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Chapter I

Introduction

A stochastic model: a probability space (€2, 2, P) together with a collection of random
variables (measurable mappings) {2 — R, say.

Examples of probability spaces, known from ’Introduction to Stochastics’ or ‘Analy-

Y

sis’:

(i) Given: a countable set 2 and f: Q — R, such that ), f(w) = 1.
Take the power set 2 = P(2) and define

= flw), AcCQ.

wEA

(ii) Given: f:RF — Ry such that [, f(w)dw = 1.
Let Q = R*, take the o-algebra 2 = % (R¥) of Borel sets in R* and define

/f A € B(R).

Main topics in this course:

(i) construction of probability spaces, including the theory of measure and integra-
tion,

(ii) limit theorems,
(iii) conditional probabilities and expectations,

(iv) discrete-time martingales.

Example 1. Limit theorems like the law of large numbers or the central limit theorem
deal with sequences Xi, Xs,... of random variables and their partial sums

(gambling: cumulative gain after n trials; physics: position of a particle after n
collisions).
Under which conditions and in which sense does S,,/n or S, /\/n converge, as n tends
to infinity?
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Example 2. Limit theorems hold in particular for independent and identically dis-
tributed (i.i.d.) random variables X1, X5,... with E(X;) = 0 and Var(X;) = 1. Then
Sn/n ‘converges’ to zero and S, //n ‘converges’ to the standard normal distribution.

In particular, in a simple case of gambling: X; takes values £1 with probability 1/2.
Existence of such a model? Existence for every choice of the distribution of X;?

Example 3. The fluctuation of a stock price defines a function on the time interval
R, with values in R (for simplicity, we admit negative stock prices at this point).
What is a reasonable g-algebra on the space () of all mappings Ry — R or on the
subspace of all continuous mappings? How can we define (non-discrete) probability
measures on these spaces in order to model the random dynamics of stock prices?
Analogously for random perturbations in physics, biology, etc.

More generally, the same questions arise for mappings I — S with an arbitrary
non-empty set I and S C R? (physics: phase transition in ferromagnetic materials,
the orientation of magnetic dipoles on a set I of sites; medicine: spread of diseases,
certain biometric parameters for a set I of individuals; environmental science: the
concentration of certain pollutants in a region I).

Example 4. Consider two random variables X; and Xs. If P({Xs = v}) > 0 then
the conditional probability of {X; € A} given { Xy = v} is defined by

(X, € A} N {X, =0))
P({X; =v}) '

P{X, € A} | {X, = v}) = T4

How can we reasonably extend this definition to the case P({X,; = v}) = 0, e.g.,
for X5 being normally distributed? How does the observation Xy, = v change our
stochastic model? Cf. Example 3.



Chapter 11

Measure and Integral

1 Classes of Sets

Given: a non-empty set €2 and a class 2 C P(Q2) of subsets. Put

AT = {U A;:neNAAL... A, €2 pairwise disjoint}.

i=1
Definition 1.
(i) A closed w.r.t. intersections if A,Be A= ANB e
(ii) A closed w.r.t. unions if A,Be A= AUB e
(iii) A semi-algebra (in Q) if

(a) Qe
(b) 2A closed w.r.t. intersections,
(c) Ac A= A e AT,

(iv) A algebra (in Q) if

(a) Q e,
(b) A closed w.r.t. intersections,

(c) AeA= A e
(v) A o-algebra (in ) if

(a) Qe
(b) Ay, Ag,...eA=>U Ay €,
(c) AcA=> A e
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Remark 1. Let 2 denote a g-algebra in 2. Recall that a probability measure P on
(©,20) is a mapping
P:2A—0,1]

such that P(Q2) =1 and

Ay, Ay, ... € A pairwise digjoint = P(U Ai> = ZP(Ai).

i=1 =1

Moreover, (£2,2, P) is called a probability space, and P(A) is the probability of the
event A € .

Remark 2.

(i) 2A o-algebra = 2 algebra = 2 semi-algebra.

(ii) A closed w.r.t. intersections = A" closed w.r.t. intersections.
(iii) A algebra and A;, As € A = A3 U Ay, A1\ Ag, A1 A Ay €.
(iv) A o-algebra and Ay, Ay, ... e A=, A, € 2

Example 1.

(i) Let 2 = R and consider the class of intervals
A={]a,b]:a,b e RAa < b} U{]—00,b]:beR}U{Ja,00[:a € R}U{R,0}.
Then 2 is a semi-algebra, but not an algebra.

(ii) {A € P(Q) : A finite or A° finite} is an algebra, but not a o-algebra in general.
(iii) {A € P(Q) : A countable or A¢ countable} is a o-algebra.

(iv) P(Q) is the largest o-algebra in Q, {0, 2} is the smallest o-algebra in €.
Definition 2. A Dynkin class (in Q) if

(i) Q e,

(i) Aj, Ao € ANA C A= A\ A €,
(iii) A, Ay, ... € A pairwise disjoint = (J -, 4, € 2.
Remark 3. 2 o-algebra = 2 Dynkin class.
Theorem 1. For every Dynkin class 2

2A g-algebra <« 2A closed w.r.t. intersections.
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Proof. ‘<=’ For A € 2 we have A° = Q\ A € A since A is a Dynkin class. For
A, B € 2 we have
AUB=AU(B\(ANB)) e

since 2 is also closed w.r.t. intersections. Thus, for Ay, Ay,... € Aand B,, =J -, A
we get B, € 2 and

U U m \ Bm 1 Qla

n=1 m=1
where By = 0. O

Remark 4. Consider o-algebras (algebras, Dynkin classes) 2; for i € I # (). Then
N;e; i is a o-algebra (algebra, Dynkin class), too. See also Ubung 1.2.

Given: a class € C B(Q2).

Definition 3. The o-algebra generated by €
= m{Ql : 2 o-algebra in Q A € C 2A}.
Analogously, a(€&), §(€) the algebra, Dynkin class, respectively, generated by €.

Remark 5. For 7y € {0,a,0} and &, &, &, C P(Q)

(i) v(€) is the smallest ‘y-class’ that contains €,
(ii) € C & = (&) C (&),

(iii) y(v(€)) =~(€).

Example 2. Let 2 =N and € = {{n} : n € N}. Then
a(€) = {A € P(Q) : A finite or A° finite} =: A

Proof: 2 is an algebra, see Example 1, and & C 2. Thus (&) C 2. On the other
hand, for every finite set A C ©Q we have A = (J,.,{n} € a(€), and for every set
A C Q with finite complement we have A = (A°)° € a(€). Thus A C a(€).

Moreover,

Proof. Remark 3 implies
I(€) C o(€).

We claim that
d(€) is closed w.r.t. intersections. (1)

Then, by Theorem 1,
o(€) C i(€).
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Put
Czg={CCQ:CNBece)}, B e §(¢),

so that (1) is equivalent to
VB e§(E):(¢) C g
It is straightforward to verify that
VB € 0(€) : €5 Dynkin class.
Moreover, since € is closed w.r.t. intersections,
VEc€:¢C

Therefore
VE € €:§(¢) C g,

which is equivalent to
VB ei(E): &CCp

Use (3) to obtain (2).

[]

An algebra a(€) can be described explicitly, see Génssler, Stute (1977, p. 14). The
corresponding problem for o-algebras is addressed in Billingsley (1979, p. 24). Here

we only state the following fact.

Lemma 1. ¢ semi-algebra = (&) = ¢,

Proof. Clearly € C ¢t C «(€). It remains to show that €' is an algebra.

Génssler, Stute (1977, p. 14) for details.
Sometimes it will be convenient to extend the reals as follows. Put
R =RU {—00, 00},
and define for every a € R
(£00) + (£o0) = a + (£o0) = (£00) + a = Fo0, a/ 100 =0,
oo ifa>0

a-(+oo) = (+o0)-a=<0 ifa=0
Foo ifa<0

See

as well as —oo < a < oo. For instance, the class 2 from Example 1.(i) consists of the

sets
{r eR:a <z <b}, a,b € R.

Furthermore, lim,, o ,, = F00 for a sequence (2, )nen in R if for all M € ]0, oo[ there

is an integer ng such that z, = £M for all n > ny.
Recall that (2, ®) is a topological space if & C PB(2) satisfies
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(i) 0,Q € &,
(ii) & is closed w.r.t. to intersections,
(iii) for every family (G;)ic; with Gy € & we have J,; G; € &.

The elements G € & are called the open subsets of €2, and their complements are
called the closed subsets of Q. A set K C  is called compact if for every family
(Gi)ie[ with Gl <) and
K C U Gz
iel
there is a finite set Iy C I such that
KclJa.

i€lp

On Q = RF and Q = R" we consider the natural topologies, and we use &, to denote
the corresponding class of open sets in R¥. In particular, O C R is an open set iff
ONR € B; and Ja,00] C O for some a < oo if co € O and [—o0,a] C O for some
a>—ooif —oo € 0.
Definition 4. For every topological space (2, &)
B(Q) = 0(8)
is the Borel-o-algebra (in Q w.r.t. ). In particular,
B, =BRY, B=93,, B,.=3BR) B=92.
Remark 6. We have
B, =c({F CR¥: F closed}) = o({K C R* : K compact})
= o({]-00,d] : a € R*}) = o({]-00,a] : a € Q*})
and
B={BCR:BNR¢c B} (4)
Moreover,
B & P(RY)
since the cardinalities of B, and R* coincide, see Billingsley (1979, Exercise 2.21).

Definition 5. For any o-algebra 2 in {2 and QcQ
A={QNA:AecA}

is the trace-o-algebra of 2 in ﬁ, sometimes denoted by QN

Remark 7.

(i) 2 is a o-algebra.
A 7 Ain general, but Qe A= A={AeA: AcCQ}.
(€)= A=0c({QNE:E€¢}).

(i)
) 2

(iv) B = RF N By, see (4) for k = 1.
)

(iii

(v) [a,b[NBy, = o({[a,c[: a < c < b}), see (iii).
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2 Measurable Mappings

Definition 1. (Q,2() is called measurable space if € is a non-empty set and 2 is a
o-algebra in €. Elements A € 2 are called measurable sets.

Remark 1. Let f: ) — (.
(i) f71(R) = {f1(A) : A €Ay} is a o-algebra in Q; for every o-algebra A, in Qy.
(i) {ACQy: f71(A) € Ay} is a o-algebra in Q, for every o-algebra 2; in Q.

In the sequel, (£2;,2(;) are measurable spaces for i = 1,2, 3.

Definition 2. f: Q; — Q, is 2, -™As-measurable if f~1(As) C Ay.

Example 1. Let f: Q; — Q.

(i) Every constant mapping f is 2;-s-measurable.

(ii) Let Qy = {0,1} and Ay = P(Qs). Then f is A;-As-measurable iff f = 14 with
Ac.

How can we prove measurability of a given mapping?

Theorem 1. If f : Q) — €y is /A;-Us-measurable and g : 2y — Qg is As-As-
measurable, then g o f : {2} — (13 is ;-UA3-measurable.

Proof. We have (go )1 () = [~ (g7 (As)) C [71(A) C Ay O
Lemma 1. For f: Q) — Q9 and € C P(2y)

Proof. By f~1(€) C f~(0(€)) and Remark 1.(i) we get o(f~1(&)) C f~1(a(€)).
Let § = {A C Qy: f '(A) € o(f7!(€))}. Then € C § and F is a o-algebra, see
Remark 1.(ii). Thus we get o(€) C §, i.e., f1(o(€)) C o(f1(€)). O

Theorem 2. If /Ay = o(€&) with & C PB(), then
fH(e)cA & fis A-As-measurable.
Proof. ‘=": Assume that f~1(¢) C ;. By Lemma 1,
71 () = fH(0(€) = o(f71(€)) C o) = A
Obviously, ‘<’ holds, too. ]

Corollary 1. For every pair of topological spaces (€, ®;) and (2, ®5) and every
mapping f : 2y — Qo,

f continuous = f is B(2;)-B()y)-measurable.



2. MEASURABLE MAPPINGS 9

Proof. By assumption,
S7H®s) C &1 C o(&1) =B().
Use Theorem 2. O

Given: measurable spaces (€;,2;) for i € I # () and mappings f; : Q@ — Q,; fori € I
and some non-empty set ().

Definition 3. The o-algebra generated by (fi)icr (and (A;)icr)

o({fiien)=o(lJs @),

i€l
Put o(f) = o({f}) in the case [I| =1 and f = f;.

Remark 2. o({f; : i € I}) is the smallest o-algebra 2 in Q such that all mappings
fi are A-2A;-measurable.

Theorem 3. For every measurable space ((NZ, §l) and every mapping ¢ : Q— Q,
gis A-o({f; : i € I})-measurable < Vi€ l: f;og is 2A-A-measurable.

Proof. Use Lemma 1 to obtain

“olfizie ) = (U @) = (Uthiog) @),

el i€l

Therefore
To({firiel})cA & Viel:fiogisA-W-measurable.
[

Now we turn to the particular case of functions with values in R or R, and we consider
the Borel o-algebra in R or R, respectively. For any measurable space (2, 2) we use
the following notation

3(,0)={f:Q—R: fis A-B-measurable} ,
3+(2.2) ={f €3(Q2A): f >0},
3(Q,2A) = {f Q—R:fis Ql—%—measurable} ,
(€2,20) =

3+ {ng(Q,Q[):fZO}.

