 0, z=0.

Then f is arbitrarily often differentiable on R and we have f(™(0) = 0 for all n € Ny

(compare with the exercises). Therefore, we have

— f70)
ZT$ =0 for all x € R, but f(z) # 0 for x # 0.
n=0 ’

A sufficient criterion for the convergence of the Taylor series to f is given by the
following corollary.

3.6 Corollary. Let f :J — R be an arbitrarily often differentiable function and
x,a € J. Assume there exists an M > 0 with

sup max [ ()] < M or sup max | /) (€)] < M.

neNp ¢€la,] neNp £€lz,al

Then we have

o £n)(g
fw) =3 Dy

n=0
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The proof is easy. Since we have

fE)

M|z —a|"™
(n+1)!

n+1
< (n+1)! — 0

|((Bnf)(z,a)] = |

(z —a)

the claim follows from [3.4]

We further exemplify the theorem using some examples.

3.7 Examples. a) We have

o n

x
exzzg, reR,

n=0

because the exponential function is arbitrarily often differentiable on R, and we have
f™(x) = e” for all 2 € R and for all n € N. Therefore we have

and furthermore

(n) — 7 (n) —
max =e’, max =1, zekR
max 10(€)] max [10(€)]

for all n € N. Corollary [3.6] therefore implies the proposition.
b) For x € (—1, 1], we have:

oo xn
log(1+z) = (—=1)"*! —.
n=1

For the proof consider f(x) :=log(1 + z) for all x > —1. Then, f is arbitrarily often
differentiable and we have

(n— D=1 fO0)
(1+z)» 7 0!

(n) —1)nt1
L IR0 o

n! n

(@) =

and therefore

no Vil
Tnf(x,O):Z( 1]) 2.

The Lagrange form of the remainder term for z € [0, 1] is

f(n+1)(§)xn+l B (_1)nxn+1
(n+1)! (14" (n+1)

R, f(x,0) = for some ¢ € (0,1).
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Therefore, we have |R, f(2,0)] < 5[5 """ < 17, and thus

n—oo

R,.f(xz,0) — 0, =z €]0,1].

If =1 <z <0, we use the Cauchy form of the remainder term to deduce that

uste0) = L (128 e WD (226

n! T 1+ &)ntin! x

and therefore

|z —¢J"
Rnfx,O - x|.
O g e
If ¢ € (z,0) Wehavef—xzf—i-l—(:v—l—l),thus|%\:§_T§: —%<1,henoe

| R f (2,0)] = 0.

In particular, for x = 1 we have

— (—1)"! 11 1
ln(w—i—l):an:E =l—c4+-—=—+...,
~ n 2 3 4

which gives us an explicit value for the alternating harmonic series.

Furthermore, Taylor’s theorem gives a sufficient criterion to determine local extrema.

3.8 Theorem ( Sufficient criteron for local extrema). Let n € N be odd, J C R
be an interval. Assume that f:J — R is an (n + 1)-times continuously differentiable
function with

flla)=...=f™(a)=0, and f"V(a)#0, ac.J

Then the following statements hold:

a) If f"*V(a) > 0, then f has a local minimum at a.
b) If f"+Y(a) < 0, then f has a local mazimum at a.

Proof. Let f("*V(a) > 0. Since f™*Y is continuous on .J by assumption, there exists a
neighbourhood Us(a) C J of a with f®™*(z) > 0 for all # € Us(a). Taylor’s theorem
with the Lagrange form of the remainder term implies that there exists a £ € Us(a)

with
>0

(nt1)
f(z) = fla)+ ]EnTl()fl)(x —a)"" > f(a) forall xe€U,,

which is just the proposition. For the case f"*1(a) < 0, the proof is analogous.
U
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We conclude this section by showing how to find approximations for the roots of differ-
entiable functions. To this end we at first consider an affine approximation of f given
by F(z) = f(xo) + f'(x0)(x — x0). Geometrically, this is the tangent to f at the point
xo. If f'(x0) # 0, we let

T ‘= T — f(-TO)
f'(xo)’
thus x; is the root of the tangent. If x; € Dy, we proceed by the same pattern and
set 9 1= 11 — ]{c,((?l)). More general, we define the (n + 1)-th iteration as
S

T T T )
n

This technique to approximate a root of a given function is called Newton’s method.

3.9 Theorem (Convergence of Newton’s method). Let f : [a,b] — R be a twice
continuously differentiable function and assume that

a) f has a root & in [a,b],

b) f'(x) #0 for all x € [a, ],

¢) f is convex or concave on |a,b],

d) We have xy — ]{c,(é?) € la,b] for zo = a and ro = b.

Then Newton’s method converges for each xo € |a,b] monotonously to & and we have
the estimate

M
|z — ¢ < %\l’k —zp1)?, k€N,

where m = min{|f'(7)| : 7 € [a,b]} and M = max{|f"(7)|: T € [a,b]}.
The above estimate means that Newton’s method has a quadratic rate of convergence.

Proof. We note that by b) f is strictly monotone, hence ¢ is the only root of f in the
interval [a,b]. We distinguish the four cases

f/ > O, f// 2 O f/ < 07 f// 2 O
ff>0, f"<0  f'<0, f"<0
and prove only the first one in detail. The proof of the other cases is analogous.

We define an auxiliary function ¢ : [a,b] — R by

LC)
o)==y
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Then

()= 1 P& f@"@) _ f@"@) [ <0, zefug

v [y flay?

where the inequalities follow from the facts that f is increasing, f(£) =0, and f” > 0.
Furthermore, ¢(§) = ¢ is a minimum of ¢ in [a,b]. By hypothesis d), it therefore
follows that ¢(z) € [€,0] for all € [a,b] and we have p(z) < z for all x € [¢,0] (by
definition of ¢ since we are considering the first case). We now set

f(xr)

Tpy1 = @(xp) = T) — Flen)

Then we have x; € [£,b0] and x € [£,b] implies £ < x4 < x. Hence, (xx)pen is a
bounded decreasing sequence with a limit w. Since in particular ¢ is continuous, we
have by the preceding formula (when k — o0)

)
®

To prove the error estimate, we use the mean value theorem and obtain

fe)=1) 5,
¢

flw)=0 = w=¢.

_ Y
T —

what in turn implies |z — &| < L:l")‘ Using Taylor’s theorem at the point a = zj_;

with the Lagrange form of the remainder term, we can estimate |f(xy)| by observing

far) = flap—1) + f(xr-1) (@ — Tp—1) +% f7(&) (), — 25-1)°

7

Vo
=0 by Construction

for some @ € (24-1,21). Therefore we have |f(zx)| < & (24 — 25-1)? and thus

M
lzx —&| < %Iﬂﬁk — 2]
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4 Convergence of Sequences of Functions

In analysis, methods to approximate functions f by sequences (f,,)nen of functions with
certain, often “better” properties than f, are of central importance. Our construction of
the integral in the following chapter, for example, uses such an approximation method.

