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(H3.1)

1. Prove using the definition that the following sequences are convergent to 0.
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2. Check whether the following sequences are convergent and find the limits in the cases
where these exist.
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(ii) d,, — 0, ifneN iseven,
"1 1, ifneN isodd.

(H3.2)

Let A, B be two non-empty sets of real numbers and let the function f: A — B. The
function f is increasing if it satisfies the property:

r<y= f(z) < f(y), forallz,yec A
The function f is strictly increasing if it satisfies the property:

r<y= f(z) < f(y), forallz,yec A



1.

Prove that every strictly increasing function f : R — R is injective.

2. Give the example of a strictly increasing function f : [0,1] — [0, 1] which is not

surjective.

3. Suppose that the function f : R — R is increasing. Define by recursion the sequence
(@n)nen as follows:

a; =1, a1 = f(ay), n €N,

(i) If 1 < f(1) prove that a, < a1, for all n € N.
(ii) Assume that 1 < f(1) and that —2 < f(x) < 2 for all x € R. Prove that the
sequence (a,)nen is convergent to some a € [—2,2].

(H3.3)

1. Suppose that (a,)nen is a sequence of real numbers which is convergent to 1. Define
the sets

A={neN/a, <1,0002}, B={neN /a, <0,9999}.

Examine whether A and B are finite or infinite subsets of N. (We regard the empty
set as finite).

2. Give the example of two sequences (b, )nen, (¢n)nen of real numbers such that b, < ¢,
for all n € N and lim b, = lim c¢,.
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3. Prove that if (z,),en is a sequence of complex numbers which is convergent to some
z € C then |z,| — |z|.
(Hint: Prove as in the case of the real numbers that ||z| — |w|| < |z — w| for all
z,w € C).

4. Give the example of a sequence (d,)nen of real numbers such that |d,|] — 5 but

(dy)nen is not convergent to 5.