Y

Every function f :  — R may also be considered as a function with values in R, and

in this case f € 3(Q, ) iff f € 3(Q, ).
Corollary 2. For <€ {<,<,>,>} and f: Q — R,

fe3(A) & VaceR:{weQ: f(w) <a} e



10 CHAPTER II. MEASURE AND INTEGRAL

Proof. For instance,
{weQ: f(w) <a}=f"([~00,a])
and B = o({[—00,d] : a € R}), see Remark 1.6. It remains to apply Theorem 2. [J

Theorem 4. For f,g € 3(2,2) and < € {<, <, >, >, =, #},
{we: flw) <g(w)} e
Proof. For instance, Corollary 2 yields

{we: flw) <gw)}=J{weQ: flw) <qg<gw)}

q€Q
=Jwe: fw<ggn{weQ:gw) > g} e
q€Q
[
As is customary, we use the abbreviation
{feAd={we: flw) e}
foranyf:ﬂﬁﬁandACﬁ.
Theorem 5. For every sequence fi, fa,... € 3(Q, ),
(i) infren fo, SUPper fu € 3(Q, ),
(ii) Hminf, .eo fn, limsup, .. f. € 3(Q,A),
(iii) if (f,)nen converges at every point w € €, then lim, .o f, € 3(€2,2).
Proof. For a € R
{Tifél{;f” < a} - gN{fn <af, {itelgfn < a} = QN{fn <a}.
Hence, Corollary 2 yields (i). Since
e f = o o fo - Hpnin o = sup o
we obtain (ii) from (i). Finally, (iii) follows from (ii). O

By
[T =max(0, f), f~ =max(0,—f)

we denote the positive part and the negative part, respectively, of f: Q — R.

Remark 3. For f € 3(Q,2) we have f*, f~,|f| € 3.(2,2).
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Theorem 6. For f,g € 3(,2),

fj:gv f.g> f/gEE(gLQl)a

provided that these functions are well defined.

Proof. The proof is again based on Corollary 2. For simplicity we only consider the
case that f and g are real-valued. Clearly g € 3(Q,2l) implies —g € 3(Q, ), too.
Furthermore, for every a € R,

{f+g<a}=J{f<atn{g<a-q}

qeQ

and therefore f £ g € 3(Q, Q). Clearly f-g € 3(Q,9) if f is constant. Moreover,
x +— 22 defines a B-B-measurable function, see Corollary 1, and

frg=1/4-((f+9?>=(f—9)?

We apply Theorem 1 to obtain f - g € 3(Q2,) in general. Finally, it is easy to show
that g € 3(€,20) implies 1/g € 3(Q,2A). ]

Definition 4. f € 3(Q,2) is called simple function if |f(Q)] < co. Put

S(Q,2A) ={f € 3(2,) : f simple},
6-1—(9722[) = {f S G(Q’Ql) cf 2> O}

Remark 4. f € 6(Q,2) iff

f= ZO‘i “1a,
=1

with aq,...a, € R pairwise different and Aq,..., A, € 2 pairwise disjoint such that
UL, A= .

Theorem 7. For every (bounded) function f € 3, (£,%) there exists a sequence
fi, fo, ... € 6,.(Q,2) such that f, T f (with uniform convergence).

Proof. Let n € N and put

k—1
f”:Z on la,, - 1s,

where
Anp={(k=1)/2") < f<k/(2")}, B.={f=>n}.
O

Now we consider a mapping T : 2; — {25 and a o-algebra 25 in 5. We characterize
measurability of functions with respect to o(T) = T~(2s).

Theorem 8 (Factorization Lemma). For every function f: Q; — R

fe€3(,0(T) < 3ge3(Q,Ay):f=goT.
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Proof. ‘<’ is trivially satisfied. ‘=": First, assume that f € & (Q4,0(7T)), i.e.,

[ = Z%’ 14,
i=1

with pairwise disjoint sets A1, ..., A, € o(T). Take pairwise disjoint sets By, ..., B, €
2, such that A; = T~1(B;) and put

g = ZO@' . 1Bi'
=1

Clearly f = goT and g € 3(Qq,As).

Now, assume that f € 3,(9,0(T)). Take a sequence (f,)nen in &4 (2, 0(T)) ac-
cording to Theorem 7. We already know that f, = g, o T for suitable g, € 3(Qs, As).
Hence

f=supf,=sup(gnoT) = (supgn)oT =goT

where g = sup,, gn € 3(Qg,As).

In the general case, we already know that
ff=goT, f-=goT
for suitable g1, ga € 3(2,2s). Put
C={g1=g2 =00} €y,

and observe that T(2;) N C = @ since f = fT — f~. We conclude that f = go T
where
g=g1-1p—g2-1p € 3(2,Ay)

with D = C*°. [l

Our method of proof for Theorem 8 is sometimes called algebraic induction.

3 Product Spaces
Example 1. A stochastic model for coin tossing. For a single trial,
Q={0,1}, A=P(Q), YVwe:P{w}) =1/2. (1)
For n ‘independent’ trials, (1) serves as a building-block,
Q;={0,1}, A =P(h), Vw; €Q: F{wi}) =1/2,

and we define
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Then
P(A; x -+ x A,) = Pi(Ay) - -+ Py(4)

for all A; € ;.
Question: How to model an infinite sequence of trials? To this end,

o0

i=1

How to choose a o-algebra 2 in 2 and a probability measure P on (€,2)? A reason-
able requirement is

VnGNVAiGQli:
P(Al Xoee XAnXQn_H XQn+2...>:P1(A1> """ Pn(An) (2)

Unfortunately,
A =P(Q)

is too large, since there exists no probability measure on (£2,(2)) such that (2) holds.
The latter fact follows from a theorem by Banach and Kuratowski, which relies on
the continuum hypothesis, see Dudley (2002, p. 526). On the other hand,

Q[:{A1X"'XAnXQn+1XQn+2"'Z7’LGN, AiGQliforizl,...,n} (3)
is not a o-algebra.

Given: a non-empty set I and measurable spaces (€;,2;) for ¢ € I. Put
Y =[Jo
i€l

and define
X Q={weY:w(i) e, foricl}

el

Notation: w = (w;);es for w € X, ;. Moreover, let
PBo(I) = {J C I:J non-empty, finite}.

The following definition is motivated by (3).

Definition 1.

(i) Measurable rectangle

A:XAjX ><Qz

jed ie\J

with J € PBo(/) and A; € A; for j € J. Notation: R class of measurable
rectangles.
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(ii) Product (measurable) space (€2, 4) with components (2;,2;), 1 € 1,
Q=X % A=oR).
i€l

Notation: 2 = )., ;, product o-algebra.

iel
Remark 1. The class R is a semi-algebra, but not an algebra in general. See Ubung
2.3.

Example 2. Obviously, (2) only makes sense if 2 contains the product o-algebra
X2, B({0,1}). We will show that there exists a uniquely determined probability
measure P on the product space (X;=,{0,1}, ®:2, B({0,1})) that satisfies (2), see
Remark 4.3.(ii). The corresponding probability space yields a stochastic model for
the simple case of gambling, which was mentioned in the introductory Example 1.2.

We study several classes of mappings or subsets that generate the product o-algebra.
Moreover, we characterize measurability of mappings that take values in a product
space.

Put Q = X,c;Q;. Forany ) # S5 C I let

7r§ Q= X Qi (w)ier — (wy)ies

1€S

denote the projection of Q2 onto X,cq€2; (restriction of mappings w). In particular,
for ¢ € I the i-th projection is given by ﬂfi}. Sometimes we simply write g instead
of 7§ and m; instead of my;.

Theorem 1.

(1) Qics M =o({m:icl})
(i) Viel: A =0(¢) = Qi Ui=0cUycm (&)).

Proof. Ad (i), ‘D’: We show that every projection m; : Q — ; is (®i€[ Qli)—Qli—
measurable. For A; € 2;

kel\{i}

Ad (i), ‘C: We show that R C o({m; : i € I}). For J € PBo(/) and A; € A; with

jeJ
>< Aj X >< Qz = ﬂﬂ'j_l(A])
jeJ ie\J jeg

Ad (ii): By Lemma 2.1 and (i)

®Q(i = J(UW[%Q@-)) = a(U a(w;l((’fi))> = a(UWi_l((’Ei)).

iel i€l i€l i€l
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Corollary 1.
(i) For every measurable space (€,2) and every mapping g : {2 — Q

g is §l—® 2;-measurable & Viel:mogis ﬁl—ﬂi—measurable.

icl
(ii) For every @ # S C I the projection 7§ is ®),.; Ai-Q);c s Ai-measurable.

Proof. Ad (i): Follows immediately from Theorem 2.3 and Theorem 1.(i).
Ad (ii): Note that 7Tj?;} orl =x! and use (i). O

Remark 2. From Theorem 1.(i) and Corollary 1 we get
X2 = o({rh: S € Bo(1)}).
iel

The sets

(1) (B) = B x ( X Q)

i€l\S

with S € PBo(I) and B € Q),. ¢ A; are called cylinder sets. Notation: € class of cylinder
sets. The class € is an algebra in €2, but not a o-algebra in general. Moreover,

R C a(R) C€Co(R),
where equality does not hold in general.

Every product measurable set is countably determined in the following sense.

Theorem 2. For every A € Q,;
and a set B € Q,.¢2; such that

2U; there exists a non-empty countable set S C [

Proof. Put

A= {A € ®Qll : 3.5 C I non-empty, countable 3B € ®§2ll A= (W§>_1 (B)}

il €S

By definition, 2 contains every cylinder set and A C X, i It remains to show
that 2( is a o-algebra. See Génssler, Stute (1977, p. 24) for details. O

Now we study products of Borel-o-algebras.

Theorem 3.

k
sBk :®%, %k:®§
3 =1
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Proof. By Remark 1.6,
k k
%k:a<{ X ]—o00,a;] : a; € R for i = 1,...,k}> C®SB.
i=1 i=1
On the other hand, m; : R¥ — R is continuous, hence it remains to apply Corollary

2.1 and Theorem 1.(i). Analogously, B, = ®~_, B follows. O

Remark 3. More generally, consider a non-empty countable set I and a family of
topological spaces (£2;,®;) where ¢ € I. Assume that every space (£;,®;) has a
countable basis and consider the product topology & on 2 = X ,c;€2;. Then

B(Q) = Q) B(),

iel
see Génssler, Stute (1977, Satz 1.3.12).

Remark 4. Consider a measurable space (ﬁ, 5{) and a mapping

F=(fr, . fr): Q= R".

Then, according to Theorem 3, f is ﬂ-gk—measurable iff all functions f; are 2A-B-
measurable.

We briefly discuss the cardinality of o-algebras. It is known that
2<|VI<IR] = |V =|R]A|VE| =]{0,1}¥]

for every set V', see Hewitt, Stromberg (1965, Exercise 4.34).

Theorem 4. Assume that () € € C PB(Q2) and |€| > 2. Then

o(€)] < |e].
Proof. See Hewitt, Stromberg (1965, Theorem 10.13). O

Example 3. Let [ = N, ; = {0,1}, and 2; = P(;), as in Example 1. For the
corresponding product space (£2,2() we have Q = {0, 1} and

2] = [Qf = [R].
Proof: Note that {w} € A for every w € 2. Hence || > |2|. Conversely, use Theorem
1.(ii) with &, = {{1}} and Theorem 4 to conclude that || < |NN| = |R].
We add that [B(Q)] = [{0, 1}¥| > |Q|.
Example 4. Let I = N, Q; =R, and ; = B. For the corresponding product space
(£2,21) we have Q = RN and
2] = [Qf = [R].
Proof: As in the previous example, with &; = {|—00,a] : a € Q}.
Again we have |B(Q)| = [{0, 1}¥| > |Q|.

The sets {(2n)nen : (Tn)nen converges}t and {(x,)nen @ (n)nen 18 bounded} are ele-
ments of 2, but they are not cylinder sets.
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Example 5. Let I =R, 2, =R, and 2; = B. For the corresponding product space
(£2,20) we have Q = R®+ and
2 = [R| < [€].

Proof: Clearly |R| < || and |R| < |2|. On the other hand, Theorem 2 shows that
A = o(€&) for some set & with |€| = |R|. Hence |2 < |R| by Theorem 4.
The space R®+ already appeared in the introductory Example 1.3. The product o-

algebra A = ®i€R+ B is a proper choice on this space. On the subspace C(R,) C R®+
we can take the trace-o-algebra. It is important to note, however, that

CRy) &2,

see Ubung 2.4. It turns out that the Borel o-algebra B(C(R.)) that is generated by
the topology of uniform convergence on compact intervals coincides with the trace-o-
algebra of 2 in C'(R), see Bauer (1996, Theorem 38.6).

4 Construction of (Probability) Measures
Given:  # () and () # A C P(Q).
Definition 1. p: 20 — Ry U {oo} is called

(i) additive if:

ABeANANB=0NAUBeA = u(AUB)=u(A)+ uB),
(ii) o-additive if
Ai, Ay, ... € 2 pairwise disjoint A U Aed = ,u(U AZ-> = Z,u(Ai),
i=1 i=1 i=1
(iii) content (on A) if

A algebra A padditive A p(0) =0,

(iv) pre-measure (on 2L) if

2 semi-algebra A p o-additive A (@) =0,

(v) measure (on 2A) if
2l o-algebra A pu pre-measure,

(vi) probability measure (on ) if

p measure A pu(Q2) = 1.
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Definition 2. (Q, %, i) is called a

(1)
(ii)

measure space, if 1 is a measure on the o-algebra 2 in €2,

probability space, if p is a probability measure on the g-algebra 2l in 2.

Example 1.

(1)

(i)

(iii)

(iv)

Lebesgue pre-measure A; on the class J; of intervals from Example 1.1.(i): A1 (A)
is the length of A € 71, i.e.,

A(Ja, b)) =b—a

if a,b € R with a < b and A\;(A) = oo if A € T is unbounded. See Billingsley
(1979, p. 22), Elstrodt (1996, §I1.2), or Analysis IV.

Analogously for cartesian products of such intervals. Hereby we get the semi-
algebra J; of rectangles in R¥. The Lebesque pre-measure A, on J;, yields the
volume A\ (A) of A € Ty, i.e., the product of the side-lengths of A. See Elstrodt
(1996, §I11.2) or Analysis IV.

for any semi-algebra 2 in 2 and w € €
Ew(A) = 1A(w)7 Ae 9’[’

defines a pre-measure. If 2 is a o-algebra, then ¢, is called the Dirac measure
at the point w.

