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(H10.1)

1. Which of the following sets are compact? (You have to give a proof that the set is
compact or not compact).

(0, 1], (−∞, 0], [0, 1] ∩ Q, {−→x = (x, y) ∈ R2 / x2 + y2 = 1}.

2. Determine if the follow limits exist and in this case compute those limits.

lim
x→0

cos(x) − 1

x
, lim

x→0

sin(x)

x
.

(H10.2)

Let f : R → R be such that |f(x)| ≤ 1 for all x ∈ R. Assume that the set

{(x, f(x)) ∈ R2 / x ∈ R}

is a closed subset of R2. Prove that the function f is continuous.
Hint. One may use sequential compactness.

(H10.3)

Let K ⊆ Rn. Prove that K is compact if and only if for all families of sets (Fi)i∈I which
satisfy the following properties:

1. Fi is closed for all i ∈ I,

2. if i1, . . . , im ∈ I then Fi1
∩ . . . Fim ∩ K 6= ∅,

we have that ∩i∈IFi ∩ K 6= ∅.