We start this section by considering a sequence (f,)nen of functions f, : D — K
with a common domain D C R. We call the sequence (f,,)nen pointwise convergent on
D , if for each (fixed) = € D the sequence (f,,(x))nen converges in K. By

f(z) := lim f,(x)
we can define a limit function f: D — K. It is natural to ask the following questions:

a) Are central properties of the functions f,, such as continuity and differentiability,
transferred to f?

b) If so, is it possible to compute the derivative f’ of the limit function from the
derivatives of the functions f,?

If the functions f,, are continuous at o € D then the limit function f is continuous at
xo € D, if and only if we have lim,_., f(z) = f(x¢), i.e. if and only if

lim lim f,(z) = lim lim f,(x).

T—To N—00 n—00 T—xQ

The question about the continuity of limit functions therefore leads us naturally to the
problem of interchanging limits. In the following, we show that such limits cannot be
interchanged in general.

4.1 Examples.
a) Let D =[0,1], and f,(x) = a™ for all x € [0,1] and all n € N. Then the functions
fn are continuous on D for all n € N. However the limit function f, given by

1s not continuous at x = 1.

b) Let again D = [0, 1] and g, (z) = % for all n € N. The limit function is ¢ =0
with derivative ¢’ = 0. On the other hand, we have ¢/, (x) = \/ncosnz for all n € N
and the sequence ¢/, (x) diverges at each point z € D.
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4.2 Definition. Let D C R be an arbitrary set and f,, : D — K for all n € N. The
sequence (fp)nen is called uniformly convergent on D to f: D — K, if for each & > 0,
there exists a Ny € N with

|f(z) — fu(z)] <e forall z€ D, n> N,
or reformulated,

(Ve>0)(3No€N)(¥Yn>Ny) (Ve e D) |f(x)— fulz)] <e

4.3 Remarks. a) Of course, a sequence (f,,) of functions that converges uniformly to
f, also converges pointwise to f. The converse, however, is wrong in general.

b) If we let
[ flloo := sup [f ()],
z€D

then (f,)nen converges uniformly to f if and only if we have

1fu = Flloo == 0

c¢) For the function sequences of the above examples a) and b) we have || f,, — flloo = 1
and [|g, — g|lo = 1/4/n for all n € N, respectively. Clearly (g,) converges uniformly
on [0,1] to g = 0.

However, the sequence (f,)nen from example a) does not converge uniformly on [0, 1],
because otherwise, for given ¢ = i, there would exist a global Ny such that 2™ < }1 for
all z € [0,1) and all n > Np, but ((1+2)7)" >1/3 for all n € N. Contradiction!

d) The difference between pointwise and uniform convergence can be described as
follows: In the case of pointwise convergence, if we consider an x € D, then for each
e > 0, there exists a number N = N (e, x) such that |f,(z) — f(x)| < e for all n > N.
Here, the number N (g, z) may depend on z. For uniform convergence, there is for each
e > 0 a universal number N = N(¢) such that for all n > N(¢) and all € D we have

[fu(z) = f2)] <e.

¢) For > 0 and n € N consider f,(z) = -L.This sequence of functions converges
pointwise to 0. It does not converge uniformly on its domain (0,00) (consider z,, =
1/n > 0), however it does converge uniformly on [a,c0) for each a > 0.

The following theorem gives — in analogy to the treatment for series — an inner criterion
for the uniform convergence of a function sequence which does not presuppose the
knowledge of the limit function.

4.4 Theorem (Cauchy criterion for uniform convergence). A sequence (f,)nen
of functions f, : D — K converges uniformly if and only if for all € > 0, there exists
an Ny € N with

| fr — fimlloo <&  for alln,m > Nj.
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Proof. =>: Assume that the sequence ( f,,),en converges uniformly to the limit function
f. Then there exists, to each ¢ > 0 an Ny with || f, — f|lc < § for all n > N,. This
implies

Ifrn = fmlloo S o = fIl F1[f = finlloo <& forall n,m > N.
<=: The assumption implies that (f,(z))nen is a Cauchy sequence in K for each z € D.
Since K is complete, there is a unique pointwise limit f(z) = lim, o fn(x).
To show that the sequence (f,)nen converges uniformly to f, let ¢ > 0. We have to
prove the existence of an Ny such that | f,,(z)— f(z)| < € for all n > Ny. By assumption
there is an Ny such that |f,(z) — fi(z)| < €/2 for all x € D and all n,m > N,. Hence,
if we let m — o0, we get — as required — for all n > Ny

[ful@) = f(2)| = lim [fu(2) = fu(2)] <e/2<e, z€D.

O

In the following, we consider in detail the initially posed question, under which

conditions certain properties of the functions f,,, such as continuity, boundedness and

differentiability, are passed on to the limit function f. We begin with the property of
boundedness.

4.5 Lemma. Let f, : D — K be bounded functions for all n € N. If the sequence
(fn)nen converges uniformly on D to a function f, then f is bounded on D as well.

Proof. For ¢ = 1, there exists an Ny € N such that |f(z) — fa,(x)] < 1 for all x € D.
By assumption, there exists furthermore a constant My, with |fy, (z)] < My, for all
x € D. Hence,

[f(@)] < [f(@) = fx (@) + | ()] < T+ My, forallz e D.
-~ ——

N

<1 S]WN1

O

The following result says that the property of continuity of an approximating sequence
of functions (f,)nen is inherited to the limit function f, provided the convergence is
uniform.

4.6 Theorem. [Uniform limit of continuous functions is continuous| Assume that
D C R and f, : D — K are continuous functions for all n € N. If (f,)nen converges
uniformly to f : D — K, then f is continuous. In other words, uniform limits of
continuous functions are continuous.

Proof. Let xy € D and € > 0. Since (fy,)nen converges uniformly to f, there exists an
No € Nwith |fn,(2) = f(2)| < § for all 2 € D. Furthermore, because fy, is continuous
by assumption, there exists a § > 0 with

£
| o (2) — fng (T0)| < 3 for all x € Us(xo) N D.
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Therefore,

[f(z) = f(zo)| < | f(2) ~ I ()] +

<

N J/ N J/

£ £
<3 <3

wlm

for all = € Us(xo) N D.
U

The above Example[4.1|b) shows that there can’t be a result analogous to Theorem
for differentiable functions, i.e. uniform limits of differentiable functions are not nec-
essarily differentiable.

Rather, in this situation, we have to require uniform convergence of the sequence
(f!)nen- This is made precise in the following theorem.