More generally: take sequences (wp)peny in € and (ay,)nen in Ry such that
> o, =1. Then

W)=Y Lalw),  Aex,
n=1
defines a discrete probability measure on any o-algebra 2 in €). Note that u =
>y E-
Counting measure on a o-algebra 2
w(A) = A, Aei
Uniform distribution in the case || < oo and A = P(Q2)

_ 14

MM—KW

A C Q.

On the algebra 2 = {A C Q : A finite or A° finite} let

M(A):{o if |A| < 0o

oo if |A] = 0.

Then p is a content but not a pre-measure in general.
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(v) For the semi-algebra of measurable rectangles in Example 3.1 and A; C {0,1}

|A; X ... x Ayl
A An Qn o) = -
M( 1 X X X +1 X ) |{O,1} ‘

is well defined and yields a pre-measure p with ({0, 1}N) =1

Remark 1. For every content p on 2l and A, B € 2
(i) AC B = u(A) < u(B) (monotonicity),
(i) j1(AUB)+ p(AN B) = pu(A) + u(B),

(iii) AC BAu(A) <oo= u(B\A)=uB)—puA),

(iv) p(A) <ocoAp(B) < oo = [u(A) = u(B)| < u(A o B),
(v) p(AUB) < pu(A) + w(B) (subadditivity).

To proof these facts use, for instance, AU B = AU (BN A°).

Theorem 1. Consider the following properties for a content p on 2A:

(i) pu pre-measure,
(i) Ay, Ag, ... € AANUZ A e A= (U, Ai) < 3002, 1(A;) (o-subadditivity),

(iii) Ay, Agy .. € ANA, T A e A = lim, oo pu(A4,) = p(A) (o-continuity from
below),

(iv) Aj,Ag,... € ANA, | A€ AAp(A) < oo = limy, oo p(An) = p(A) (o-
continuity from above),

(v) A, Ag, .. € ANA, L DA (A1) < 0o = limy, oo pt(Ay) = 0 (o-continuity at 0).
Then
(i) & (ii) & (iil) = (iv) & (v).

If u(€2) < oo, then (iii) < (iv).

Proof. ‘(i) = (ii): Put B,, = U;~; A; and By = ). Then

U Az = U (Bm \ Bm—l)
i=1 m=1
with pairwise disjoint sets By, \ B,_1 € . Clearly B,, \ Bn,-1 C A,,. Hence, by
Remark 1.(i),

o

p(UJA) = 32 B\ But) <3 (A

i=1 m=1 m=1
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‘(ii) = (i)’ Let Ay, Ay, ... € A be pairwise disjoint with [ J;°, A; € A. Then

w(Ua) 2 m(UA) =3 na)
and therefore
ZM ) < M(UA)

The reverse estimate holds by assumption.
‘(i) = (iii)": Put Ag =0 and B,, = A, \ A,,—1. Then

o(UA) = 2w = fi S ) =t (U B) = i i)
i=1 m=1 m=1

‘(iif) = (i): Let Ay, As,... € A be pairwise disjoint with J;°, A; € 2, and put
B, =", A;. Then B,, 1 U2, A; and

(04) = o) = St

‘(iv) = (v)’ trivially holds.
‘(v) = (iv): Use B, = A, \ A | 0.
‘(i) = (v): Note that pu(Ay) = oo, p1(A; \ Aiq). Hence
0= lim 2u<Ai \ Aipr) = lim p(Ay).
“(iv) A pu(R2) < oo = (iii)": Clearly A,, T A implies AS | A°. Thus
p(A) = () — p(A) = Tim (u(Q2) — p(A7)) = lim p(Ay).

]

Theorem 2 (Extension: semi-algebra ~~ algebra). For every semi-algebra 2 and
every additive mapping p : 24 — Ry U {oo} with u(0) =0

?ﬁ content on a(A) 1 il = p
Moreover, if y is o-additive then p is o-additive, too.

Proof. We have a(2) = A", see Lemma 1.1. Necessarily

ﬁ(CJ A) - iwm 1)

for Ay, ..., A, € AU pairwise disjoint. Use (1) to obtain a well-defined extension of
onto (). It remains to verify that zi is additive or even o-additive. O
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Example 2. For the semi-algebra 2 in Example 1.(v) a(2l) is the algebra of cylinder
sets, and

4]

ﬁ(AxQn+1x---)=W,

Ac{0,1}".

Theorem 3 (Extension: algebra ~» g-algebra, Carathéodory). For every pre-measure
[ on an algebra 2

Jp* measure on o(A): |y = p.

Proof. Define 1z : P(2) — R U {oco} by
Ti(A) = inf{z WA A €U, AcC UA,L-}.
i=1 i=1

Then @ is an outer measure, i.e., i(#) = 0 and 7 is monotone and o-subadditive, see
Billingsley (1979, Exmp. 11.1) and compare Analysis IV. Actually it suffices to have
p>0and 0 € A with u(0) = 0.

We claim that
(i) Al = p,
(i) YACAVB e PQ): 7i(B) = (BN A)+ (BN A,
Ad (i): For A el
RA) < () + fj u(®) = #(A),

and for A; € A with A C |J;2, 4
u(A) = N(U(Ai N A)) <> AN A) <> pA)

i=1 =1 i=1

follows from Theorem 1.(ii).
Ad (ii): ‘<’ holds due to subadditivity of 7z, and ‘>’ is easily verified.

Consider the class
A=, ={AcP(Q): VB e P(Q) : @(B) =w(BNA)+u(BnA)}

of so-called fi-measurable sets.
We claim that

(iil) VA, A, € AVB € P(Q): 7(B) =m(BN (A NAy))+ (BN (A N Ay°).

(iv) A algebra,
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Ad (iii): We have

i(B) = 1(B N Ay) + 1(B N Af)
m(BNANAy)+m(BnN A NAS) + (BN AS)

and

a(BN(A1NA))=m(BNAUBNAS) =n(BNASN A + (BN AS).

Ad (iv): Cleary Q € A, A € % = A° € A, and A is closed w.r.t. intersections by (iii).
We claim that

(v) VA, Ay € Adisjoint VB € P(Q) . w(BN (A UA)) =a(BNA)+m(BNAy).

In fact, since A; N Ay = 0,

WBN(AJUA))=a(BNA)+u(BNnAsNA)) =n(BNA)+a(BNA,).
We claim that

(vi) Y Ay, Ay, ... € A pairwise disjoint
UAi eA A ﬂ(U Ai) = Zﬁ(Az‘)-
i=1 i=1 i=1

Let B € P(Q2). By (iv), (v), and monotonicity of &

palJa)+x(sn(|

7i(B)

/N

I

=
=

N—

—

s
I
—

vV
El
Sy
D
=
_l’_
=
—~
vy
D)
—~
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=
N
—

N
Il
—_
.
Il
—

Hence [ J;°, A; € 2. Take B = |J3°, A; to obtain o-additivity of fil.
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Conclusions:

e 2 is a g-algebra, see (iv), (vi) and Theorem 1.1,
e 2 C 2 by (ii), hence o(2) C 2.
e [i|y is a measure with fijg = 1, see (vi) and (i).
Put ;1" = i 5 (2. O

Remark 2. The extension from Theorem 3 is non-unique, in general. For instance,
put 2 =R and

f<A>={0 A =0 ACR

. )
oo otherwise

Then p = f|y defines a pre-measure on the semi-algebra 2l = J; of intervals. Now we
have

(i) a unique extension of i to a pre-measure i on A", namely i = f|o+,
(ii) the outer measure @ = f,
(ili) o(A) = o(AT) = B.

For the counting measure p; on 9B and for the measure s = f|g according to the
proof of Theorem 3 we have

p1 7 pa A il = fiola
Definition 3. p: A — Ry U {oo} is called

(i) o-finite, if

3B, By, ... € 2 pairwise disjoint : ) = GBi AVieN: u(B;) < oo,
i=1
(i) finite, if Q € A and p(Q) < co.
Theorem 4 (Uniqueness). For measures p;, s on 2 and 20y C A with
(i) o(™Ao) =2A and A, is closed w.r.t. intersections,
(i) ple is o-finite,
(i) purfaty = piala,

we have
M1 = H2.
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Proof. Take B; according to Definition 3, with 2/, instead of 2, and put
D, ={AecU: (AN B;) = (AN B;)}.
Obviously, ®; is a Dynkin class and 2lg C ;. Theorem 1.2 yields
D, CA=0(y) =0(Ay) CD;.
Thus A =9, and for A € A,

p1(A) = ZMl(A NB;) = ZM?(A N B;) = pa2(A).

]

Corollary 1. For every semi-algebra 2 and every pre-measure p on 2 that is o-finite
%Iu* measure on o(2A) 1 p*|o = .

Proof. Use Theorems 2, 3, and 4. O

Remark 3. Applications of Corollary 1:

(i) For 2 = R* and the Lebesgue pre-measure \;, on Jj, we get the Lebesgue measure
on B;. Notation for the latter: \..

(ii) In Example 1.(v) there exists a uniquely determined probability measure P on
X2, B({0,1}) such that
|A1 X o0 X An|
P<A1 Xowee XAnX{O,l}X ):
110, 1}7|

for Ay,..., A, C {0,1}. We will study the general construction of product

measures in Section 8.

For a pre-measure p on an algebra 2 the Carathéodory construction yields the exten-
sions

(Q, o), Tlo), (92, Az, Tily,)- (2)
To what extend is 2l larger than o(2A)?
Definition 4. A measure space (2,2, ) is complete if
N, CcA

for
N, ={BeP(Q):FAcA: BC AANu(A) =0}.

Theorem 5. For a measure space (£, 2, 1) define
A ={AUN:AedA, NeN,}

and
(AU N) = pu(A), AecA, NeMn,.

Then
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(i) pis well defined and (£2,2*, 1) is a complete measure space with fi|g = p, called
the completion of (2,2, 1),

(ii) for every complete measure space (2,2, ) with % D A and fi|y = p we have
20 D A* and ﬂ|g[u = /7

Proof. See Génssler, Stute (1977, p. 34) or Elstrodt (1996, p. 64). O]

Remark 4. It is easy to verify that (€, 2, ,U|§ﬁ) in (2) is complete. However,
(2, o(A), Al) is not complete in general, see Example 3 below.

Theorem 6. If i is a o-finite pre-measure on an algebra 2, then (Q, ﬁﬁ, ﬁ|§lﬁ) is
the completion of (Q, o(A), Tlaw)-

Proof. See Elstrodt (1996, p. 64). ]

Example 3. Consider the completion (Rk, £k,Xk) of (]Rk, By, )\k). Here £, is called
the g-algebra of Lebesgue measurable sets and Xk is called the Lebesgue measure on
£:. Notation: A\, = Xk We have

B C L,

hence (R¥, B, \;.) is not complete.
Proof: Assume k = 1 for simplicity. For the Cantor set C' C R

C € B AMC)=0A]|C| = |R|.
By Theorem 3.4, |%B;| = |R|, but
{0, 1% = IB(O)] < €] < [{0,1}%].

We add that £;, C B(RF), see Elstrodt (1996, §I11.3).

5 Integration

For the proofs, see Analysis IV or Elstrodt (1996, Kap. VI).

Given: a measure space (2,2, ). Notation: &, = &,(Q2,) is the class of non-
negative simple functions.

Definition 1. Integral of f € &, w.r.t.

[ ran=" i ua)
=1
if .
f= Zai : 1Ai
=1

with a; > 0 and A; € A. (Note that the integral is well defined.)



26 CHAPTER II. MEASURE AND INTEGRAL

Lemma 1. For f,g € &, and c € R,
) J(f+9)dp= [ fdu+ [gdp,
(i) [(cf)dn=c-[fdp,
(i) f<g= [ fdu < [ gdu (monotonicity).
Notation: 3, = 3, (£, ) is the class of nonnegative A-B-measurable functions.

Definition 2. Integral of f € 3, w.r.t. p

/fduzsup{/gdu:g€6+/\g§f}-

Theorem 1 (Monotone convergence, Beppo Levi). Let f, € 3, such that
VneN: fo < foss.

Then
/SUP fn dp = sup / fn dp.

Remark 1. For every f € 3, there exists a sequence of functions f, € &, such that
fn 1 f, see Theorem 2.7.

Example 1. Consider

1
fn = 1[0,n}
n
on (R,%, ;). Then
/fn d\; =1, lim f, =0.

Lemma 2. The conclusions from Lemma 1 remain valid on 3.

Theorem 2 (Fatou’s Lemma). For every sequence (f,), in 3,
/hm inf f,, dpu < lim inf/fn du.

Proof. For g, = infy>, fr we have g, € 3+ and g, T liminf, f,,. By Theorem 1 and
Lemma 1.(iii)

/liminffn dp = lim /gn dp < liminf/fn dpu.

Theorem 3. Let f € 3,. Then

[ tan=0eutis > op o
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Definition 3. A property II holds p-almost everywhere (u-a.e., a.e.), if
JA €A : {w e Q:1II does not hold for w} C AA pu(A) =0.
In case of a probability measure we say: p-almost surely, p-a.s., with probability one.

Notation: 3 = 3(£,2l) is the class of 2-B-measurable functions.

Definition 4. f € 3 quasi-u-integrable if

/f+du<oo V /f_d,u<oo.

In this case: integral of f (w.r.t. )

[tan= [ rein- [ 1an

/f+du<oo A /fd,u<oo.

f € 3 p-integrable if

Theorem 4.

(i) f p-integrable = pu({|f| = oc}) =0,

(ii) f p-integrable A g € 3 A f = g p-a.e. = g p-integrable A [ fdu = [ gdpu.

(iii) equivalent properties for f € 3:
(a) f p-integrable,
(b) |f| p-integrable,
(c) 3¢ : g p-integrable A | f| < g p-a.e.,

(iv) for f and g p-integrable and ¢ € R
(a) f+g well-defined p-a.e. and p-integrable with [(f+g)du = [ fdu+ [ gdpu,
(b) ¢- f p-integrable with [(cf)du=c- [ fdu,
(c) f<gpae = [fdu< [gdpu.

