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(G4.1)

(a) Let (nk)k∈N be a sequence of natural numbers such that n1 < n2 < . . . < nk < . . ..
Prove that nk ≥ k for all k ∈ N.

(b) Prove that if an
n→∞−→ a and (ank

)k∈N is a subsequence of (an)n∈N then ank

k→∞−→ a.

(c) Find all cluster points of the following sequences:

(i) an := (−1)n 1√
n
, n ∈ N,

(ii) bn =


1 + 1

2n , if n ∈ N is of the form 3k,

2 + 1
n
, if n ∈ N is of the form 3k + 1,

2, if n ∈ N is of the form 3k + 2.

(G4.2)

(a) Decide whether the following series are convergent:

(i)
∑∞

n=1(−1)n,

(ii)
∑∞

n=1

(
1 + 1

n

)n

.

(b) Find the sums of the following series:

(i)
∑∞

n=0
5·3n

4n+2 ,

(ii)
∑∞

k=2
2

k2−1
.
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(G4.3)

Let (an)n∈N and (bn)n∈N be bounded real sequences.

(a) Show that

lim infn→∞ an + lim infn→∞ bn ≤ lim inf
n→∞

(an + bn) ≤ lim sup
n→∞

(an + bn)

≤ lim sup
n→∞

an + lim sup
n→∞

bn.

(b) Give an example with two sequences (an)n∈N and (bn)n∈N s.t. we in (a) have “<” in
all cases.
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