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(G3.1)

Decide whether the following sequences are convergent and determine the limits in case
these exist.

1. an :=
n3 − 2n + 1

5n3 + n2 + 1
, n ∈ N0.

2. bn := (−1)n

n
, n ∈ N0,

3. cn :=
√

n2 + 2−
√

n2 + 1, n ∈ N0,

4. dn := (1 + 1
n
)n2

, n ∈ N,

(G3.2)

Let (an)n∈N and (bn)n∈N be sequences in R. Decide whether the following statements
are true in general. Give in each case a proof or a counterexample.

1. If (an)n∈N is bounded then an · 1
n
→ 0.

2. If (an)n∈N is bounded and (bn)n∈N is convergent then (an · bn)n∈N is also convergent.

3. If (an)n∈N is divergent and (bn)n∈N is divergent then (an + bn)n∈N is divergent.

4. If (an)n∈N is convergent and (an + bn)n∈N is convergent then (bn)n∈N is convergent.

(G3.3)
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1. (i) Prove that the function f : [0, +∞)→ R : f(x) = x2 is injective but not surjective.
(ii) Prove that the function g : R→ [0, +∞) : g(x) = x2 is surjective but not injective.

2. Define the sequence (an)n∈N by recursion as follows: a1 = 1, an+1 = 6 · 1 + an

7 + an

, n ∈ N.

Prove that

(i) 1 ≤ an ≤ 2 for all n ∈ N,

(ii) an ≤ an+1 for all n ∈ N,

(iii) an → 2.
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