4.7 Theorem. Let a,b € R with a < b and let f, : [a,b] — K be continuously differ-
entiable functions for all n € N, having the following properties:

a) The sequence (fn(c))nen C K converges for some c € [a, b].

b) There is a function f* : |a,b] — K, such that the sequence (f!)nen converges uni-
formly on [a,b] to f*.

Then the sequence (fy)nen converges uniformly. The limit function f is differentiable,

and f' = f*.

Proof. We divide the proof in three steps:
Step 1: First of all, we show that the sequence (f,)nen converges uniformly. Indeed,

(@) = fn(2)] < |fa(@) = fin(2) = [falc) = fm(O)]| + [fn(e) = fim(c)]

for all n,m € N and all = € [a,b]. The mean value theorem applied to the first term
on the right hand side yields

[fo(@) = fm(@)] < [F1(E) = (Ol — [ + [fulc) = fin(c)|  for some & € (a,b).

For € > 0, there exists by assumptions a) and b) an Ny with

1fn = Frullee <

€
3b—a) for all n,m > Ny

and | f,(c) = fm(c)| < § for all n,m > Ny. Therefore,

£

) = )| < g

(b—a)+g:€ for all x € [a, b].

Now the claim follows from the Cauchy criterion (4.4}
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Step 2: We define
f:= lim f,.

n—oo

Then f, converges uniformly to f by step 1. Moreover, by Theorem the limit
function f is continuous on [a, b] and the same is true for f* :=lim, . f,.

Step 3: We show that the limit function f is differentiable and that we have ' = f*.
For this, we consider the functions g, : [0, 1] — K, given by

gn(t) = fu(zo +t(z — x0)) — tf) (20)(x — 20).

for x,xy € [a,b]. By the mean value theorem, we have g,(1) — g,(0) = g, (§) for some
¢ € (0,1). Therefore, we have

gn(1)=n(0) = fu(x)=fu(x0) = f1 (o) (z—20) = g,(§) = [fr(wo+E(x—20)) = ;. (z0)](x—10),

and thus, for n — oo,

f(@) = f(wo) = f*(xo)(x = w0) = [ (w0 + E(x — 20)) = [*(w0)|(x = x0) =: p(z)(x = wo).

Now f* is continuous by step 2, and we have

lim () = g}g?o [ (o + &(x — 20)) — [*(20) = 0.

T—T0

Therefore, f is differentiable in zo by Theorem [I.3} and we have f'(z¢) = f*(o).
0

4.8 Examples.
a) Let D = R and define f, as

-1, z <%
fa(x) = sinfg, -2 <z<%
L, =<z

Then the functions f,, are continuous for all n € N, but the limit function f, given

by

+1, >0
flz) = 0, =0
-1, <0

is discontinuous at x = 0. Therefore, the sequence (f,,)nen does not converge uniformly
to f.

b) For n € N, consider the functions f, : R — R given by f,(z) = = sin(n?z). Then
the sequence (f,)neny converges uniformly to f = 0, because we have sin(n?z) < 1 for
all n € N and all z € R. Therefore, f' = 0 as well. On the other hand, the sequence

(f1)(z) = (ncos(n®z))pen is divergent for all x € R. This means that the assumption
b) of Theorem is indispensable.
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To conclude this section, we consider criteria for the uniform convergence of series of
functions.

4.9 Theorem (Weierstrafl M-test (Weierstra3isches Konvergenzkriterium)).
Let f, - D — K forn € N be a sequence of functions with Y " || falleo < 00. Then
the series of functions Y~ fn converges uniformly, i.e., the sequence of partial sums
converges uniformly.

The proof is left as an exercise.
The above criterion has important applications for power series. In particular, we have

the following corollary.

4.10 Corollary. A power series Y, a,x™ with radius p > 0 of convergence converges
absolutely and uniformly on U,(0) :={z € C: |z| <r} for each r € (0, p).

Indeed, we know from earlier results about power series that > |a,|r" converges.
Considering the function f,, : U.(0) — C given by f.(z) := a,z™, we know that
| fallso < |an|r™ and the claim follows from the Weierstra$ M-test [4.9]

An immediate consequence is that power series define continuous functions in the
interior of their disc of convergence.

4.11 Corollary. A power series with radius p > 0 of convergence defines a continuous
function on U,(0).

4.12 Examples. a) The series

i cos(nx)
2
n=1 n
converges absolutely and uniformly on R, because we have ]%’gx)\ < L forall z € R.
n n

b) The Riemann Zeta function (, given by

(o)=Y

n?
n=1

converges absolutely and uniformly on the set {z € C : Rz > a} when a > 1, since
1

S e

2zl = |
nzl T Inp%

Finally we consider the question whether a function that is given by a power series is
differentiable. We begin with a lemma.
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4.13 Lemma. Let )~ a,xz" be a power series with radius 0 > 0 of convergence.
Then the formal derivative

o0

Znanx"_l

n=1

has radius o of convergence.
The proof is left as an exercise.

4.14 Theorem. Let f(z) =", a,x™ be a power series with radius p > 0 of conver-
gence. Then f: (—p, 0) — K is differentiable and we have

(Z an:v”)/ = f'(x) = Zna,@”’l = Z (a,z™), z € (—o,0),
n=0 n=1 n=0

1.e. power series can be differentiated termwise.

The proof is a consequence of Corollary and Theorem [4.7]

For |z| < 1 consider the following example:

- - d & d 1 x
no__ n=1_ . 7 no__ . —

If we iterate the statement of the above theorem, we obtain the following strengthening

of Theorem [4.14]

4.15 Corollary. Let f(z) = > .7, a,x™ be a power series with radius p > 0 of
convergence. Then f : (—o,0) — K is arbitrarily often differentiable and we have

for all n € Ny.

We conclude the section with Abel’s theorem, which we cite without proof.

4.16 Theorem (Abel’s theorem (Abelscher Grenzwertsatz)). Let >~ a, be
a convergent series. Then the power series

flz) = Z apx"
n=0

converges uniformly for x € [0,1] and therefore defines a continuous function f :
0,1] — K.
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4.17 Example. We calculate the power series expansion of the arctan-function, given

by
e g2+l
arctan(z) = ; (—1)"—2n 1 ° € (—1,1).
The series Y, (—1)"ﬁ converges by the Leibniz criterion. Therefore, by Abel’s
theorem we have
IIHﬂmarctan(l)Aieli(— )" L _ _1_,____+
4 2n+1 3 5 7
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Chapter V

Integration in one Variable

The calculation of areas, volumes, and lengths of curves belongs to the oldest math-
ematical problems. Today these questions — having remained as relevant as ever —
form the central motivations for modern integration theory.

To ARCHIMEDES (287-212 B.C.), it was evident, that a figure that is bounded
by curved lines has a well defined area. To determine this area, it was approximated
‘from inside’ and ‘from outside’ by easier objects with known area.

