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Solutions to the Exercises of Tutorial 07

1. Proof. Using polar coordinates and the mean value formula we rewrite

R pr2m
/ u(y)dy = // u(rw) dS,dr
lz—y|<R 0 Jo
R

= /0 2nru(z) dr
= mu(z)R>.

Here w is a unit vector defined by % and dS, is the surface element.
Thus we obtain

2. Proof. a) Applying the Green formula we have

0 = / Aud:v:/ Au-1ldz
B, (x) B, (x)

= — Vu-Vldx—l—/ Vu - ndS,

Br(x) OBr(z)

= / Vu-ndsS,.
8B, (z)
9

Noting that the normal vector n is radical, thus we obtain Vu -n = -, and we
have

2m
0= / gu(xl +rcosf,xo + rsind) db. (1)
o Or



b) We now integrate the equation in a) with respect to r over (0, R) to get

2
0 = // —uxl—l—rcos@ To + rsin0) ddr
= / / —uxl—l—TCOSG To + rsiné) drdf
= / u(zy + 7rcosf, vy + rsin )| do
0

2w
= / u(zy + Rcosl,x9 + Rsin0)df — 2mu(zy, x2).
0

From which we obtain the mean value formula.

3. Proof. Let 1,75 € R? be two different points. Without loss of generality, by
choosing a suitable coordiante system we may assume that z;,z, are located at
the z-axis, i.e. ;1 = (2',0), 22 = (22,0). Furthermore we assume that 2* < 22, In
what follows, we denote y = (y*,y?).

By the mean value formula, we write

o) —utw) = 5 ([ wir= [y, 2)

here the right-hand side can be rewritten as

1
— </ u(y)dy —/ u(y)dy) .
T By (z1)\Br (z2) Br(z2)\Br (1)

Next we want to calculate the two quantities which appeared in the above equality,
i.e. meas(B,(z2)\B,(r1)) and meas(B,(x1)\B-(z2)), we need only, by symmetry,
compute one of them. We have

meas(B,(x2)\ B, (z1)) = meas(B,(z2)) — meas(B,(x2) N B,.(z1)).

Since it is easy to see meas(B,(x3)) = 7r?, it remains to calculate meas(B,(z2) N
B, (z1)). Note that

B,(2) N By(11) = {yeR*||z1—y[ <, |op—y[ <71}
= {yeR (@ -y + @) <r’ (@ —y)+ (") <7},
which is equivalent to
Bia) NBy(a1) = {yeR|a' = /=P <y' <o’ + Vi = (7).
x? — TQ—(y2)2§y1§$2+\/W}'
From the assumption that 2! < 22, we then arrive at

Ban) N By(oy) = {y € B |2 = VP = PP < ¢! <3l + V= PP}
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From this, it therefore, follows that

meas(B,(r2) N B, (1)) =

m\

r (22 ﬂBr(ml
_ / dy
yeER2|z2— 4 /r2—(y2)2<yl<al44/r }
Vr2-(?)?
= / dyg/ 1dy1
—4/r2=(y?)?
= / (x — 2%) + 24/72 )
= r* —2(2® — 2h)r. (3)

Here we observed that the integral f;2\/r2 — (y2)2dy? is just the area of a disk
B,(0) C R?, hence it is equal to 772

Now we recall (2) and the assumption that « is bounded in R? (thus there holds
M = sup,cpe |u(z)| < 00) to get

1
u(er) — ulwn) = —2( / )iy~ [ u(y)dy)
r Br(x1)\Br(22) Br(z2)\Br (1)

< % (meas(Br(xl)\Br(xz)) + meas(Br(xg)\Br(wl)))

M C
< —-dr(a®—2') < — =0,
r r
as r — 00. Here (' is a positive constant which is independent of r.
Thus we conclude for any two points z1, x5 that there holds u(x;) = u(zs).
Hence u is a constant function.