Remark 2. An outlook. Consider an arbitrary set €2 # () and a vector space § C R®
such that

feg=(Iflednmf{f 1} €3).

A monotone linear mapping [ : § — R such that

fififor o €SA LT f=1(f) = lim I(f,)

n—o0

is called an abstract integral. Note that

105) = [ fan
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defines an abstract integral on
F={f€3(Q):f uintegrable} = £'(Q, 2, p).

Daniell-Stone-Theorem: for every abstract integral there exists a uniquely determined
measure ;1 on A = o(F) such that

%’CSI(Q,QLLL)/\VfES:](f):/fdu.

See Bauer (1978, Satz 39.4) or Floret (1981).

Application: Riesz representation theorem. Here § = C([0,1]) and I : § — R linear
and monotone. Then [ is an abstract integral, which follows from Dini’s Theorem,
see Floret (1981, p. 45). Hence there exists a uniquely determined measure p on
o(F) = B([0,1]) such that

er&:[(f):/fdu.
Theorem 5 (Dominated convergence, Lebesgue). Assume that

(i) fo€3forneN,
(ii) Jg p-integrable Vn € N: |f,| < g p-a.e.,

(iii) f € 3 such that lim, . f, = f u-a.c.

[ an=tin [ fuan

fn =n- 1}0,1/71[

Then f is p-integrable and

Example 2. Consider

on (R,B,\;). Then
/fn dA =1, lim f, = 0.
6 £LP-Spaces

Given: a measure space (2,2, 1) and 1 < p < oo. Put 3 = 3(02,2).

Definition 1.
oA ={res: /|f|pdu < oo},

In particular, for p = 1: integrable functions and £ = £, and for p = 2: square-

1/p
T ( / |f|”du>  few

integrable functions. Put
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Theorem 1 (Holder inequality). Let 1 < p,q < oo such that 1/p+ 1/¢ = 1 and let
fe kLl ge £l Then

15+ sl <151, Nl
In particular, for p = ¢ = 2: Cauchy-Schwarz inequality.
Proof. See Analysis IV or Elstrodt (1996, §VI.1) as well as Theorem 5.3. O

Theorem 2. £° is a vector space and || - ||, is a semi-norm on £°. Furthermore,
Ifl,=0 & f=0pac
Proof. See Analysis IV or Elstrodt (1996, §VI.2). O

Definition 2. Let f, f,, € £° for n € N. (f,), converges to f in £° (in mean of order
p) if
nh—{go Hf - anP = 0.

In particular, for p = 1: convergence in mean, and for p = 2: mean-square conver-
gence. Notation:

o= T
Remark 1. Let f, f,, € 3 for n € N. Recall (define) that (f,), converges to f u-a.e.
if
n(A%) =0
for
A={lim f, = f} = {limsup f, = liminf £, } N {limsup f, = f} € A
Notation:

5
Lemma 1. Let f,g, f, € £P for n € N such that f, =, f. Then

op
fan—9 << [f=gupae

Analogously for convergence almost everywhere.
Proof. For convergence in £°: ‘<=’ follows from Theorem 5.4.(ii). Use

1f = gllp < Wf = fallp + 1fn = gl

to verify ‘=".

For convergence almost everywhere: ‘<=’ trivially holds. Use
{lim fo=f}n{lim f =g} C{f =g}

to verify ‘=", m
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Theorem 3 (Fischer-Riesz). Consider a sequence (f,), in £°. Then

(i) (fn)n Cauchy sequence = 3 f € £°: f, =, f (completeness),

p-a.e.

(i) f, —— f = Jsubsequence (foe )k fop —
Proof. Ad (i): Consider a Cauchy sequence (f,), and a subsequence ( f,,, )r such that
VEENYm>ng: ||fmn— fanlly <275

For
gk‘ - fnk+1 - fnk E Sp

we have

k k k
IS loel| <ol <>02 <1
=1 L =1

Put g = >0, |g¢| € 3;. By Theorem 5.1

/gp dp = /s%p(i: Ig/zI)pdu = s%p/(zk: Ige!)pdu <1 (1)

Thus, in particular, > ,°, |g¢| and )" ,°, g¢ converge p-a.e., see Theorem 5.4.(i). Since

k
fnk+1 = ng + fnp
/=1

we have
f= klim fr,, pi-a.e.
for some f € 3. Furthermore,
’f - fnk‘ < Z ]gg\ < g p-a.e.,
=k

so that, by Theorem 5.5 and (1),
Tim [ 1f~ ol dp=0.
It follows that
nh—{{.lo 1f = fallp =0,

too. Finally, by Theorem 2, f € £P.
Ad (ii): Assume that

o
According to the proof of (i) there exists f € £ and a subsequence (f,, )i such that
-a.e. L7

Use Lemma 1. OJ
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Example 1. Let (Q,2, 1) = ([0, 1], B([0, 1]), M| »(o,1))- (By Remark 1.7.(ii) we have
B([0,1]) C By). Define
Al - [0, 1]
Ay =10,1/2], Asz=][1/2,1]
Ay =10,1/3], As=][1/3,2/3], As=1[2/3,1]

etc.

Put f, = 14,. Then
Tim |, =0l = Tim £, = 0 @
but
{(fn)n converges} = 0.
Remark 2. Define
£ =LA P)={fe3:FceR;:|f| <cu-ae}
and
| flloo = inf{c € R, : |f| < c p-a.e.}, feL™.

f € £ is called essentially bounded and ||f||~ is called the essential supremum of
|f|. Use Theorem 4.1.(iii) to verify that

1< 1 flloe p-ace.

The definitions and results of this section, except (2), extend to the case p = oo,

where ¢ = 1 in Theorem 1. In Theorem 3.(ii) we even have f, ki f=f.=5

Remark 3. Put
N ={fell:f=0paecl.

Then the quotient space LP = £7 /9P is a Banach space. In particular, for p = 2, L?
is a Hilbert space, with semi-inner product on £? given by

(f,9>=/f-gdu, f.g€e £
Theorem 4. If p is finite and 1 < p < g < oo then
gicer

and
/11y < ()27 fllg, feg

Proof. The result trivially holds for ¢ = co. In the sequel, ¢ < co. Use |[f|P < 1+ |f|?
and Theorem 5.4.(iii) to obtain £¢ C £F. Put r = ¢/p and define s by 1/r +1/s = 1.

Theorem 1 yields
1/r
e 1/s
Juvaes (fierea) ey

Example 2. Let 1 < p < ¢ < co. With respect to the counting measure on PB(N),
£P C £9. With respect to the Lebesgue measure on B, neither £7 C £P nor £F C £9.

]
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7 The Radon-Nikodym-Theorem

Given: a measure space (€, 2, ). Put 3, = 3,.(Q,2).

Definition 1. For f (quasi-)u-integrable and A € 2, the integral of f over A is

/Afduz/lA-fdu-

Theorem 1. Let f € 3+ and put

(Note: [La- f| < [f].)

V(A):/Afd,u, Aes

Then v is a measure on .

Proof. Clearly v()) =0 and v > 0. For Ay, Ay, ... € A pairwise disjoint
V(UAi) - /ZlAi-fdu:/ lim (ZlAi-f> dy
i=1 i=1 i=1
i=1 i=1

= ZV(AD

follows from Theorem 5.1. O

Definition 2. The mapping v in Theorem 1 is called measure with p-density f.
Notation: v = f-pu. If [ fdu =1 then f is called probability density.

Example 1. The introductory examples of probability spaces were defined by means
of probability densities.

(i) Let (Q,A, p) = (R¥, By, \p). For

fla) = (2m) ™2 exp (—§ Tk, o)

we get the k-dimensional standard normal distribution v.

For B € B, such that 0 < A\;(B) < oo and

we get the uniform distribution on B.
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(ii) Suppose that Q is countable, 2 = PB(2), and p is the counting measure on 2.
Take f: Q — R, U{oo} and use Theorem 5.1 to obtain

VAed:v(d) = /fdu > fw) (1)
weA
Conversely, for any measure v on 2 put f(w) = v({w}). Then we have (1).

Theorem 2. Let v = f - p with f € 3, and g € 3(€2,2). Then

g (quasi)-v-integrable < ¢ - f (quasi)-p-integrable,

/ngZ/g-fdu

Proof. First, assume that g = 14 with A € 2. Then the statements hold by definition.
For g € &,(Q,2) we now use linearity of the integral. For g € 3, we take a sequence
(gn)nen in &4 (€,2A) such that g, T g. Then g, - f € 3. and g, - f T g- f. Hence, by
Theorem 5.1 and the previous part of the proof

/gdl/:lim gndy:lim/gn-fd,u:/g-fd,u.

Finally, for g € 3(Q,2) we already know that

/gidVI/gi‘fdM:/(g'f)i

Use linearity of the integral. O

in which case

Remark 1.
f79€3+/\f:g,u—a.e. = flu:glu

Theorem 3 (Uniqueness of densities). Let f,g € 3, such that f-u = g-pu. Then

(i) f p-integrable = f = g p-a.e.,

(ii) p o-finite = f = g p-a.e.
Proof. Ad (i): It suffices to verify that
f, g p-integrable A (VA eA: /Afdu < /,4ng> = [ <gpae.
To this end, take A = {f > g}. By assumption,

—oo</fd,u§/gd,u<oo
A A

and therefore [,(f — g)du < 0. However,

la-(f—9)>0
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hence [, (f —g)dp > 0. Thus

/1A-(f—g)du=0‘
Theorem 5.3 implies 14 - (f — g) = 0 p-a.e., and by definition of A we get p(A) = 0.
Ad (ii): see Elstrodt (1996, p. 141). O
Remark 2. Let (Q,2, 1) = (R*, By, A\x) and o € R*. There is no density f € 3,
w.r.t. A such that e, = f - A;. This follows from ¢,({z}) =1 and

(f - M)({z}) = { }fd)\k: =0.

Definition 3. A measure v on U is absolutely continuous w.r.t. p if
VAeA: u(A) =0=v(A) =0.
Notation: v < pu.

Remark 3.
WD v=f-pun=v<u.
(ii) In Remark 2 neither e, < A nor \; < ¢,.
(iii) Let p denote the counting measure on 2. Then v < pu for every measure v on 2.
)

(iv) Let u denote the counting measure on 8;. Then there is no density f € 3, such
that \y = f - p.

Lemma 1. Let f, =, fand Ae A If p=1or u(A) < oo then

/Afndw/Afdu.

Proof. Ubung 5.4. See also L? and its dual space in Elstrodt (1996, §VIL.3), e.g. [

Theorem 4 (Radon, Nikodym). For every o-finite measure p and every measure v
on A we have

v<uy = 3f€3,:v=f-p
Proof. See Elstrodt (1996, §VIL.2).
Here we consider the particular case

VAeA:v(A) < u(A)Ap(f) < oco.

A class s = {Aq, ..., A,} is called a (finite measurable) partition of Q if A;,... A, €
2 are pairwise disjoint and | J;_; A; = 2. The set of all partitions is partially ordered
by

Uy if vAeUIBeU:ACB.
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The infimum of two partitions is given by

UAND={ANB:Aci BecY}.

fuZZOéA'lA

Aesl

For any partition 4 we define

with

ey i pa) >0
! 0 otherwise.

Clearly fy € 6,(Q,0(ll)) C 6.(2,2), o(Hh) =UT U {0}, and
VAcoll):v(A) = /Afudu.

(Thus we have V|, = fu - ft|o.) Let U T U and A € B. Then

V(A):/Afmd/i:/jqfudu,

/Af%dMZ/Afm'fudM,

since fyg|a is constant, and therefore

0< [(u= suldu= [ fdu~ [ fhdn )

since A € o(U). Hence

B = sup {/ fodu:uU partition} ,

and note that 0 < § < u(Q) < oo, since fy < 1. Consider a sequence of functions
fn = [fu, such that

lim / f2du = 8.
Due to (2) we may assume that £,y T ,. Then, by (2), (fu)nen is a Cauchy
sequence in £2, so that there exists f € £* with

lim ||fo = flla=0 A 0<f<1pae,

see Theorem 6.3.
We claim that v = f - u. Let A € 2. Put

un:un/\{AaAc}

and

fn = fﬁ"

V(A):AﬁdM:Afndﬂ+A(ﬁ_fn)dﬂa

and (2) yields lim, s || fu — fall2 = 0. It remains to apply Lemma 1. O

Then
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8 Kernels and Product Measures

Given: measurable spaces (€21,2() and (Q2,%As).

Motivation: two-stage experiment. Output w; € €2y of the first stage determines
probabilistic model for the second stage.

Example 1. Choose one out of n coins and throw it once. Parameters aq,...,a, >0
such that "' ,a; =1 and by,....,b, € [0,1].
Let

0 ={1,...,n}, A = P()
and define
p({i}) = a, i€y,
to be the probability of choosing the i-th coin. Moreover, let

Q={H,T}, 2 =P()

and define

to be the probability for obtaining H when throwing the i-th coin. Thus, for A, € s,
K (i, A2) = b; - en(Az) + (1 = b;) - e1(As).
Definition 1. K : Q; x 2, — R is a kernel (from (Q1,2) to (Qg,2s) ), if
(i) K(wi,-) is a measure on 2y for every w; € €y,
(ii) K (-, Ag) is 2A;-B-measurable for every A, € As.

K is a Markov (transition) kernel, if, additionally, K (wy,{2) = 1 for every w; € ).
K is a o-finite kernel if, additionally,

JA91, Az, ... €Uy pairwise disjoint :

QQ = UAQJ' A VieN: sup K(wl,Agyi) < Q0.

i=1 w1€Q
Example 2. Extremal cases, non-disjoint.

(i) Model for the second stage not influenced by output of the first stage, i.e., for a
(probability) measure v on 2

Vw € Q1 K(wy,-) =1
In Example 1 this means by = --- = b,,.