The systematic investigation of the integral concept began only much later with the
discovery of the connection between differentiation and integration by G.W. LEIBNIZ
(1646-1716) and I. NEWTON (1642-1727) in the 17th century. A. L. CAUCHY, in
his famous textbook Calcul infinitésimal, was the first to point out the necessity of
a definition of the integral and, building on this, of a development of the theory of
integration. B. RIEMANN (1826-1866) extended this concept to a bigger class of
functions. A different, but very general concept of integral was finally introduced by
H. L. LEBESGUE in the year 1902. We will examine Lebesgue’s integral intensively
in the lecture Analysis IV.

In this chapter, we restrict our attention at first on the integral for so-called jump
continuous functions, a less general class of functions than that of Riemann integrable
functions. The advantage of this approach is that we can first define the integral directly
for so-called step functions and later extend this definition — via an approximation
process — to more general functions.

We begin this chapter in Section 1 by defining step functions and jump continuous
functions. The approximation theorem of jump continuous functions by step functions
is the main result of this section and is the basis of our approach to the integral.
Section 2 is devoted to the fundamental theorem of calculus and to the comparison of
of our concept of integral with the so-called Riemann integral. Afterwards, in Section 3,
we consider classical integration techniques such as partial integration and substitution,
before we consider improper integrals in the last section.

115
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1 Step functions and jump continuous functions

In this section, a and b are always real numbers with a < b, and I denotes the compact
interval I := [a,b]. We begin with the notion of a partition of the interval I.

1.1 Definition. a) We call Z := (xy, ..., x,) a partition of I, if
a=Tg<T1<x3<...<x,=020b

holds.
b) A partition Z := (yo,...,yn) is called refinement of Z , if {zo, ..., zn} C {Yo, .-, Us}-
If this is the case, we also write Z C Z.
c) A function f : I — K is called step function (Treppenfunktion), if there exists a
partition Z = (zo,...,x,) of I, such that f is constant on all intervals (z;_i,x;),
where j =1,...,n.
d) A function f: I — K is called jump continuous (sprungstetig) on I, if

i) f has one sided limits from the left and from the right at each ¢ € (a,b), i.e., the

limits

lim f(z) and lim f(z)

T—Cc— r—cCc+

exist, and,

ii) f has a limit from the right at a and a limit from the left at b.

1.2 Remarks. a) The set of step functions
7 ([a,b],K) :={¢:[a,b] = K : ¢ is a step function on [a,b]}
as well as the set of jump continuous functions
S([a,b],K) :={¢ : [a,b] = K : ¢ is jump continuous on [a, b}
are vector spaces over K. Further, 7 ([a, b],K) is a linear subspace of S([a, b], K).
b) Every continuous function on [a, b] is jump continuous.

¢) Every monotone function on [a, b] is jump continuous.

d) If we define

C(la,b],K) = {f:|a,b] = K : f is continuous on [a,b]},
C'([a,b],K) := {f:]a,b] — K : fis continuously differentiable on [a,b]},
B([a,b],K) := {f:]a,b] = K : fis bounded on [a,b]},

then C([a,b],K), C'([a,b],K) and B([a,b],K) are also vector spaces over K and we

C'([a,b],K) C C([a,b],K) C S([a,b],K) C B([a,b],K),

where the inclusions are linear subspace inclusions.
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We now define the integral for step functions.

1.3 Definition. Let f : [a,b] — K be a step function and Z = (xo, ..., z,) a partition
of I. Furthermore assume that f(z) = ¢; for all x € (z;_1,2;) and all j = 1,...,n.

Then .
/ f=> iz —zi)
z =
is called the integral of f (with respect to Z ).

First of all, we have to show that the integral |, » [ of a function f depends only on f
and not on the chosen partition Z.

1.4 Lemma. Let Z and Z' be partitions of I and assume that [ is a step function with
respect to Z as well as Z'. Then we have

Lf: Z’f‘

Proof. We prove the claim first for pairs of partitions partitions where one is a re-

finement of the other. In particular, consider the partitions Z = (xo,...,x,) and
7' = (xg,..., Tk, Y, Tpy1, ..., Ty) of I. Then we have
n
/f = > ¢z —xjm)
k n
= Y glwj—z)+  amlm—w)  + Y gley—aa)= [ f
7=l . j=k+2 z'

=cpy1(Tp—1—Y)+crq1(y—zk)

If Z' is an arbitrary refinement of Z, then the claim follows by iteration of the above
argument. If Z and Z’ are arbitrary partitions of I, then Z U Z’ is a refinement of Z

as well as Z’. Therefore,
[i=] =]+
z Zuz! z'

The above Lemma implies that we can now define the integral of a step function as

[ﬁzfﬂmm:[fM:/f:éf

The following properties of the inegral are immediately evident.

4
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1.5 Lemma. Assume that o,v € T([a,b],K) and o, € K. Then the following
propositions hold:

a) [[(ap+BY)=af,¢o+ 03[, (Linearity of the integral).

b) | frel =1, pl@)da] < (b= )@l

c) If p and ¥ are real valued with ¢ < 1, we have flga < flw (Monotonicity of
the integral).

In the following our aim is to extend the integral — which we have only defined for
step functions up to now — to jump continuous functions in such a way that the above
properties of the integral are preserved. To this end, the following approximation
theorem for jump continuous functions is crucial.

1.6 Theorem. (Approximation theorem for jump continuous functions). A func-
tion f : [a,b] — K is jump continuous on |a,b] if and only if there exists a sequence
(@n)nen C 7 ([a,b],K) of step functions on [a,b] such that (¢n)nen converges uniformly
on [a,b] to f, i.e. if |f — @ulle — O holds.

Proof. =>: Let f € S([a,b],K) be a jump continuous function and n € N. Then for
all z € I = [a,b] there exist real numbers a, and (3, with o, < x < (3, and

F(s) — F()] < % st € (ama)NTorste (m )]

Now the set {(aw, ;) : © € I} is an open cover of the compact interval [a, b]. Therefore

there exists a finite subcover of I, i.e. there exist g < 1 < ... < z,, with I C
U;nzo(axj,ﬂzj). If we set yo := @, yj41 = z; for j = 0,...,m, as well as y,,42 = b,
we obtain a partition Zy = (o, ..., Ym+2) of I. Now we choose a refinement 7; =

(20, .-, 2k) of Zy with

F& =TI < 1 s0€Grz) G=1k

(from the construction of Z, it follows that this property can be obtained by inserting
at most one additional point between each pair (y;_1,y;) of points of Z,) and define
the function ,, approximating the function f by

_ | [(=), z€{z0,. .., %}
on(®) '_{ FEREY D p e (2o1,2), j=1,...,k

Then ¢, is a step function on [a,b] for each n € N and by construction we have
|f(z) — on(x)| < £ for all z € I, i.e. we have ||f — ¢ulleo < + for all n € N.
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«=: By assumption, ¢, € 7 ([a,b],K) and we have |¢, — f|l < £ for all n € N. We
have to show that f is jump continuous. For € > 0 we choose n € N in such a way that
we have |f(z) — ¢n(z)|] < § for all # € I. Further, since ¢, is a step function, there
exists for all z € (a,b] an o’ € [a,z) with ¢, (s) = ¢, (t) for all s,t € (a’,x). Therefore
we have

[f(s) = FOI < [f(s) = nls)| + lon(t) = f()] <&, forall st € (d, ).

