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Gruppeniibungen

Aufgabe G3T7:
Let B, € A, n € N, be pairwise disjoint sets with Q = (J, .y Bn and Ay =

o{Bp|n € N}. Show that for every random variable X > 0

E[X|A)= Y E[X|Bulg,.
neN:P[B,]>0

Aufgabe G38:

Let I C R be an interval, X be an integrable random variable with values in
and ¢ : I — R be a convex function. Show that:

(a) For every sub-o-algebra Ay C A it follows that E[X|Ag] € I P-a.s.
(b) If ¢(X) is integrable, then

a(EIX|A))) < Elg(X)|4)]  P-as.

In exercises G39 and H36 let X, Y be random variables with joint density f(z,y).
Define

fr(y): /Rf(amy)dx, y€ER
and
S f@y) i fr(y) >0,
0 if fy () = 0.

[x|y is called the conditional density of X given Y.

fX|Y(33\?J) = {

Aufgabe G39:

Show that if X and Y are independent, the conditional densitiy fxy(z,y) is
independent of y and only a function of the variable .



Hausiibungen

Aufgabe H36:
Let g : R — R be measurable. Then

[ @)t aly) do 1)
is a version of the conditional expectation E[g(X)|Y].

Aufgabe H37:

Let p be a probability measure on (R,B(R)) and P = @, _, u be the n-fold
product on (R, B(R™)). Let A be the system of all sets B € B(R") with the
property that for all permutations iy,...,4, of 1,...,n the point (x;,,...,2;,)
is in B. Show that:

(i) A is a sub-c-algebra of B(R™).

(ii) For every integrable random variable X on (R™, B(R"), P) it follows that

1
E Z X(x,-l,...,a:,-n)
" (i1yenin)

a version of the conditional expectation F[X|A].

Aufgabe H38:

Let A;, Ay C A be sub-o-algebras and X € £, X > 0. Then the following are
equivalent:

(i) E[X|o(Ar1, A2)] = E[X[A].
(ii) E[XY|Ai] = E[X|A]E[Y|A;] for all 0(A;, Az)-measurable Y > 0.
(i) E[XX2|A1] = E[X|A1]E[X2|A,] for all Az-measurable X5 > 0.