(ii) Output of the first stage determines the output of the second stage, i.e., for a
2A,-2As-measurable mapping f: 2 — (2

Yw; € Q: K(wl, ) = Ef(wy)-

In Example 1 this means bq,...,b, € {0,1}.
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Notation: [ fdu = [, f(w)p(dw).

Given: a (probability) measure p on ; and a (Markov) kernel K from (€;,%;) to
(Q9,%25). Question: stochastic model (2,2, P) for a compound experiment? Reason-
able, and assumed in the sequel,

Q=0 x Qy, A =2A; ®As.
Question: How to define P?
Example 3. In Example 1, a reasonable requirement for P is
P({i} x Q) = a;, P{i} x {H}) = a; - b;
for every ¢ € ;. Consequently, for Ay C €2y
P({i} x Ay) = K(i, A2) - a4

and for A C Q

P(A) =) P({(wi,wa) € Arwi=i}) =Y P({i} x {ws € Uy : (i,ws) € A})

i=1 i=1

— Z K(i,{wy € Uy : (i,ws) € A}) - a

i=1

= | K(i,{ws € Qy: (i,wn) € A}) u(di).

Q

May we generally use the right-hand side integral for the definition of P?
Lemma 1. Let f € 3(Q, ). Then, for w; € Qy, the w;-section
flwr, ) 1 —R
of fis As-B-measurable, and for wy € Oy the wo-section
flow): O —R
of f is A;-B-measurable.

Proof. In the case of an w;-section. Fix wy € €. Then Qy — Oy x Qg 1 wy — (wq,ws)
is Ay-2A-measurable due to Corollary 3.1.(i). Apply Theorem 2.1. O

Remark 1. In particular, for A€ and f =14
f(wh ) = 1A(W1, ) = 1A(wl)

where!

A(wy) ={ws € Qg 1 (w1,w) € A}

Lpoor notation
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is the wy-section of A. By Lemma 1
Vw € Q1 Alw) € 2.
Analogously for the ws-section
Alws) = {ws € Q1 @ (wy,wy) € A}
of A.
Given:

e a o-finite kernel K from (2,2;) to (2, As),
e a o-finite measure p on 2A;.

Lemma 2. Let f € 3,(Q,2). Then

g: Q9 = RyU{o0}, w f(wi, wse) K (wy, dws)
Qo

is 21-2B([0, oo )-measurable.
Proof. First we additionally assume
le EQl IK(Wl,QQ) < Q. (1)

Let § denote the set of all functions f € 3, (Q,A) with the measurability property as
claimed. We show that

VAlgml,AQEQLQZ 1A1><A2 € 5. (2)

Indeed,
/ sty (1, w2) I (w1, ) = Lay (1)K (w1, Ay).
Qo
Furthermore, we show that
VAe: 14€3. (3)

To this end let
D={AcUA: 14, €5}

and
€:{A1XA22A1€QI1/\A2€912}.

Then € C © by (2), € is closed w.r.t. intersections, and o(&) = 2. From (1) it easily
follows that ® is a Dynkin class. Hence Theorem 1.2 yields

A=0(¢)=6(¢) CDC,
which implies (3). From Lemma 5.2 and Theorem 2.6 we get

Jufo€FNaeR, = afit+fr€SF. (4)
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Finally, Theorem 5.1 and Theorem 2.5.(iii) imply that

mWESNLTS = [EST. (5)
Use Theorem 2.7 together with (3)—(5) to conclude that § = 3.
In the general case we take As 1, Aso, ... € Uy pairwise disjoint such that

UAQZ_QQ A YieN: sup K(wp,Ay;) < 00,

i=1 w1€0

and we define
K(wh ) K<w17 ﬂAZz) 1A2,i K(wlv)

Then, using Theorems 5.1 and 7.2,
f(w17w2) (Wi, dwa) = Z/ La, ,(w2) flwr, wo) K (w1, dws)
Qo

= Z f wi,ws) Ki(wr, dws).
Since K;(wq,y) < oo for every w; € €y, we conclude that fQ2 f( wa) K+, dws) is
2A,-B([0, oo])-measurable. Apply Theorems 2.5 and 2.6. O
Theorem 1.
%Imeasure pxXKon VA €2, VA, € Ay
ux K(A; x Ag) = fA (w1, Ag) p(dwy). (6)

Moreover, p x K is o-finite, and

VAEA: ux K(A)= | K(wiAlw))u(dor). (7)
951

If 4 is a probability measure and K is a Markov kernel then pu x K is a probability

measure, too.

Proof. ‘Existence’: For A € 2 and w; € ()4

K(wl,A(wl)) :/g; 1A(wl)(u)2> K(wl,dwg) :/Q 1A(w1,w2) K(wdeQ).

According to Lemma 8.2 i x K is well-defined via (7). Using Theorem 5.1, it is easy
to verify that u x K is a measure on 2.

For A, € 2, and Ay € A,

K(Wl, A2> if wr € A1

0 otherwise.

K(wy, (A1 X Ag)(wy)) = {

Hence p x K satisfies (6).
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By assumption we have Aj; 1, A;9,... € /U, pairwise disjoint such that
UAl,i = Ql AN VieN: ,U(ALz) < 00
i=1

and Asq, Asg, ... € 2y pairwise disjoint such that

U= A VjeN: sup Klwr,Ayy) < oo
j=1

w1€N

Consider the sets A;; x Ay ; with ¢, 7 € N and note that

(nx K)(Ar; X Agj) = K (w1, Az j) p(dwr)
Ay

< sup K(wi, Agj) pu(Ay;) < oo,

w1 €01

to conclude that p x K ist o-finite.
‘Uniqueness’: Apply Theorem 4.4 with 20y = {A; x Ay : A; € A;}. O

Example 4. In Example 3 we have P = 4 x K.
Remark 2. Particular case of Theorem 1 with
= i1, Vw € Q1 K(wy, ) = o
for o-finite measures p; on (€2;,2;):
%Imeasure 1 X ppon A VA €Ay VA, €Ay
i X pip( Ay X Ag) = iy (Ay) - pa(As). (8)

Moreover, p; X g is o-finite and satisfies

VAER: X pa(A) = / a(Afwn) p(deor). (9)

We add that o-finiteness is used for the definition (9) and the uniqueness in (8). In
general, we only have existence of a measure p; X po with (8). See Elstrodt (1996,
§V.1).

Definition 2. p = uy X ps is called the product measure corresponding to p; and puo,
and (Q,2( u) is called the product measure space corresponding to (€2q,%20, 1) and

(927 Q[27 N?)

Example 5.

(i) In Example 3 with b = b, = -+ = b, and v = b-eg + (1 — b) - e we have
P=uxuv.
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(ii) For countable spaces ); and o-algebras 1; = PB(£2;) we get

pn X pp(A) = Y pa(Awn)) - ({wn}), AcCQ.

w1 €0

In particular, for uniform distributions p; on finite spaces, 1 X po is the uniform
distribution on €. Cf. Example 3.1 in the case n = 2.

(iii) The multi-dimensional Lebesgue measure is a product measure. Namely, for
k.0 € Nand A, € J;, Ay € J;, we have

AMere(Ar X Ag) = Me(Ar) - Ae(A2) = A X Ae(Ar X Ay),
see Example 4.1.(i). Corollary 4.1 yields
)‘k‘—l—ﬂ = /\k X )\g.

From (9) we get

Neo(A) = /R A(AG) Auldon), Ae By,

cf. Cavalieri’s Principle.

Theorem 2 (Fubini’s Theorem).

(i) For f€3,(2,2)
/ fd(px K) = / fwi, wa) K (wy, dws) pu(dwr).
Q Q1J Q0

(ii) For f (u x K)-integrable and
Ay =A{w € Q¢ f(wr, ) K(wy,-)-integrable}
we have

(a) A; € Uy and pu(AS) =0,
(b) At = R:wi = [o f(wi,)dK(wi,-) is integrable w.r.t. u|a,na,

(c)

/ F(px K) = / F (@1, w2) K (w1, dws) il (don).
Q A1J Qo

Proof. Ad (i): algebraic induction. Ad (ii): consider f* and f~ and use (i). O

Remark 3. For brevity, we write
[ [ s Kondon) tdo) = [ [ o) Klwr,ds) oo, (dor),
Ql QQ Al Q2

if fis (u x K)-integrable. For f € 3(Q, A

)
fis (u x K)-integrable & / / | f(w1,w2) K (w1, dws) p(dwy) < oo.
0/,
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Corollary 1 (Fubini’s Theorem). For o-finite measures p; on 2; and a (uy X po)-
integrable function f

[ rdtm )= [ [ fn) paldon) o)
Q Q14 Q9

:/ f(wr, ws) g (dwy) pa(dws).
QJo

Proof. Theorem 2 yields the first equality. For the second equality, put f(wg,wl) =
f(w1,w2) and note that fQ fd(pn x p2) = fQ fd(pa X p). u

Corollary 2. For every measurable space (£2,2), every o-finite measure 1 on 2, and

every f € 3, (2,2
/f@:/“;Mf>mnmn»
Q 10,00]

Proof. Ubung 6.4. O

Now we construct a stochastic model for a series of experiments, where the outputs
of the first ¢ — 1 stages determine the model for the ith stage.

Given: measurable spaces (€;,2;) for ¢ € I, where I = {1,...,n} or I = N. Put

(Q;,Ql;) = (X Qj7®ﬂj)7
Jj=1 j=1
and note that
XQ—Q ax% oA QA=A 0

7j=1

for i € I'\ {1}. Furthermore, let

0=X, 2A=QRU (10)

i€l icl
Given:
e o-finite kernels K; from (Q_,, ;) to (Q;,2;) for i € I\ {1},
e a o-finite measure p on 2.

Theorem 3. For I = {1,...,n}
Elmeasureuoan VA, edy... VA, e, :
An)

ce X
/ / K@ 2 0nr)s An) K (@1, a), dwg ) - i(dor).
Ay Ap—1
Moreover, v is o-finite and for f v-integrable (the short version)

/fdy_/gl /fwl,..., VK1) dwn) - p(dwy). (1)

Notation: v = p x Ko X -
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Proof. Induction, using Theorems 1 and 2. O

Remark 4. Particular case of Theorem 3 with
H= H, Vie IN{1} Vwi; € Oy Ki(wiy,) = (12)
for o-finite measures u; on 2U;:

%Imeasureulx---xun onA VA, e2,... VA, e, :
,ulX"'X,un(AlX"'XAn):/JJl(Al) ..... ,U/n(An>

Moreover, p; X - -+ X p, is o-finite and for every p; X - -+ X p,-integrable function f

/fd(ulx---xun):/ o Fnwn) pa(den) - (den).
Q 1951 Qp

Definition 3. y = py X -+ X p, is called the product measure corresponding to p;
fori =1,...,n, and (Q,2, u) is called the product measure space corresponding to
(Ql,le,,ul) for 1 = 1, oo, n.

Example 6.

(i) For uniform distributions p; on finite spaces €;, 1 X -+ X p, is the uniform
distribution on 2. Cf. Example 3.1 in the case n € N.

(ii)
Ao = A1 X o X AL

Theorem 4 (Ionescu-Tulcea). Assume that p is a probability measure and that K;
are Markov kernels for ¢ € N\ {1}. Then, for I = N,

%Iprobability measure Pon A VneN VA, €,... VA, e, :

P<A1><~«><An>< X Qi):(uxK2><~«~><Kn)(A1><~~><An). (13)

i=n-+1

Proof. ‘Existence’: Consider o-algebras
® Q[ia §in =0 (ﬂ-?l ..... n})
i=1

on X!, € and X2, Q;, respectively. Define a probability measure P, on 2, by

ﬁn<A><i:>n<+1§2i):(uxKgx---xKn)(A), Ae@%.

Then (11) yields the following consistency property

[e.9]

Z5n+1<A><Qn+1>< X Qi>:ﬁn<A>< X Q) Aeémi.
=1

1=n—+2 i=n+1



44 CHAPTER II. MEASURE AND INTEGRAL

Thus o o
P(A) = P,(A), Ae,,
yields a well-defined mapping on the algebra

i- |4,

neN

of cylinder sets. Obviously, P is a content and (13) holds for P = P.
Claim: P is o-continuous at .

It suffices to show that for every sequence of sets

AW = B0 X Q,

i=n+1
with B™ € @7, 2; and A™ | ) we have

lim (1 x Ky x ... x K,)(B™) =0.

n—oo

Assume that inf,en(p x Ky % ... x K,)(B™) > 0. Put
K< wm(A) = Kerl((wl? s >wm)7 A)
for w; € Q;, m > 1, and A € 2,1 as well as

K&t wm<<wm+1, c. ;Wn—l)v A) = Kn((wh to ’wn_1)7 A)

Since
B™ x Q,., > B

we get
fm,n(wla s 7wm) Z fm,n—l—l(wlu s 7wm)'

Furthermore 0 < f,,,,, < 1. Hence

/ 1nf fin(w)p(dw) = 1nf/ fin(w)p(dw) = }LI;E(/L X Ky x ... x K,)(B™) > 0.

Consequently
Jwi €y 12f2 fin(wy) > 0.

Inductively we get a sequence of point w}, € €1, such that

n;glalfmn(wl,...,w:n) > 0.
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In particular B™ ) (w}, ... wk) # 0, which implies (w},...,w?,) € B™. We con-
clude that

(@i ws,..) € ) A,

contradicting A™ | 0.
By Theorem 4.1, P is o-additive and it remains to apply Theorem 4.3.

‘Uniqueness’: By (13), P is uniquely determined on the class of measurable rectangles.
Apply Theorem 4.4. O

Example 7. The queueing model, see Ubung 7.1. Here K;((wy,...,w;_1),-) only
depends on w;_;. Outlook: Markov processes.

Given: a non-empty set I and probability spaces (£2;,2;, u;) for i@ € I. Recall the
definition (10).

Theorem 5.
%Iprobability measure Pon A VS € Po(l) VA, €U, i €S
P(X A x X Qz) = H/”LZ(AZ) (14)

€S 1€I\S =
Notation: P = X7 ;.

Proof. See Remark 4 in the case of a finite set I.