Now assume that (s;);ey C I is such that s; — x —. Then there exists an N € N such
that s; € (¢/,x) for all j > N and thus

F(s) = f(su)l <=, forall j,k > N.

Thus, (f(s;))jen is a Cauchy sequence with lim; .. f(s;) = r. If (t4)ken is another
sequence as above, we have lim, . f(t,) = . But since |f(s;) — f(tx)| < € for all
J,k > N, we have r = r/, and thus the limit from the left, lim, ., f(y), exists.

The proof for the limit from the right is analogous.
O

1.7 Corollary. A function f : [a,b] — K is jump continuous if and only if it can be
written as

f= ngn with o, € T ([a,b],K) such that Z |onllee < 00 holds.
n=1

n=1

Proof. =: By the above Theorem we can choose a function v, € 7 ([a,b], K)
for each n € N in such a way that ||f — ¥,[lec < 5. If we further set ¢ := ¢ and
Yr = U — Y1 for k > 2, we have

Z% ) = 17() = (@) < 1F = ko < 57,

and therefore Y 7| p;(z) = f(z) for all z € [a,b]. Further we have

3
[@illoe < |14 — fHong\Hf — Yi-ille = 55

1 1
27 Szj—l

<
and thus "7, [[¢nllee < 00.

<=: For n € N we define 9, :== ) ¢;. Then ¢,, € T([a,b],K) for all n € N and we
=1

1 = tnllee = [If = Z%Iloo—ll Z will < Z lpilloe =

j=n+1 j=n+1

have
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Thus, the claim follows from Theorem
UJ

1.8 Corollary. A jump continuous function f € S([a,b],K) has at most countably
many points of discontinuity. This holds in particular for monotone functions.

Proof. By the above Theorem , we can express [ as a limit of a sequence (¢, )nen
of step functions. By unfolding the e-d-definition of continuity, and applying a %-
argument, it is easy to see that f is continuous at a given x whenever all ¢, are
continuous at x. Thus, the points of discontinuity of f are contained in the union of
the sets of points of discontinuity of all ¢,. This is a countable union of finite sets,

hence at most countable.
O
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2 The integral and its properties

In this section, let again a,b € R with a < b and I = [a,b]. We consider the following
situation: Let f € S([a,b],K) be a jump continuous function which is approximated
uniformly by a sequence (¢, )nen C 7 ([a, b], K) of step functions, as described in The-

n—oo

orem m; i.e. we have ||f — vnllec — 0. If we set [, := fab ©n, we have

’[n - IM‘ < (b— a)HSOn - SOmHoo < (b - &)(H@n - fHOO + Hf - ‘PmHOO) — 0,

i.e., (In)nen is a Cauchy sequence and thus convergent. Let further (¢,)nen C 7 ([a, b], K)

be another sequence of step functions with |1, — f|lee — 0. If we consider the se-
quence 1, Y1, P2, s, ... =: (gn)nen of step functions, we have || f — gn|loe —> 0. Thus,

the sequence ( fab gn)nen converges and the subsequences ( fab ©n)nen and ( fab ¥ )nen have
the same limit. These considerations show that we have the following result.

2.1 Theorem and Definition. Let f € S([a,b],K) and ¢, € T ([a,b],K) for alln € N

with ||f — ¢nllce — 0. Then the limit

lim bcpn(x)dx =: /b f(z)dx.

exists and is independent of the choice of @,. This limit is called the integral of f on

[a,b] .

In the following, we also use the notations [ f, f[ for f[ f(x) dx for the integral of a
jump continuous function f. Since continuous functions and monotone functions are
jump continuous, the following corollary is immediately evident:

2.2 Corollary. The integral fab f(z)dx exists for every continuous and every monotone
(real-valued) function f on |a,bl.

On the other hand, we remark that not every function on [a, b] is integrable. A coun-
terexample is the Dirichlet function already known from Chapter III. More precisely,
the integral of the function f, given by

1, ze€Qnlo,1]
f(“””):{ 0. z€R\QNI[0,1]

does not exist.

2.3 Theorem. Let o, 3 € K and f,g € S([a,b],K). Then we have
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a) fab(af +89) =« fabf + ﬁfabg (Linearity of the integral).

b) |f] € S([a,b],R) and
|/ f\s/ 1< - 0)flle

c) If we have f < g, i.e. f(x) < g(x) for all x € |a,b], we also have

b b
/ fS/ g, (Monotonicity of the integral).

Proof. Assume that ¢, ¥, € 7 ([a,b],K) are step functions for all n € N, and (¢, )nen
and (1, )nen converge uniformly to f and g, respectively.
Then (v, + 1) converges uniformly to af + B¢ and we have

/ab(ozf + Bg) = ,}LIEO(/ab(wn + Bi)) =

a(m, [+ 0im [Co=a [ 540 [

n—oo

which is claim a).
b) Since the sequence (|¢y|)nen converges uniformly to |f], and since |f| € S([a, b],R)

(compare Theorem , it follows that [ |f| Tl [ 1en|. Thus,
[ o1=1m [l = i | [eul < im [ loal <t loalclb—al = Il (0-0)
———
J £

c¢) Assume that ¢, and 1,, are real valued step functions on [a, b]. Then ®,, := ¢, —||f—
“nlloo and W, := ¥, +||g — || are also step functions on [a, b] with @, < f < g < ¥,
and (®,,)neny and (¥,),en converge uniformly to f and g, respectively. Thus, we have

b b b b
/f:lim ®,, < lim \Iln:/g.
O

We now consider a jump continuous function f € S([a, b, K), real numbers ¢,d €
[a,b] and define

d d f[c,d] f, c<d
/ = / f(z)dz = 0, c=d
¢ ¢ —f[dﬁ] f, d<c.
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[r==[+

2.4 Lemma. (Additivity of the integral). Let f € S([a,b],K) and ¢ € [a,b]. Then we

have
[o=f o]

Proof. Let a < ¢ < b. Then the claim is obviously true for all step functions f €
7 ([a,b], K). Therefore, we consider a sequence (¢, )nen C 7 ([a,b], K) which converges
uniformly on [a,b] to f. Then ¢,|; € 7(J,K) and (¢,|s)nen converges uniformly to
f|s for each compact subinterval J of [a,b]. Since fab n = [ on+ fcb ©n, it follows

that [P f= [Tf+ ["f.

