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Probability Theory
1. Aufgabenblatt

Gruppeniibungen

Aufgabe G1:

Let A be a collection of subsets of Q. Prove that A is an algebra if and only if
NeA AcecAif Ae A,and AUBe Aif A /B € A.

Aufgabe G2:
Which of the following algebras of subsets of 2 is a o-algebra?

(a) A1 ={ACQ | Aor A°is finite}
(b) Ao ={ACQ | Aor A° is countable}

Aufgabe G3:

Let A; be o-algebras of subsets of Q;, i =1,2, and T : Q; — Qs be a mapping.
Prove that {T~1(B)|B € A} and {B C Q:|T~1(B) € A} are o-algebras.

Aufgabe G4:
Let Q be an infinite set.

(i) Let A; be the algebra defined in G2 (a) and let Q be countable. Show
that the set function

0 if A finite
A) =
u(A) {+oo if A€ finite
is finitely additive, but not o-additive.

(ii) Let Ay be the algebra defined in G2 (b) and let 2 be uncountable. Prove
that the set function

0 if A countable
p(A) = e re
1 if A° countable

is a measure.



Hausiibungen

Aufgabe H1:
Let A be the Borel o-algebra on the closed interval [0, 1]. Prove that

A=0({[a,b]:0<a<b<1}).

Aufgabe H2:

Let A be a o-algebra of subsets of Q, P : A — Ry with P(Q) = 1. Prove that
the following statements are equivalent:

(a) P is a probability measure.

(b) P is finitely additive and [,y An # 0 for any sequence (A,) of subsets
of A with A,, D A, 41 for all n € N and inf,,cn P(4,) > 0.

Aufgabe H3:
Let P be the set of all probability measures on a countable set 2.

(i) Show that P is convex.
(ii) Characterize the extremal points of P.

(iii) Prove that every P € P can be written as a convex combination
P=3) P, 20,y a;i=1
i i

with P; extremal.

Aufgabe H4:
Recall that the hypergeometric distribution with parameters N, K, n € N,

K,n < N, is given by
K\ (N—K
() Gr)
)
n
Prove that for N — oo and K — oo with p = % constant, the hypergeometric
distribution converges towards the binomial distribution with parameter n, p.

k=0,...,n.