If |[I| = |N|, assume I = N without loss of generality. The particular case of Theorem 4
with (12) for probability measures y; on 2(; shows

?probability measure Pon 2 VneN VA, e®,... VA, e, :

o0

P(Arxx Ay X Q) = (A - ia(Ay),

i=n+1

If I is uncountable, we use Theorem 3.2. For S C I non-empty and countable and for
B € Qs we put
P((r§)"'B) = X m(B).
i€s
Hereby we get a well-defined mapping P : 2 — R, which clearly is a probability
measure and satisfies (14). Use Theorem 4.4 to obtain the uniqueness result. O

Definition 4. P = X, u; is called the product measure corresponding to p; for
i €I, and (2,2, P) is called the product measure space corresponding to (€2;,2;, ;)
fori e 1.

Remark 5. Theorem 5 answers the question that is posed in Example 3.1 in full
generality. Moreover, it is the basis for a positive answer to the question from the
introductory Example 1.2, see Theorem II1.5.2.
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9 Image Measures

Given: a measure space (£, 2, 1), a measurable space (€', 2), and an A-2'-measurable
mapping f: Q — Q.

Lemma 1.

fu) s A — Ry U {oo}
A= u(f7HA) = n({f € A})

defines a measure on 2.

Proof. f(u) is well-defined, since f=(A’) € A for any A’ € A'. The respective prop-
erties of f(u) are easy to verify. O

Definition 1. f(u) is called the image measure of p under f.

Example 1. Let
(Q, 2, 1) = (R*, By, A\p), (2, A) = (R*, By).

(i) Fix a € R*. For f(w)=w + a we get
FOR)A) = M(A" = a) = Ae(A),

see Analysis IV (‘or’ verify this identity for measurable rectangles and apply
Theorem 4.4). Thus

(k) = g

(ii) Fix r € R\ {0}. For f(w) =7 w we get

FOWNA) = M(Lfr - A) = A, (),

[r[*

see Analysis IV (‘or’ verify this identity for measurable rectangles and apply
Theorem 4.4). Thus

FOw) = 7 - e
Theorem 1 (Transformation ‘Theorem’).
(i) for g € 3,(22.20)
| aartn= [ goran (1)
(ii) for g € 3(0, )
g is f(p)-integrable & go [ is p-integrable,

in which case (1) holds.
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Proof. Algebraic induction. m

Example 2. Consider open sets U,V C R¥ and a ¢!-diffeomorphism f : U — V as
well as

(Q,Ql, u) = (U, U N %k, )\k’Uﬂ%k)’ (Q/,Q[/, u') = (V, V N %k, )\leﬂ%k>.

Then
S )(A) = v(f(A)) = / [det Df| du,

see Analysis IV for the case of an open set A C U. Thus
f7H(v) = |det Df| -,

and therefore

gdv=[ gofdf~'(v)= [ go f-|detDf|dpu
Joom=, /

if g is v-integrable.
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Chapter 111

Basic Concepts of Probability
Theory

Context for probability theoretical concepts: a probability space (2,2, P).
Terminology: A € A event, P(A) probability of the event A € 2.

1 Random Variables and Distributions

Given: a probability space (£2,2, P) and a measurable space (€', 2").
Definition 1. X : Q — Q' random element if X is A-2'-measurable. Particular cases:
(i) X (real) random variable if (', A") = (R,B),
(ii) X numerical random variable if (', ) = (R, B),
(iii) X k-dimensional (real) random vector if (0, A") = (R*,By),
(iv) X k-dimensional numerical random vector if (', 2A") = (Rk,gk).
Definition 2.
(i) Distribution (probability law) of a random element X : Q@ — Q' (with respect to
P)
Notation: X ~ Q if Px = Q.
(ii) Given: probability spaces (2,21, P1), (22,25, P;) and random elements
X0 — @, X5: 0, — .
X1 and X5 are identically distributed if

(PI)X1 = (P2)X2 :

49
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Remark 1.
(i) Px(A") = P({X € A'}) for every A" € A"
(ii) For random elements X,Y : Q —
X =Y P-as. = Px=PFy,

but the converse is not true in general. For instance, let P be the uniform
distribution on 2 = {0, 1} and define X (w) = w and Y (w) =1 — w.

(iii) For every probability measure @ on (€',2") there exists a probability space
(Q,2(, P) and a random element X : Q — ' such that X ~ Q. Take (2,2, P) =
(A, Q) and X = idg.

(iv) A major part of probability theory deals with properties of random elements
that can be formulated in terms of their distributions.

Example 1.

(i) Discrete distributions, specified by a countable set ) # D C Q' and a mapping
p: D — R such that

VreD:p(r)>0 A Zp(r)zl,

namely,

Px = Zp('r’) CEp
Thus, if {r} € A for every r € D,

PHX =r}) = p(r).
If |D| < oo then p(r) = ﬁ yields the uniform distribution on D.
For (0, ') = (R,*B)

n

B(n,p) = (Z) PP =p)" gy

k=0

is the binomial distribution with parameters n € N and p € [0, 1]. In particular,
for n = 1 we get the Bernoulli distribution

B(1l,p)=(1—p)-eo+p-er.

Further examples include the geometric distribution with parameter p €]0, 1],

Gp)=) p-(1-p)f " e

and the Poisson distribution with parameter A > 0,

T(A) = exp(—A) - e
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(ii) Distributions on (R¥,By) that are absolutely continuous w.r.t. A\, namely, due
to the Radon-Nikodym-Theorem

PX = f : )\lm

where
f €3, (R B, A /}&M:L
Thus
PH{X e A'}) = fdXg
A/
for every A" € B,.
We present some examples in the case k = 1. The normal distribution
N(uaaZ) :f')\17

with parameters ;1 € R and o2, where o > 0, is obtained by

_ 1 1(z—p)?
flx) = W-exp (_§T> , z € R.

The exponential distribution with parameter A > 0 is obtained by

ﬂ@:{o if 2 <0

A-exp(—Azx) ifx>0.

The uniform distribution on D € B with A;(D) € ]0, 0o[ is obtained by

(iii) Distributions on product spaces can be constructed by means of the results from
Section II.8.

Remark 2. Define oo™ = oo for 7 > 0. For 1 <p < ¢ < oo and X € 3(,2)

p/q
/pqupg (/mwp) ,

due to Holder’s inequality.

Notation:
c= g P) = {X €302 /\X\dP <o)

is the class of P-integrable random variables, and analogously
g-g@ur) ={xe3@: /|X\ aP < oo}

is the class of P-integrable numerical random variables. We consider Py as a distri-
bution on (R,B) if P({X € R}) = 1 for a numerical random variable X, and we
consider £ as a subspace of £.
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Definition 3. For X € £
E(X) = /XdP

is the expectation of X. For X € 3(Q,2) such that X? € £
Var(X) = /(X —E(X))*dP

and 4/ Var(X) are the variance and the standard deviation of X, respectively.

Remark 3. Theorem II.9.1 implies
/\X|de <o o /|x]pPX(dx) < o0
Q R
for X € 3(Q, ), in which case, for p = 1

B(X) = / © Py (dx),

and for p = 2
Var(X) = /R (z — B(X))? Py (dz).

Thus E(X) and Var(X) depend only on Py.

Example 2.
X ~ B(n,p) E(X)=n-p Var(X) =n-p-(1-p)
X ~ G(p) B(X) = % Var(X) = lp_f
X ~7(A) E(X)=A\ Var(X) = A,

see Introduction to Stochastics.

X is Cauchy distributed with parameter av > 0 if X ~ f - \; where

o)
= — R.
/(@) m(a? + 22)’ re
Since [, iizdr = 3log(1 + ) neither E(X™) < oo nor E(X ™) < oo, and therefore
X¢e
If X ~ N(p,0?) then

E(X)=u A Var(X) = o2,

see Introduction to Stochastics.

If X is exponentially distributed with parameter A > 0 then

1
A Var(X) = —.

1
A
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Definition 4. Let X = (Xj,..., X}) be a random vector. Then

Fyx : RF —[0,1]
k

X <o)

i=1

(xl,...,xk)HPX( >:k<1 |—o0, a:i]) :P(

is called the distribution function of X.
Theorem 1. Given: probability spaces (21,201, P1), (Q2,%s, P,) and random vectors
X' 0, — R, X?%: 0, —» R*.

Then
(P1)x1 = (P2) 2 g Fx1 = Fxo.

Proof. ‘=" holds trivially. ‘<=’ By Remark I1.1.6, B, = o(&) for

sz{' |—00, 4] :.Cljl,...,xkER}.

=1

Use Theorem 11.4.4. O

For notational convenience, we consider the case k = 1 in the sequel.
Theorem 2.

(i) Fx is non-decreasing,

(ii) Fy is right-continuous,

(iii) lim, o Fx(z) =0 and lim, .o Fx(z) = 1,

(iv) Fx is continuous at x iff P({X = z}) = 0.

Proof. Ubung 3.4.a. [l
Theorem 3. For every function F that satisfies (i)—(iii) from Theorem 2,

%IQ probability measure on B : Vz € R: Q(]—o0,z]) = F(z).

Proof. Analogously to the construction of the Lebesgue measure, see Ubung 3.4.b. [
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2 Convergence in Probability

Motivated by the Examples I1.5.2 and I1.6.1 we introduce a notion of convergence
that is weaker than convergence in mean and convergence almost surely.

In the sequel, X, X,,, etc. random variables on a common probability space (2,2, P).

Definition 1. (X,,), converges to X in probability if

Ve>0: lim P({|X,— X|>¢e})=0.

Notation: X, . x.

Theorem 1 (Chebyshev-Markov Inequality). Let (£2,2, 1) be a measure space and
f € 3(Q,2). For every € > 0 and every 1 < p < 0o

n({|f] >e}) < gip -/If]”du.

| edns [1ran
{lfI>€} Q

Corollary 1. If E(X?) < co, then

Proof. We have

PUIX ~B(X)| > ) < & - Var(X).

Theorem 2.
d(X,)Y) = /min(l, | X —Y]|)dP

defines a semi-metric on 3(2,2), and

X, 5 X < limd(X, X)=0.

n—o0o

Proof. ‘=" For € > 0
/min(l, | X,, — X|)dP

= / min(1, |Xn—X|)dP+/ min(1, |X,, — X|)dP
{|Xn—X|>¢} {|Xn—X|<e}
< P{|X,, — X| > ¢}) + min(1,¢).
‘<’ Let 0 < e < 1. Use Theorem 1 to obtain
P{{|X, — X|>¢e}) = P({min(1, | X,, — X|) > €})

1
g—-/min(l, | X, — X|)dP =
€

(LI

- d(X,, X).
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Remark 1. By Theorem 2,
X, 25X = X, X
Example I1.5.2 shows that ‘<=” does not hold in general.

Remark 2. By Theorems 2 and 11.5.5,

P-a.s.

X, =™x = x, Zx

Example I1.6.1 shows that ‘«=” does not hold in general. The Law of Large Numbers
deals with convergence almost surely or convergence in probability, see the introduc-
tory Example .1 and Sections IV.2 and IV.3.

Corollary 2.

P-a.s.

X, Lo x = dsubsequence (X, Jken : Xpn, — X.

Proof. Due to Theorems 11.6.3 and 2 there exists a subsequence (X, Jxen such that

min(1, | X,, — X|) =23 0.

O
Remark 3. In any semi-metric space (M, d) a sequence (a,)nen converges to a iff
V subsequence (an, )ren Jsubsequence (ay,, )en : elLIglo d(an,,,a) = 0.
Corollary 3. X, L X it
V subsequence (X, )xen 3subsequence (Xn,%)geN D X, Pas x
Proof. ‘=": Corollary 2. ‘<=’: Remarks 2 and 3 together with Theorem 2. m

Remark 4. We conclude that, in general, there is no semi-metric on 3(2,2() that
defines a.s.-convergence. However, if €2 is countable, then

X, ™ x < Xx,Zx

Proof: Ubung 7.4.

Lemma 1. Let — denote convergence almost everywhere or convergence in proba-
bility. If X\ — X@ for i = 1,...,k and f : R — R is continuous, then
fo(XW X%y fo(x® . xH0),

n n

Proof. Trivial for convergence almost everywhere, and by Corollary 3 the conclusion
holds for convergence in probability, too. O]

Corollary 4. Let X, L, X. Then
X, 25Y & X=Y Pas.

Proof. Corollary 3 and Lemma I1.6.1. n
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3 Convergence in Distribution

Given: a metric space (M, p). Put
C*(M)={f: M — R : f bounded, continuous},

and consider the Borel-g-algebra B (M) in M. Moreover, let (M) denote the set of
all probability measures on B(M).

Definition 1.

(i) A sequence (Qp)nen in M(M) converges weakly to Q@ € M(M) if
VfeC(M): Jirgo/fdQn = /fdQ.

Notation: @, — Q.

(ii) A sequence (X,)nen of random elements with values in M converges in distribu-
tion to a random element X with values in M if Q,, — Q for the distributions
@, of X,, and Q) of X, respectively.
Notation: X, NS

Remark 1. For convergence in distribution the random elements need not be defined
on a common probability space.

In the sequel: @, @ € M(M) for n € N.

Example 1.

(i) For z,, x € M
€, — €, & lim p(z,,z) =0.

n
n—oo

For the proof of ‘<=’ note that

/fdgmn :f(xn)a /fdgx_f(x)
For the proof of ‘=’ suppose that limsup,,_, . p(x,,x) > 0. Take
f(y) = min(p(y,z), 1), y €M,

and observe that f € C®(M) and

lim sup/fdsxn = lim sup min(p(z,, z),1) > 0

n—oo n—oo

while [ fde, =0.
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(i) For the euclidean distance p on M = R*
(M, B(M)) = (R",By,).
Now, in particular, £ = 1 and
Qn = N(tn; 7)

where o,, > 0. For f € C*(R)
/fdQn = 1/\/% ’ /Rf(an "I+ ,un) ’ eXp(—l/z ’ 132) )\1<dx)

Put N(p,0) =¢€,. Then

lim p, =p A limo, =0 = Q, — N(u,o?).

n—oo n—oo

Otherwise (Qy)nen does not converge weakly. Ubung 8.2.