In particular, we have

g

2.5 Lemma. Let f € S([a,b],R) be a jump continuous function with f(x) > 0 for all
x € [a,b]. If f is continuous at ¢ € [a,b] and f(c) > 0, it follows that fabf > 0.

Proof. First, let a < ¢ < b. Since f in continuous at ¢ by assumption, there exists a
0 > 0 with [¢ — 0,¢+ 6] C [a,b] and

f(e), forallz € [c—4,c+9d].

N | =

f(z) >

Since f > 0, the monotonicity of the integral (Theorem implies that f:_5 f>0
and beJr 5 J = 0. Therefore we have

[rm[ o[l [ [t [ -0

The proof for the cases ¢ = a and ¢ = b is similar.
O

2.6 Theorem (Mean value theorem for integrals (Mittelwertsatz fiir das
Integral)). Let f € C([a,b],R),p € S([a,b],R) with f being real valued and ¢ > 0.
Then there exists a point £ € [a, b] with

[ rwewar =1 [ ety
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Proof. Because f is continuous on a compact interval, there exist m, M € [a,b] such
that f(m) = mingejqp f(2) and f(M) = maxgefqy f(7). Since ¢ > 0, we have

fm)p(z) < f(x)p(x) < fF(M)p(z),

and by the monotonicity of the integral

f(m )/ d:r;</ F@)o(z)dz < F(M )/abga(x)d:c.

Now the function ¢(t) := f(t) fa o(x)dx is continuous, whence by the intermedi-
ate Value theorem there exists a & between m and M such that f(§) fa p(z)dr =

f f(x)p(z)dz. This is precisely the claim.
0

If we consider the above theorem for the particular case ¢ = 1, we obtain the following
corollary:.

2.7 Corollary. To each f € C([a,b],R) there exists a point £ € [a,b] such that

/f G

Now, for f € S([a,b], K) we consider the mapping
F:la,b) = K, F(z / f(s
Then the additivity of the integral implies

:/axf(s)ds—/ayf(s)ds:/:f(s)ds, for all z,y € [a, 4],

Now Theorem b) immediately implies the estimate

|F(z) = F)l < [fllclz —yl, 2,y € [a,b].

2.8 Theorem. (Differentiability of the integral by the upper bound). Assume that
f € 8([a,b],K) is continuous at ¢ € [a,b] and let F : [a,b] — K be defined by

_ /jf(s)ds

Then F is differentiable in ¢ and we have F''(c) = f(c).
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Proof. Let h # 0 such that ¢ + h € [a,b]. Then we have

Flesn - _1 ( / " flsyas - / Cf(S)ds) ol / " pes.

Since fcc+h f(c)ds = f(c)h, we have

F(c+h)—F(c)— f(c)h 1 [t
d —5 [ U= ey,

and thus

F(c+h)— F(c) — f(c)h
h

c+h
]gﬁ / F(s) = f@lds < sup [f(s) = F(e)] =20,

s€[e,c+h]

since f is continuous in ¢. Therefore, F' is differentiable in ¢ and we have F'(c) = f(c).

g

We summarize our previous considerations in the following fundamental theorem of
calculus.

2.9 Theorem. (Fundamental Theorem of calculus (Hauptsatz der Differential- und
Integralrechnung)). Let f : [a,b] — K be a continuous function and for c € [a,b] let

F(z) = /x f(s)ds, =z € la,b.

Then we have
a) F is differentiable for all x € [a,b] and we have F'(x) = f(x) for all x € [a,b).
b) If ¢ : [a,b] — K is a differentiable function with ¢'(x) = f(x) for all x € [a,b],

we have

o) = o)+ [ " f(s)ds, g€ fab].

Proof. Claim a) follows directly from Theorem [2.8, To show claim b), let F' and ¢ as
in the assumption. Then we have (F — ¢)’ = 0, thus F' = ¢ + « for a constant o € C.
Therefore,

/ " f(s)ds = F(x) — F(y) = $(x) + o — dly) — a = d(x) — 6(y).
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2.10 Definition.
Let f € 8([a,b],K). A differentiable function F': [a,b] — K with F'(z) = f(z) for all
x € [a,b] is called antiderivative (Stammfunktion) of f .

The above fundamental theorem of calculus implies the following corollary.

2.11 Corollary. Every continuous function f : [a,b] — K has an antiderivative F' and
we have:

/xf(s)ds:F(x)—F(y) =: F|z, z,y € [a,b].

Thus, the above corollary guarantees the existence of antiderivatives for continuous
functions. However, we remark that in the most cases, it is not possible to give an
explicit definition of antiderivatives.

2.12 Examples. a) In the following table, we collect examples of functions f for which
antiderivatives F' can be given explicitly.

@ T
a
1‘1‘1 ZH a7 —1
P log |$ ’
er er
COS T sinx
C0512 . tan x
1 Jrlx2 arctan x
\/11_7 arcsin x

b) If f: (a,b) — R is differentiable and f(z) # 0 for all z € (a,b), we have

/f7,=10g|f|.

In analogy to the previous section we now consider a sequence of jump continuous
functions ( f,)nen, which converge uniformly to a function f on [a, b], and ask whether
f is in turn integrable (i.e. jump continuous). The answer is given by the following
theorem.

2.13 Theorem. Let (fn)nen C S([a,b],K) be a sequence of jump continuous functions
which converge uniformly to f on [a,b]. Then f € S([a,b],K) and we have

b b
lim fn(x)dx:/ f(z)dx.

n—oo
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Proof. For given ¢ > 0 we choose n € N so big, that ||f — fullee < €/2, and for given
fn, we choose a step function ¢ with || f,, — ¢||ec < &/2. Then we have || f — ¢|| < e and
thus f € S([a, ], K). Furthermore, we have

|/ f(:v)d:v—/ ful@) dz| < |If = full(b—a) < e(b— a),

and this is the proposition.
O

2.14 Remark. The above Theorem [2.13] allows to give an easy and elegant proof of
Theorem [[VJ|4.7} First of all, the limit function f* = lim,,_.o f, of the derivatives is
continuous on [a, b] by Theorem [VJl4.6] For fixed a € I and arbitrary z € I we have

) = fla) + [ 1100
and thus, by Theorem [2.13] we have
fla) =@+ [

for n — oo. By the fundamental theorem of calculus, f is differentiable and we have

fl(z) = f*(x) = lim, o f,(2).

