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Probability Theory
3. Aufgabenblatt

Gruppeniibungen

Aufgabe G8:

Let Q be the set of permutations of {1,...,n} and P be the uniform distribu-
tion on €. For a permutation w let X(w) denote the number of fixed points.
Calculate the expectation E[X] and the variance Var(X) = E[X?] — E[X]%

Aufgabe G9:
Let (94, A;, P;), i = 1,2, be probability spaces and P, the image of P; with
respect to the mapping T : 3 — Q5. Show for every random variable X, > 0
on (22, Az)

EQ[XQ] = El[XQ O T]

Aufgabe G10:
Let X be a random variable with the property

PIX <z] €{0,1}
for all z € R. Show that there exists a constant a € R with:
(a) X =a P-as.
(b) X(P) = dq.



Hausiibungen

Aufgabe HT:

Let (22,.A) be a measurable space and D C R be a dense subset. Prove that for
a function X : 2 — R the following statements are equivalent:

(i) X is A-measurable,
(i) {X >a} e A YaeD,

)

)
(iii) {X >a} € A VYaeD,
(iv) {X<a}e A VaeD,
)

(v) {X<a}eA VaeD.

Aufgabe HS:
Let (2, A) be a measurable space.

(a) Let X : Q — R be a function. Show that X is A-measurable if and only
if X71({+o00}) € Aand X~ 1(B) € A for all B € B(R).

(b) Give an example for a function X : R — R for which | X| is Borel measur-
able but X is not Borel measurable.

(c) Show that for A-measurable functions X,, : Q@ — R, n € N, the sets
A:={we Q| lim X,(w) exists in R}
n—oo

and B -
A={we Q| lim X,(w) exists in R}

are A-measurable.

Aufgabe H9:

Let (R, A, ) be the probability space with A := {A C R| A or A° countable}
and

1 if A€ countable,
n(A) = .
0 if A countable.

Define Q' := {0,1}, A’ := P(Q') and the mapping T : R — Q' by

w1 TR
TV 0 ifzeq.

Show that T is A/ A’-measurable and determine T'(y).