(iii) For M = C([0,T]) let p(z,y) = sup,poq |[(t) — y(t)|. Cf. the introductory
Example 1.3.

Remark 2. Note that Q,, — @ does not imply
VAeB(M): nllj& Qn.(A) = Q(A).
For instance, assume lim,, .o, p(x,, ) = 0 with z, # x for every n € N. Then
&, ({2}) =0, a({z}) =1
Theorem 1 (Portmanteau Theorem). The following properties are equivalent:
(i) @ — Q,
(ii) V f € C*(M) uniformly continuous : lim, . [ fdQ, = [ fdQ,
(i) VA C M closed : limsup,,_,. @n(4) < Q(A),
(iv) VA C M open : liminf, . @,(A) > Q(A),
(V) VAeB(M): QOA) =0 = lim, o Qn(A) = Q(A).
Proof. See Génssler, Stute (1977, Satz 8.4.9). O

In the sequel, we study the particular case (M,B(M)) = (R,®B), i.e., convergence in
distribution for random variables. The Central Limit Theorem deals with this notion
of convergence, see the introductory Example 1.1 and Section IV.5.

Notation: for any @ € M(R)
Fo(z) = Q(]—o00,2]), z €R,
and for any function F': R — R

Cont(F) = {xz € R: F continuous at x}.
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Theorem 2.

Qn ——Q <« VaeCont(Fy): lim Fy, (v) = Fo(x).

n—oo

Moreover, if @, — @ and Cont(Fg) = R then

lim sup |Fy, () — Fg(x)| = 0.

n—00 zeR
Proof. ‘=" 1If x € Cont(Fy) and A = |—o0,z| then Q(0A) = Q({z}) = 0, see
Theorem 1.2. Hence Theorem 1 implies

lim Fo,(x) = lim Q,(A) = Q(4) = Fy(x).

n—oo

‘«=". Consider a non-empty open set A C R. Take pairwise disjoint open intervals
Ay, Ay, ... such that A =J;2, A;. Fatou’s Lemma implies

n—oo n—oo

lim inf Qn(A) = liminf Y~ Qn(A;) > > liminf Q,(A;).
=1 =1

Note that R \ Cont(Fy) is countable. Fix ¢ > 0, and take

Al =d}, ] C A

(2

for 7« € N such that

a;, b, € Cont(Fg) A Q(A;) < Q(A)) +e-27"

(R

Then
liminf Q,(4;) > liminf Q,(A)) = Q(A)) > Q(A;) —e-27".

We conclude that
limiinf Q. (4) > Q(A) — e,

n—oo

and therefore @,, — @ by Theorem 1.

Uniform convergence, see Einfiihrung in die Stochastik. m

Corollary 1. N N

Proof. By Theorem 2 Fo(x) = Fg(z) if x € D = Cont(Fg) N Cont(Fz). Since D
is dense in R and Fq as well as Fz are right-continuous, we get Iy = Fa. Apply
Theorem 1.3. L

Given: random variables X,,, X on (2,2, P) for n € N.

Theorem 3.
X, 5Hx = x,5LXx

and
X, 94, X A X constant a.s. = X, P, x.
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Proof. Assume X, L X. Fore>0andz eR

PHX <z —e}) - P{IX = Xp| > ¢})

Thus
Fx(x —¢) <liminf Fx, (x) < limsup Fy, () < Fx(x +¢).

For z € Cont(Fx) we get lim, .o, Fx, () = Fx(z). Apply Theorem 2.

Now, assume that X, —— X and Py = &,. Let £ > 0 and take f € C®(R) such that
f>0, f(x) =0, and f(y) =1if |x —y| > . Then

PUIX = X, > P = Ple = Xl > D) = [Tameans Py, < [ faPy,

and

Example 2. Consider the uniform distribution P on 2 ={0,1}. Put
Xp(w) = w, Xw)=1-w.

Then Px, = Px and therefore
X, -5 X.

However, {| X, — X| < 1/2} = () and therefore

X, ", X does not hold.

Theorem 4 (Skorohod). There exists a probability space (£2, 2, P) with the following
property. If

Qn — @Q,
then there exist X,,, X € 3(Q,2() for n € N such that

P-a.s.

VneN: Q.=Pyx. A Q=Px A X, X

Proof. Take Q = 10,1[, 2 = B(Q), and consider the uniform distribution P on €.
Define

Xow) =inf{z e R:w < Fy(2)}, w € 10,17,
for any @) € M(R). Since X is non-decreasing, we have Xg € 3(£2, ). Furthermore,

Px, =@, (1)
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see Einfithrung in die Stochastik.

Assuming Q,, — @ we define X,, = Xg, and X = Xg. Since X is non-decreasing,
we conclude that €2\ Cont(X) is countable. Thus it suffices to show

Vwe Cont(X): lim X, (w) = X(w).
Let w € Cont(X) and € > 0. Put z = X(w) and take x; € Cont(Fg) such that

T—e<rm<r<axTyg<xT+EeE.

Hence
Fo(x1) <w < Fg(xg).

By assumption there exists ng € N such that
Fo, (1) <w < Fo, (22)
for n > ng. Hence X,,(w) € [z1, 2], i.e. | X,(w) — X(w)| <e. O

Remark 3. By (1) we have a general method to transform uniformly distributed
‘random numbers’ from ]0, 1] into ‘random numbers’ with distribution Q.

Remark 4.
(i) Put
CY={f:R-R:f Y ... f7 bounded, uniformly continuous}.
Then
Qn—Q & 3IreNVfec: T}Lr{}o/fdQn:/fdQ,

see Génssler, Stute (1977, p. 66).

(ii) The Lévy distance
d(Q, R) =inf{h € ]0,00[: Vo € R: Fg(x —h) — h < Fr(x) < Fo(z + h) + h}
defines a metric on M(R), and

Q.- Q & lmdQ.Q) =0,

see Chow, Teicher (1978, Thm. 8.1.3).

(iii) Suppose that (M, p) is a complete separable metric space. Then there exists a
metric d on M (M) such that (M(M),d) is complete and separable as well, and

Qu=5Q & limdQnQ) =0,

see Parthasarathy (1967, Sec. 11.6).



3. CONVERGENCE IN DISTRIBUTION 61
Finally, we present a compactness criterion, which is very useful for construction of
probability measures on B(M).

Lemma 1. Let z,,, € R for n,/ € N with

VeeN: sup |, < .
neN

Then there exists an increasing sequence (n;);ey in N such that
VleN: (x,4)ien converges.
Proof. See Billingsley (1979, Thm. 25.13). O

Definition 2.
(i) B C M(M) tight if

Ve>03K C M compact VPePB: P(K)>1—c¢.

(i) P C M(M) relatively compact if every sequence in B contains a subsequence
that converges weakly.

Theorem 5 (Prohorov). Assume that M is a complete separable metric space and
B CM(M). Then
P relatively compact < P tight.

Proof. See Parthasarathy (1967, Thm. I1.6.7). Here: M = R.

‘=": Suppose that P is not tight. Then, for some ¢ > 0, there exists a sequence
(Py)nen in B such that
P,([-n,n]) <1—e¢.

For a suitable subsequence, P,, — P € M(R). Take m > 0 such that
P(]-m,m[) > 1—e.
Theorem 1 implies

P(]—m,m[) <liminf P,, (]—m,m[) < liminf P, ([—ng,nk]) <1 —¢,

k—oo k—oo

which is a contradiction.

‘". Consider any sequence (P,),en in B and the corresponding sequence (F,)nen
of distribution functions. Use Lemma 1 to obtain a subsequence (F,,);eny and a non-
decreasing function G : Q — [0, 1] with

VgeQ: lim £, (q) = G(q).

Put
F(z) =inf{G(q) : q € Q Az < ¢}, z eR

Claim (Helly’s Theorem):



62 CHAPTER I1I. BASIC CONCEPTS OF PROBABILITY THEORY

(i) F' is non-decreasing and right-continuous,
(ii) Vo € Cont(F) : lim; o Fy, () = F(x).

Proof: Ad (i): Obviously F' is non-decreasing. For z € R and ¢ > 0 take dy > 0 such
that
VgeQnNlz,z+df: G(g) < F(x)+e.

Thus, for z € |z, z + d3,
F(z) < F(z) < F(z) +e¢.

Ad (ii): If z € Cont(F') and € > 0 take 6; > 0 such that
F(x)—e < F(z — 6y).
Thus, for ¢, ¢ € Q with
T—0 <@ <T<q<x+ 0,
we get

Fz)—e < F(x—6) <G(q1) <liminf F,,,(z) < limsup F,,, (z)

71— 00 1—00

<G(gp) <F(z)+e.

Claim:
lim F(z)=0 A lim F(z) = 1.

Proof: For ¢ > 0 take m € Q such that
VneN: P,(]J-m,m]) >1—c.
Thus
G(m) — G(=m) = lim (Fy,(m) — Fy,(~m)) = lim P, (j=m.m]) > 1 -z,
Since F'(m) > G(m) and F(—m — 1) < G(—m), we obtain
Fm)—F(-m—-1)>1-—¢.

It remains to apply Theorems 1.3 and 2. O

4 Uniform Integrability

In the sequel: X,,, X random variables on a common probability space (2,2, P).

Definition 1. (X,,),en uniformly integrable (u.i.) if

lim sup/ | X, dP = 0.
{IXn|2a}

a0 neN
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Remark 1.
(1) (Xp)neny wi. = (VneN: X, € &) Asup,oy | Xnlli < .
(i) IV € ' VneN: |X,| <Y = (X,)nen Ui
(iii) I3p>1 (Vn e N: X, € £) Asup,ey | Xnll, < 00 = (Xpn)nen ui.
Proof: f{IXnIZa} | X, |dP =1/aP™! . f{\Xn\Za}
Example 1. For the uniform distribution P on [0,1] and
Xn=mn-1pm

we have X,, € £' and || X,]|; =1, but for any a > 0 and n > «
/ | X,|dP =n- P([0,1/n]) =
{|Xn|>a}

so that (X,)nen is not u.i.
Lemma 1. (X,,)uen ud. iff

sup B(|X,|) < oo

neN

and

Ve>03d6>0VAeA: PA) < = sup/\X|dP<€.

neN

Proof. ‘=": For (1), see Remark 1.(i). Moreover,

/|Xn]dP:/ |Xn|dP+/ IX,|dP
A An{|Xn|>a} AN{|Xn|<a}

g/ | Xn|dP +a - P(A).
{1Xn[>a}
For € > 0 take o« > 0 with

Sup/ | X,|dP < /2
{IXn|Za}

neN

and § = ¢/(2a) to obtain (2).
‘=’ Put M = sup,,cy E(]X»|). Then

Mz/ X,[dP > a - P({|X,] > a}).
{IXn|>a}

PV X, | dP < 1/aP= - || X, |2,

63

Hence P({|X,| > a}) < M/a. Let € > 0, take § > 0 according to (2) to obtain for

a>M/6

sup/ | X, | dP < e.
neN J{|Xn|>a}
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Theorem 1. Let 1 < p < 0o, and assume X,, € £° for every n € N. Then
(Xn)nen converges in £F
iff
(X )nen converges in probability A (| X,|?)nen is u.i.
Proof. ‘=": Assume X, <, X. From Remark 2.1 we get X, L, X. For every

Ac
[Ta - Xallp < 4+ (Xo = X[ + [[1a - X,

Take A = 2 to obtain sup, .y E(]X,|?) < co. Let ¢ > 0, take k € N such that

sup | X, — X||, < e. (3)

n>k

Put Xy = 0. Note that

k
sup | X, — X[ <) X, - X|P e gl

0<n<k o
Hence, by Remark 1.(ii),
(1 X1 = XP, . | X — X2 | X7, | X7, .. ) wd.
By Lemma 1
P(A)<dé = sup ||la-(X,—X)|, <e.
0<n<k

for a suitable § > 0. Together with (3) this implies

P(A) <6 = supllla-Xall, <2-c
neN

‘=t Let ¢ >0, put A= A,,,, = {| X, — X,,| >¢}. Then

1 = Xally < 114~ (X = Xa)llp + [ Lae - (X — X1l
< 1A~ Xllp + 114 - Xally + <.

By assumption X, — X for some X € 3(Q,2). Take § > 0 according to (2) for
(|Xa|P)nen, and note that

Apn CH{| X — X| > ¢/2} U{|X,, — X| > ¢/2}.
Hence, for m, n sufficiently large,
P(A;,.) <0,

which implies
1 X — Xllp <27 +¢.

Apply Theorem I1.6.3. [
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Remark 2.

(i) Theorem 1 yields a generalization of Lebesgue’s convergence theorem:

If X, € £ for every n € N and X,, =23 X, then

(X new wi. & X €LAX, =5 X,

(ii) Uniform integrability is a property of the distributions only.

Theorem 2.
X, -5 X =  E(X|] <liminf E(|X,)).

Proof. From Skorohod’s Theorem 3.4 we get a probability space (ﬁ, A, ﬁ) with ran-
dom variables X,,, X such that

Is-a.s. g

X, %X AN Pg =Py, A Pg=Px.
Thus E(|X|) = E(|X|) and E(|X,|) = E(|X,|). Apply Fatou’s Lemma IL.5.2. O

Theorem 3. If
X, -5 X A (Xo)new Ui

then
Xegh A lim B(X,) = E(X).

n—oo

Proof. Notation as previously. Now (|X,|)ney is wi., see Remark 2.(ii). Hence, by
Remark 2.(i), X € £' and X, < X. Thus E(]X]) < oo and

lim E(X,) = lim E(X,) = E(X) = E(X).

n—oo n—oo

O

Example 2. Example 1 continued. With X = 0 we have X, T x , and therefore
X, -5 X. But E(X,,) =1> 0= E(X).