In the following, we consider the approximation of the integral by so-called Riemann
sums

2.15 Definition. Assume that f : [a,b] — K is a function, Z = (xg,...,z,) is a
partition of the interval [a,b] and &; € [z;_1, ;] for j € {1,...,n}. Then

Z ) (@ —xj-1)

is called the Riemann sum (Riemann Summe) of f with respect to Z. The norm
(Feinheit) of the partition Z is defined as ||Z|| := maxi<;j<,(z; — z;_1).

We have the following theorem.
2.16 Theorem. Let f € S([a,b],K) be a jump continuous function. Then to each

e > 0 there exists some 6 > 0, such that for every partition Z of [a,b] with norm
|Z|| < 6 and every choice of points §; € [x;_1,x;] we have

<eE.

n b
> £~ a) - [ flads
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Proof. First, we show the claim for step functions ¢ via induction on the number m of
discontinuities of . Then we deduce the claim for general jump continuous functions
using the approximation theorem (|1.6)).

a) Let ¢ € T([a,b],K) be a step function and £ > 0. If we have ¢ = ¢ for all = € [a, D]
and a ¢ € K, the claim follows immediately. If ¢ has exactly one discontinuous point,
the claim follows easily by setting o := ﬁ.

For the induction step assume that the proposition holds for step functions with m
discontinuities and consider a step function ¢ with m + 1 discontinuous points. We
then decompose ¢ into ¢ = ¢’ + ¢”, where ¢’ is a step function with m discontinuities
and ¢” is a step function with exactly one discontinuities. For a given £ > 0 we choose
a ¢'(g/2) for ¢ and a §"(¢/2) for ¢” in such a way that the proposition holds for ¢’
and ¢"; if we then set 6 = min(¢’,¢”) the proposition also holds for .

b) For f € S([a,b],K) choose ¢ € T ([a,b],K) with || f — ¢|le < 36a and 0 :=4(3).

b—a
By a), we have | Y7, (&) (zj — xj-1) — f; @dzx| < £; therefore,

n b n n
| Zf(&‘)(%‘ —Tj1) — / fdz| < | Zf(é}‘)(%‘ —xj1) — Zw(fg‘)(%’ —2j1)|

n b
+| E (&) (5 —xj1) —/ ¢ da|
\]'21 a

b b
+‘/ gpdx—/ fdx|

-~

[
<3

o

& e €
< Z 1f = @lloc(aj = zj1) + 3Tg3<¢
j=1

O

2.17 Corollary. Let Zy,Z5 ..., be a sequence of partitions of the interval [a,b] with
|Za]] — 0,n — oo. Let f € S(la,b],K) and S, be the corresponding sequence of
Riemann sums. Then we have ,

lim S, = / f

2.18 Remarks. a) A function f : [a,b] — C is called Riemann integrable if there exists
a ¢ € C with the following property: To each € > 0 there exists a § > 0 such that

e — Zf(fj)(l"j —zj)| <e
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for every partition Z := (xo,...,z,) with norm ||Z|| < J and every choice of §; €
(21, 5],

b) The above Theorem says that every jump continuous function f € S([a, b], K)
is Riemann integrable and the Riemann integral coincides with our integral for these
functions.

¢) There exist Riemann-integrable functions which are not jump continuous.

The above Corollary allows in many cases to transfer statements about sums to
integrals. As an example consider the Hoélder inequality for integrals. To this end

define )
1l = ( / (@) P di)

for f € S([a,b],K) and 1 < p < co. Then the following inequality holds.

2.19 Corollary. For f,g € S([a,b],K) and 1 < p,q < co we have
b 11
|f(2)g(@)| dz < || fllpllgllq s tg= L

For p = q = 2, this is the Cauchy-Schwarz inequality for integrals.
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3 Integration techniques

The fundamental theorem of calculus from the previous section allows to transfrom
the product rule and the substitution rule from differential calculus into very useful
integration techniques. We start this relatively short section with the substitution rule.
In the entire section, let I C R be a compact interval and a,b € R with a < b.

3.1 Theorem ( Substitution rule). (Substitutionsregel) Let f € C(I,K) and
o € CY[a,b],R) with ¢([a,b]) C I. Then we have

b #(b)
/ Fl(@)d (2) do = / f(y) dy.
a w(a)

Proof. By the fundamental theorem, f has an antiderivative F' € C'(I,K). The chain
rule implies that F o p € C'([a, ], K) and that

(Fop)(z) =F(p(x)¢(x) = flp(@)¢'(x), z€la,b].
Therefore,

b

b b ©(b)
[ He@)e @) de = Fop)s = Fle®) - Fle@) = I3 = [ W

a

[
3.2 Examples. a) For a > 0 and 3 € R we have
/b (a2 + ) d 1/M du = sin] () = < (sin(ab + ) —sin(aa + )
cos(aux r=— cosudu = — sin = —(sin(a — sin(aa :
u & Joars a aatf
b) We have
1 1
1 1
/ 2" sin(2") do = —/ sinudy = — 1 (1) = —(1 —cosl).
0 n Jo n n
3.3 Theorem (Integration by parts). (Partielle Integration) For functions

f,g € CY([a,b],K) we have

/abfg’drt = (fg)|z—/abf’gdx-



3. INTEGRATION TECHNIQUES 131

The proof is easy. By the product rule, we have (fg) = f'g + f¢'; and thus

/ (fayde = /  Pade 1 [ taax

3.4 Examples. a) We have
b , b
/ re'dr = xe“”‘a - / edr = be’ — ae® — [e* — €.
b) We identify a recursion formula I,, = f sin” zdx for n > 2 as follows: We have
I, = /sinx -sin" ' wdr = — coswsin™ ! (x) + (n — 1) /cosx sin""2 z cos xdx

= —coswsin" 'z +(n—1) /(1 — sin®z) sin" 2 xdx

= —coswsin" 'z +(n— 11, —(n—11,

and thus . .
I, = r I,_o — —cosxsin® !z,

n
where Iy = [sinz = [1dz =z and I, = [sinz = — cos .

c) Wallis’ product (Wallissches Produkt — cf. exercises): We have

o0

us 452
§_H4j2—1‘

j=1

For the proof, consider A, = fog sin” x dx.

3.5 Example. Area of the unit circle

Consider the function f : [—1,1] — R given by = — /1 —22. If we define A =
fjl V1 — 22 dz and substitute z = cost, we obtain

0 T s
A = — \/1—cosztsintdt:/ sinztdt:—sintcost‘g—i-/ cos? tdt
g 0 0

= / (1 —sin®t)dt = m — / sin® tdt
0 0

by partial integration, and by the previous example we know

™ .9 T
tdt = —.
/0 sin 5

Hence, the area of the unit circle is 2- 5 = 7.
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4 Improper integrals

With our current concept of integral, we can integrate jump continuous functions which
are defined on a compact interval I = [a, b].

