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Partial Differential Equations I: Linear Theory

Solutions to the Exercises of Tutorial 13

1. Solution. Let Q C R™ with n € N and smooth boundary be a bounded open set

and f:Q — R be a function in Ly(2) and u® € H,(Q)

A function u in the space Hi(2) N Lg(€2) is called a weak solution to

Au—u® = f, inQ,

ulon = u®,

if for any test function ¢ € CO‘OO(Q) there holds
(qu, VIC,O) + (uga 80> = _<f> 90)

where u —u® € ﬁ[l(Q)

2. Solution. i) Let £ € R™. Then we have that

n
g-Y =0
i=1
has non-zero solutions. Thus the operator

0? "L 92

i= 3

Liu(xy, -+ zp,t) u

is not elliptic. In fact, this is called hyperbolic operator.
ii) Let £ € R™"!. For the operator

0 i
Lou(zy, -+ ,xp,t) = —u — Z gLt
we have

=1



has the solutions of the form (c,0,---,0) with ¢ € R. So this operator is not
elliptic. It is called parabolic operator.
iii) Let £ € R% Then for the operator

2 2
Lau(z,y) = %u + QZ%U(%U - 88—y2u’
we have that
E+2i66 -6 =0

implies

(& +1i&)? =0,
thus & + & =0, i.e.

§=0, &=0.
Therefore, this operator is elliptic. Moreover it is easy to see that this operator is
not strongly or uniformly elliptic.

iv) Let £ € R?. We rewrite the operator as

2
Lyu(z,y) = 9 <x£u> + a—u

Thus from
& +& =0
we obtain that if z > 0 i.e. x € () L, is elliptic, but not uniformly, strongly.

For z € Q. if x > 0 then L, is elliptic, if z = 0 then L, is degenerate elliptic,
if x < 0 then L4 is hyperbolic. We also call that L, in {25 is an operator of mixed

type.

3. Proof. Since

Gap = QBa;
we have
1 _—
Gap = 5 (dap + Tpa).
Then
Lu(z) = Z D* (a5 DPu(z))
|a‘:17‘ﬁ|:1
ol s
- Z D E(aab"l‘aﬁa)D U(l‘)
|a‘:17‘6|:1
1 * 1 o [——
-5 Z D (aaﬁDﬂu(x)) +§ Z D (agaDﬁu(a:))
|a|=1,8|=1 la|=1,|8/=1
L 1
_ N 5 N
N §| —;|—1D (aaﬁD U(ZL')) +§l |_1Z|/3_1D (aa,BD U(:L’)) (2)



Since we assume that a,s = const, the last term in (2) can be treated as

1 IO 1 _ o
- Z Dﬁ(aaﬁD u(z)) = 3 Z (aagDﬁD u(x))
la[=1,|8]=1 |o|=1,]8]=1
1
=3 (@asD*D’u(x))
lal=1,|8]=1
1 o/
== 5 D (aagDﬁu(w)). (3)
lo|=1,|8]=1

Here we used D°D%u = D*DPu which is true by assuming that u € Cy or under-

standing it in weak sense.
Thus combination of (2) and (3) yields

Lu(x) = Z D* (aapD"u(z))
=1, /3l=1

:% Z Da(aagDﬁu(x))+% Z D* (GagD’u(x))

lo|=1,[B]=1 le]=1,]8]=1

- Y (Gl )

lo|=1,]8|=1

= Z D“ (CagDﬁU($)) :
lo|=1,]B|=1
here we chose

1 .
Cap = 3 (Gap + Tap)

from which one can easily see that c,3 € R. And the proof of the assertion is thus
complete.

4. Solution. We define

og = T + 1Y
if @ = (a1,a2) and B = (by, by) where a;,b; € {0,1} for ¢ = 1, 2 satisfying that the
four numbers a1, aq, by, by are not equal pairwise; and define

aaﬁ = 0,

otherwise.
Then we can write the operator

uten) = 4 (o +ingraten) ) + o (i) aten)

in the form

Lu(z,y) = Z D* (anp(x,y) D u(z,y)) .
jol=1,]3/=1



Now we take a = (1,0) and 8 = (0,1). Then ans =  + iy and a + § = (1,1)
whence |a + 3| = 2. Therefore, for such a, 3, the symmetry condition becomes

T+ iy = aop = (—1)1* @55 (2,y) = Gaalz,y) =7 + y.

This can not be true for all y # 0.
Thus the symmetry conditions are not all satisfied.



