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Solutions to the Exercises of Tutorial 02

1. Solution. We write a multi-index «; with i € Ny, in the following form

Q; = (al 042,-'- ,Oé?).

R
a) For the second order operator, we have

Z co(z)D(x) = Z Z Cal a2, an () D" u(z).

al<2 i=0 37 gol=i

For the third order operator, one gets easily that

an(x)D“u(x): Z Cat a2, an (T) D™ u(z).

o]=3 S i—o =3

b) Let (z1,22) = (x,t). Define ap = (2,0), (0,0), (0,0), (0,2), and c4,(z) =
—c?, 0, 0, 1 correspondingly. Then

Uy — CC Uy = Z D%u(zx,t).

|a|=2

Similarly, for the Laplace equation, we let x = (x1,2), then define ap = (2,0),
(0,0), (0,0), (0,2), and c4y(x) =1, 0, 0, 1 correspondingly. Then we have

Au = Z D%u.

|a|=2
2. Proof. From the formula of u we calculate

t t
ut(xat) = w(xvt;7)|t=7' + / wt(l'at;T)dT = / wt(xat; T)dTv (1)
0 0

here, we used the first initial data. Thus
¢ ¢
ug(z,t) = we(x, t;7)|i=r +/ wy(x, t;7)dT = f(2,1) +/ wy(x, t; T)dT,
0 0

1



where we made use of the second initial data. It is easy to show that

t
um(ac,t):/ Wy (2, t; 7)dT.
0

Therefore we obtain
¢ ¢
g (z,t) — 02um(ac,t) = f(z,t) +/ wy(x, t;7)dT — 02/ Wey(x, t; T)dT
0 0

= f(z,t) —l—/o (wie(z, t;7) — Cwye(z, ;7)) dT
= f(xﬂ t)'

So the equation is satisfied. Next we should check that the initial and boundary
conditions are satisfied. It is easy to prove that the boundary conditions are met.
For the first initial condition for u, we invoke the formula of u, then get u(z, t)|;=o =
fgw(m,t;T)dﬂt:o = 0,. From (1) we obtain w;(z,t)|;=0 = f(f we(x, t;7)dT|4=0 = 0.
So the initial conditions are satisfied.

3. Solution. By the projection theorem, we can conclude that for an element
z € X \ 'Y, there exists a point 2y € Y such that

9(y) :== (2 — 20,y) =0, for all y € Y.

Thus (2 — 29, 20) = 0, and (z — 29, 2) = (2 — 20,2 — 20) = ||z — 20||*-
Now we define
(z — 20, )

J@) = =)

it is easy to see that f(z) =1 and f(y) = 0 for all y € Y. Finally, we show that f
is a bounded functional. By the Cauchy inequality, we have

Iz — zoll ]l

[f(2)] < < O]

Iz = zol|?

Here C' is a positive constant depending on z. Q.E.D.
4. Proof. a) Approach 1. By the convexity of the function z — exp(z), we have

1 1
ab = exp(loga + logb) = exp (— log(a?) + — log(bq))
p q

1 1
< —exp(log(a”)) + — exp(log(t’))
P q
- Lol
P q

From which the Young inequality follows.



Approach 2. i) Let’s first consider the case that f(a) = b, i.e. a?™' = 0. Tt is
easy to see that

1 1 o« b
—af? + - = 2P dx + Yy dy
p q 0 0

1

a aP—
= /xp_ldx—l—/ Yy dy.
0 0

However making a transformation of variables 54! = x, noting that (p—1)(¢—1) =
lorp—1= -1 we then get

Ea
y =2~ thus dy = (p — 1)2~*dz,
hence,
aP—l a a
/ y iy = / (p— 122 zdr = / (p—1)aPtdz.
0 0 0
Therefore,
1

1 a a a
—aP + -b? = / 2P dx —|—/ (p—1)a? tdo = / px?tdx = af = ab.
p q 0 0 0

ii) Suppose that i) does not happen, then we have f(a) > b or f(a) < b. Since
f(a) < b is equivalent to g(b) > a, and the functions f, g or the two numbers a, b
play a symmetric role in the Young inequality, we need only to deal with the case
that f(a) > b, i.e. a > b?"". See Picture 1 below,

y

B f(x) or gy
I

Picture 1



We write

1, 1 R -
—aP 4+ -bp?! = P dx + Yy dy
p q 0 0

a pa—t b
— / xp_ldx—l—/ xp_ldx—l—/ Y dy
pa—1 0 0

b
= L+ 1 —|—/ y? tdy. (2)
0

It can be see easily from Picture 1 that foa 2P~ tdx is the area of the region oABao

and fob y?~'dy the area of the region obAo.
We now estimate I, I,. From the fact that 277! is monotone over R*, we infer
that

I > / (b1 Pty = / bdz = b(a — b71) = ab — b,
b b

q—1 q—1

For I5, we handle it in a similar way as in i) and obtain

b
I = / (¢ — 1)y* 'dy.
0
Combination the above two estimates with (2) yields

1 1 b b
—a? + -b" > ab—b1+ / (q— 1)y tdy +/ Yt dy
p q 0 0

b

= ab—bq—l-/ qu" tdy = ab — b7 + y?|}
0

= ab,

which implies the Young inequality.
b) Applying the Young inequality to

N

1/ 1lze 191l za

1
(here we used the notation || f||z» = ([ |f(2)[’dz)?.) then we have

1 gl

1 1
=ab < —ad’ + -b! = -

[f1lz» [lgll e pq  plfll alglie
so the function T f” > Tole ‘ is integrable. Integrating the above equation with respect
to x over €2, one can o Stain easily that
T PR N VS S A TS U
lgllizel — — pJa IfLe q Jo llgllze P g

From this the Holder inequality follows.



