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Probability Theory
4. Aufgabenblatt

Gruppeniibungen

Aufgabe G11:
Let X be a rondom variable on (€2, A, P) with values in N. Prove that

E(X) = iP[X > n).

n=1

Aufgabe G12:
Let (2, A, P) be a probability space and X be a random variable. Prove that

(a) E(|X])=0=X =0 P-as.
(b) E(JX|) < 0= |X| <0 P-as.

Aufgabe G13:
Let (2, A, P) be a probability space. Prove that for f,g € £L1(Q2, A, P):

(a) f<g P-as. < [, fdP < [,gdP VAe Awith P(A)>0.
(b) f<g Pas <= [,fdP < [,gdP VA€ A.

Aufgabe G14:

Let X1, X3, ... be asequence of random variables with E[X;] = m and Var(X;) =
o2. Suppose there exists a function r on N with |Cov(X;, X;)| < r(|i—j|). Find
properties for r which still imply the Weak Law of Large Numbers

lim P

n—oo

[X1+X2+...+Xn

—m‘>e}:0 Ve > 0.
n



Hausiibungen

Aufgabe H10:

Prove the following generalization of Lebesgue’s theorem. Let (X,,),(Y,) be
positive random variables on a probability space (2, .4, P) with X,, <Y, for all
n € N. Show that if lim,, . X,, = X, lim, . Y, =Y and lim, . E(Y,,) =
E(Y) < oo it follows that lim, . E(X,) = E(X).

Aufgabe H11:

For z € [0,1] let z = Y7, d’;&z) denote its binary expansion. A number z

is called normal if the sequence of the relativ frequencies of 1 in its binary
expansion converges to %, ie.

1O 1
lim = di(z) = -
Jim, 2 di@) =5

Use the Strong Law of Large Numbers to prove that the set N of normal numbers
in [0, 1] has Lebesgue measure 1.

Aufgabe H12:
Prove the following Weak Law of Large Numbers:

If0 < ap <ag < ... 7 oo and (X,)nen are pairwise uncorrelated with
oo

> VQZ(QX’“) < 00, then

k=1 k

1 n
lim — Y (X — E(X;)) =0 in probability.



