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Partial Differential Equations I: Linear Theory

Solutions to the Exercises of Tutorial 14

1. Proof. Let £, €25 be bounded open sets of R” with n € N satisfying

Q1 C Q.

o ~
We want to prove that an function f in Cw(£21) can be extended, by 0, to f €

(Oj’oo(Qg). To this end, we choose f € CO’OO(Ql). This mean f vanished near the
boundary of Qy say f(x) = 0 for any = € Q, where Qf = {z € Oy | dist(z,00;) <
&}, for suitably small positive . Thus if we define f(z) = 0 for any = € Q3 U (€25 \

)1), then one can easily prove that fe CO’OO(QQ).
Recalling that H 1(€21) is the closure of CO’OO(Q) in the H;(£2)-norm, we conclude
that for any u € ;[1(521), define a function @ : 23 — C by

oy ulx), e Q,
U(I)_{O, IGQQ\Ql

then we have that u belongs to ;[1(92).

2. Proof. Define B(u,v) = (V,u, V,v). Invoking the conclusion in Problem 1, we
obtain

M) = min Blu.v) W
u€ H1(Q2),lull Ly (0q) =1
< _ min B(u, u)
weH1 (), [[ullLy @) =1
= M(Q).

Here we used the basic inequality that

min f(z) < min f(2)



for f: X — R and A, B C X such that A C B. Here X is a Banach space. We
here also used the assertion in Problem 1 which can be stated as follows:

“by zero extension we can regard H(§2;) as a subset of H1(£22)”.

By a similar argument for the formula similar to 1) we can prove that for any
k € N\ {1}, there holds

Ak(€22) < Ap(q).

3. and 4. Proof. Noting the main difference between the Neumann and Dirichlet
boundary value problems: The test function space for the Dirichlet boundary value

problem CO’OO(Q) (or H 1(€2)) while for the Neumann boundary value problem the
test space should be changed to C(£2) (or H1(€2) ). We then can prove in a similar
way as in the lecture, Lemma 9.2, Theorems 9.3, 9.4, Corollary 9.5, Theorem 9.6
and Corollaries 9.7, 9.8, for the operator of Neumann boundary value problem.