In this section, we want to extend this concept of integral in order to integrate
functions on arbitrary (not necessarily compact) intervals of the real line. This leads
to the concept of improper integrals.

In the entire section we assume —oo < a < b < oo. We call a function f : (a,b) —
C admissible, , if the restriction of f to each compact subinterval of (a,b) is jump
continuous. It is clear that a continuous function f : (a,b) — K is admissible; likewise
f € S((a,b),K) is admissible if a,b € R, and |f] is admissible if f : (a,b) — K is

admissible.

4.1 Definition. An admissible function f : (a,b) — C is called improperly integrable,
if there exists a constant ¢ € (a,b) such that the limits

c B
alirzlzlJr /a f and ,Bligl— /c f

exist.

We remark at this point that for an improperly integrable function f the above limits
exist for all ¢ € (a,b).

4.2 Definition. Assume that f : (a,b) — K is improperly integrable and ¢ € (a,b).
Then

b b c B
/fd:v::/f(:c)d:c:: lim/fdx—l—ﬁlirzl fdx

a— a+

is called the improper integral of f over (a,b).

4.3 Examples. a) For a € R we have

1
/ — dx exists s a> 1.
1x”

To see this, we choose o # 1. Then we have

b 1

11—«

1 1
—dx =
. x“ 11—«

l—a‘b _
x 1=

(bl_a - 1)7

and the above integral converges for b — oo if and only if o > 1.
If & = 1, we have flb 1 dz = log b which means that the limit lim,_. flb 2 dz does not
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exist.

b) Analogously, one proves the following proposition:

1 '
—dx exists & a<l1.
0o T

>~ 1 70
dz = =
/0 112207

because the antiderivative of = — ﬁ is given by x +— arctanz and we have

c) We have

) b
lim arctan x| =
b—o0 0

e 1
/ e “dr = —,
0 Q

R _ _ R—o0
because we have [~ e **dx = é(l —emoR) 3 i

d) For a > 0 we have

4.4 Theorem. (Comparison of integrals and series). Let f : [1,00) — R, be an
admissible and monotone decreasing function. Then we have

io: fn) <o <= /00 f(z)dx exists.
n=1 1

Proof. For x € [n — 1,n] and n > 2, we have f(n) < f(z) < f(n — 1) by assumption.
Therefore, f(n) < [ | f(x)dx < f(n—1) and thus

N—
/ flo Zf(n>, N>2
Hence,

|t < S fm) <3 fn)

and thus limy_ le f(z) dx exists whenever »_° | f(n) converges.
To show the converse direction, we note that

< [ s [ <o
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Thus, (322, f(n))nen is a monotone and bounded sequence, and this implies that

Yo, f(n) converges.
0]

As an example, consider the function f : [1,00) — R, given by f(z) = xia In this
case, the theorem yields

= 1 > 1
Z — is convergent < / — dx exists E o1
L

n
n=1

4.5 Definition. An admissible function f : (a,b) — K is called absolutely integrable
(absolut integrierbar), if f: |f(x)| dx exists.

4.6 Lemma. An absolutely integrable function f : (a,b) — K is integrable.
For the proof we refer to the exercises.

4.7 Theorem. (Comparison test for integrals). Assume that f,g : (a,b) — R are
admissible functions, such that we have

[f(@)] < g(x), x€(ab)

If g is integrable, then f is absolutely integrable.

For the proof we again refer to the exercises.

o .
sin z
dx
0 z

is convergent, but not absolutely convergent

To see this, we first of all observe that lim,_.g Sigx = 1 (thus the integrand is continuous
on the whole real line). Therefore, it suffices to examine the convergence of the integral
[7° 22 g An integration by parts gives

1 T
Rging cos R R cosa
dr = cosl — — dz.
1 1

4.8 Example. The integral

z R 2

The integral | 100 £25* dw exists, since it is dominated by the convergent integral J 100 x% dx.

This means that the limit

. Rginx
lim dx
R—oo 1 €T
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exists.
On the other hand, the integral floo Sl% dx does not converge absolutely, since for each
k € N we have

L 1 (k+1)m 2
/ | |da:2—/ |sinz|dr = ——,
ke x (k+ 17 Jyr (k+1)m

and therefore we have

E+HDT gin x 2 <& 1
dr > — i
/0 | x |x_7rzn—|—1

n=0

The latter expression is the harmonic series, whence the above limit does not exist for
k — oo.

To conclude this section, we consider the gamma function and the beta function. Both
functions are defined by improper integrals and represent important functions of anal-
ysis.

4.9 Example. (The gamma function).
We begin with the definition of the gamma function. For z € C with Re(z) > 0 we
define

[(z):= / t= e tdt.
0

This function was introduced by Euler, whose motivation was to interpolate the facto-
rial function n — n!, defined for n € N. First of all, we show that the gamma function
is well defined.

For t € (0,1] we have the estimate

|tz—16—t| _ tRe(z)—le—t < tRe(z)—l

and by Example ) and Theorem [4.7|it follows that fol t*~Le~tdt converges absolutely.
For t € [1,00) we have
tRe(z)fleft < Czeft/Z

for a constant C, which depends on z. Since the integral floo e~!/? dt exists by Exam-
ple d), the integral floo t*~le~tdt is absolutely convergent. The gamma function
I': {z € C: Re(z) >0} — C defined in this way has the following properties:

a) [(z+1)==z2I(2), Re(z)>0,

b) (1) =1,

¢c) I'ln+1)=n!, neN



136 CHAPTER V. INTEGRATION IN ONE VARIABLE

To see property a), we integrate by parts to obtain

b

b
/ t*e~"dt = et 4+ z/tz_le_tdt , 0<a<b<oo.
a N——
—0 for b—oo, a0+ a

—T'(z+1) for b—o0, a—0+
—zT'(2) for b—o00, a—0+

Therefore we have I'(z + 1) = z for Re(z) > 0.
Property b) follows immediately from Example d). Similarly, property c) follows
by applying a) repeatedly in connection with b).

In many applications, it is important to calculate approximate values of I'(z) or
n! of large x and n, respectively. In this context, the Stirling formula is of particular
interest. It says that for x > 0 we have

T(z) = V2ra® Y2eot1@)  with 0 < p(x) < Tz’
*=1/2¢= i3 often used as an approximation of I'(x). The relative error
~122 _ 1 and is smaller than one percent already for z > 10.

Therefore, v/ 27z
of the approximation is e

4.10 Example. (The beta function)
Another important function, also defined by an improper integral, is the so-called beta
function. For p,q € C with Re(p), Re(q) > 0, it is defined by

1
B(p.q) =/ (1 —¢) .
0

The above integral is absolutely convergent (cf. exercises) and thus B(p,q) is well
defined. Furthermore, we have the relation

L(p)I'(q)

Tpiq ~ P00 Feb) Felg) > 0.
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