5 Independence

‘...the concept of independence ... plays a central role in probability theory; it is precisely
this concept that distinguishes probability theory from the general theory of measure spaces’,
see Shiryayev (1984, p. 27).

In the sequel, (2,2, P) denotes a probability space and I is a non-empty set.
Definition 1. Let A; € A for i € I. Then (A;);cs is independent if
p( ﬂAi) =[] P4 (1)
i€s i€s

for every S € PBo(I). Elementary case: |I| = 2.
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In the sequel, & C A for i € I.

Definition 2. (&;);c; is independent if (1) holds for every S € Po(I) and all A; € €,
forv e S.

Remark 1.
(i) (&;)ier independent A Vi € I : ¢ C¢ = (@i)iej independent.
(ii) (&;)icr independent < VS € Po(I) : (&;);cs independent.

Lemma 1.
(€,)iesr independent = (§(&;));es independent.

Proof. Without loss of generality, I = {1,...,n} and n > 2, see Remark 1.(ii). Put
D, ={Aeci(¢&): ({A}, €&, ..., ¢&,) independent}.
Then ©; is a Dynkin class and &; C D4, hence 6(€;) = ®;. Thus
(0(&1), &y, ..., ¢,) independent.
Repeat this step for 2,...,n. m

Theorem 1. If

(&;)ier independent A Vi € I : €; closed w.r.t. intersections (2)

then
(0(€;))ier independent.
Proof. Use Theorem I1.1.2 and Lemma 1. O
Corollary 1. Assume that [ = |J;; I; for pairwise disjoint sets I; # ). If (2) holds,
then
<0< U @i) > independent.
i€l jeJ

Proof. Let

’é]‘: {ﬂAzSEmO(I])/\Az e ¢ fOTiES}.

i€S

Then éj is closed w.r.t. intersections and (éj) is independent. Finally

jeJ

a(g ezi) = o(&;).

]

In the sequel, (€2;,2(;) denotes a measurable space for i € I, and X; : Q@ — €, is
2-2;-measurable for i € I.
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Definition 3. (X;);c; is independent if (0(X;))ies is independent.

Example 1. Actually, the essence of independence. Assume that

(Q,2, P) = <>< Q. QA X B)

iel el iel
for probability measures P; on ;. Let
Xi = T0;.

Then, for S € Py(/) and A; € A, fori € S

P(ﬂ{Xi € Ai}) = P( X A;ix X Q) = [ PA) =] PUX: € A}).

i€S €S i€l\S i€S i€S
Hence (X;);es is independent. Furthermore, Py, = F;.
Recall the question that was posed in the introductory Example 1.2.
Theorem 2. Given: probability spaces (€2;,2;, P;) for i € I. Then there exist
(i) a probability space (£2,2(, P) and
(ii) 2A-2;-measurable mappings X; : Q@ — €, for ¢ € [

such that
(Xi)ier independent A Viel: Px, =P,

Proof. See Example 1. O
Theorem 3. Let §; C U, fore € I. If
Viel: o) =2U N § closed w.r.t. intersections

then
(Xi)ier independent < (X, Y(F:))ics independent.

Proof. Recall that o(X;) = X; () = o(X; (). ‘=" See Remark 1.(i). ‘<=

(2

Note that X, '(§;) is closed w.r.t. intersections. Use Theorem 1. O]

Example 2. Independence of a family of random variables X;, i.e., (£2;,2;) = (R, B)
for i € I. In this case (X;);es is independent iff

VS ePol)VeieRieS: P(ﬂ{Xi < ci}) =[[P{xi<a}).

€S €S
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Theorem 4. Let
(i) I =U,e, I; for pairwise disjoint sets I; # 0,
(ii) (flj,ﬁj) be measurable spaces for j € J,

(iii) f; Xier, 4 — ﬁj be (@ielj Qli>—§lj measurable mappings for j € J.

Put

Yj (X’L)’LEI Q= >< Qz

’iEIj
Then
(X,)ier independent = (f; o Yj);es independent.
Proof.
oo ¥) =Y (0 @) < v (@)
i€l
—o({X;:i € L;}) = a( U Xi‘l(Q[,»)).
iG]j

Use Corollary 1 and Remark 1.(i). O

Example 3. For an independent sequence (X;);en of random variables

(maX(Xl, X3), 1g, (Xs), limsup1/n Z XZ-)
1

n—00 i

are independent.

Remark 2. Consider the mapping

X:Q— X Qi:we (Xi(w))ier-

el
Clearly X is -, U;i-measurable. By definition, Px(A) = P({X € A}) for A €
®,c; Ai. In particular, for measurable rectangles A € ),.; 2;, i.e.,

A= X A; x X Q (3)

€S i€I\S

with S € Po(I) and A; € ;,

Px(A) = P(Q{X,- € Ai}). (4)

Definition 4.

(i) Px is called the joint distribution of random elements X;, i € I.
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(ii) Let P denote a probability measure on (X c; €2, Q),c; i), and let i € I. Then
P, is called a (one-dimensional) marginal distribution of P.

Example 4. Let Q = {1,...,6}? and consider the uniform distribution P on 2A =
PB(€2), which is a model for rolling a die twice.

Moreover, let ; = N and 2; = B(Q;) such that ®_, A = P(N?). Consider the

random variables

X1 (w1, w2) = wr, Xo(wy,ws) = wy + wo.
Then AN M|
N
Py (A) = , A cC N2
where

M={k{)eN":1<k<6Ak+1<{<k+6}

Claim: (X7, X5) are not independent. Proof:

P{Xy =1} n{X; =3}) = Px({(1,3)}) = P({(1,2)}) = 1/36

but
PU{Xy = 11) - P({X, = 3}) = 1/6- P({(1,2), (2.1)}) = 1/3- 1/36.

We add that

6 12
PX1221/6'51€7 PX2:Z(6_|€_7|)/3654
k=1 =2

Theorem 5.
(X.)ies independent < Py = X Px,.

el

Proof. For A given by (3)

(X ) () = [T P =TT Pl € A,

iel ies ies

On the other hand, we have (4). Thus ‘<=’ hold trivially. Use Theorem I1.4.4 to
obtain ‘=". O

In the sequel, we consider random variables X;, i.e., (€;,2;) = (R,B) for ¢ € I.
Theorem 6. Let I ={1,...,n}. If
(Xi,...,X,) independent A Vie [: X; >0 (X, integrable)

then (J], X; is integrable and)
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Proof. Use Fubini’s Theorem and Theorem 5 to obtain

A
i=1

i): i |I1""'$n|P(X1 ..... Xn)<d($1,~';$n))

= |zy - x| (Px, X -+ X Px, ) (d(z1,...,2,))
Rn
11 [ 1 Pt = [T E(D
i=1 7R i=1
Drop | - | if the random variables are integrable. O

Definition 5. X, X, € £? are uncorrelated if
E(X; - Xs) = E(Xy) - E(X)).

Theorem 7 (Bienaymé). Let Xi,..., X, € £% be pairwise uncorrelated. Then

ar(izn;Xi) = iznl:Var(X)

Proof. We have

n 2
Var —E Z X; — B(X )
=1

= SUE(X - E(X))P + Y B((X — B(X) - (X, — B(X,)).

i=1 ij=1
i#]
Moreover,
E((Xi — E(X3)) - (X; — BE(X;))) = B(X; - X;) — E(X;) - E(X;).
(The latter quantity is called the covariance between X; and X;.) ]
Definition 6. The convolution product of probability measures Pi,..., P, on B is
defined by
Pox---xP,=5s(P X xP,)

where

S(T1,.. . xy) =21+ -+ T
Theorem 8. Let (Xi,...,X,) be independent and S =3 ; X;. Then
Pg = Px, *---% Py, .
Proof. Put X = (X3,...,X,). Since S =so(Xy,...,X,) we get

PS:S(P)():S(PXIX"'XPX”).
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Remark 3. The class of probability measure on 8 forms an abelian semi-group
w.r.t. %, and Px¢gg = P.

Theorem 9. For all probability measures P;, P, on ‘B and every P; x P,-integrable
function f

/R Fd(Py+ Py) = /R /R f(x +y) Pi(dz) Pa(dy).
IfPlzhl'/\l thenPl*PQZh-)\l with
) = [ e =) Py,

If P, = hsy - Ay, additionally, then

h(x) = / ha(e — y) - haly) Ady).

Proof. Use Fubini’s Theorem and the transformation theorem. See Billingsley (1979,
p. 230). O

Example 5.
(i) Put N(g,0) =¢,. By Theorem 9
N(p,07) % N(pa,03) = N(pn + o, 07 + 03)
for y; € R and o; > 0.
(ii) Consider n independent Bernoulli trials, i.e., (X, ..., X,) independent with
Px,=p-ei+(1-p)-eo

for every i € {1,...,n}, where p € [0, 1]. Inductively, we get for k € {1,...,n}

k
i=1

see also Ubung 7.3. Thus, for any n,m € N,

B(n,p) * B(m,p) = B(n +m,p).
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Chapter IV

Limit Theorems

Given: a sequence of random variables X,,, n € N, on a probability space (£2,2, P).

Put
Sn - ZXZ', n € N.

For instance, S,, might be the cumulative gain after n trials or (one of the coordinates
of) the position of a particle after n collisions.

Question: Convergence of S, /a,, for suitable weights 0 < a,, T oo in a suitable sense?
Particular case: a,, = n.

1 Zero-One Laws

Definition 1. For g-algebras 2, C A, n € N, the corresponding tail o-algebra is
Ao = ) 0< U mm>
neN m>n

and A € Uy, is called a tail (terminal) event.

Example 1. Let 2, = 0(X,,). Put € = @;~, B. Then

U = () o({ X :m > n})

neN

and
Aed, & VneNdCel: A={(X,,Xnt1,...) €C}.

For instance,

{(Sn)nen converges}, {(S,/an)nen converges} € A,

and the function liminf, .. S,/a, is 2A..-B-measurable. However, S, as well as
liminf, . S, are not A .-B-measurable, in general. Analogously for the lim sup’s.

73
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Theorem 1 (Kolmogorov’s Zero-One Law). Let (,,)nen be an independent sequence
of o-algebras 2, C A. Then

VAed,: P(A) €{0,1}.

Proof. We show that 2., and 2(,, are independent (terminology), which implies
P(A) = P(A) - P(A) for every A € . Put

A, =oAL U---UA,).
Note that 2., C 0(2A,,41 U...). By Corollary II1.5.1 and Remark TI1.5.1.(i)
A, A, independent,

and therefore | J, . A, and A, are independent, too. Thus, by Theorem II1.5.1,

neN
a( U ﬁn> , A, independent.
neN

Finally,

Q[OOCU(U%> :o—(Uﬁn>.

neN

O

Corollary 1. Let X € 3(©,2.). Under the assumptions of Theorem 1, X is constant
P-as.

Remark 1. Assume that (X,,),en is independent. Then

P({(Sn)nen converges}), P({(S,/an)nen converges}) € {0,1}.
In case of convergence P-a.s., lim,,_ ., S,/a, is constant P-a.s.

Definition 2. Let A, € % for n € N. Then

hH_l)iann = U ﬂ A, limsup A,, = ﬂ U A,,.

neNm>n n—oo neNm>n

Remark 2.

(i) (lim inf An>c — lim sup A,

n—oo n—00

(ii) P(lim inf An) < liminf P(A,) < limsup P(A,) < P(lim sup An>.

n—0oo n—0oo n—oo n—o0

(iii) If (A, )nen is independent, then P(lim sup An> € {0,1} (Borel’s Zero-One Law).

n—o0

Proof: Ubung 10.1



1. ZERO-ONE LAWS 75

Theorem 2 (Borel-Cantelli Lemma). Let A = limsup,,_, ., A, with A, € 2.
(i) It >°>°  P(A,) < oo then P(A) =0.
(i) If > P(A,) = 0o and (A, ),en is independent, then P(A) = 1.

Proof. Ad (i):
A)§P< U Am> <) P4
m>n m=n
By assumption, the right-hand side tends to zero as n tends to co.
Ad (ii): We have

P(A%) = P(liminf A7) < i (ﬂAC)

n=1 m>n

Use 1 — 2 < exp(—z) for x > 0 to obtain

14

P(r ﬂ | 4) = TL0 - P = T eo-PCAw) = (- 3 P4

By assumption, the right-hand side tends to zero as ¢ tends to co. Thus P(A¢) =0. O

Example 2. A fair coin is tossed an infinite number of times. Determine the prob-
ability that 0 occurs twice in a row infinitely often. Model: (X,,),en is independent

and
PH{X,=0})=P{X,=1}) =1/2, n € N.

Put
A, ={X, = X1 =0}.

Then (As,)nen is independent and P(Asy,) = 1/4. Thus P(limsup,, ., A,) = 1.

Remark 3. A stronger version of Theorem 2.(ii) requires only pairwise independence,
see Bauer (1996, p. 70).

Example 3. Let (X,),en be independent with
P{X,=1})=p=1-P{X,=-1}), n €N,
with some constant p € [0,1]. Put

A =limsup {5, = 0},

n—oo

and note that

AgéfZloo:ﬂa({Xm:mZn}).

neN

Clearly
1/2- (S, +n) ~ B(n,p).
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Use Stirling’s Formula

to obtain

where r =4p - (1 —p) € [0, 1].
Suppose that

p#1/2.

Then r < 1, and therefore

ST P({S, =01 = 3PS = 0}) < o0

The Borel-Cantelli Lemma implies
P(A)=0.
Suppose that

p=1/2.
Then

S P{S, = 0}) = 3 P({San = 0}) = oc,

but ({S, = 0})nen is not independent. Using the Central Limit Theorem (De Moivre-
Laplace), one can show that P(A) = 1, see Ubung 10.2.

2 Strong Law of Large Numbers

Definition 1. (X,,)nen independent and identically distributed (i.i.d.) if (X,)nen is
independent and
Vn e N: PXn:PX1'

Throughout this section: (X,,),en independent.

Put
C = {(Sn)neN converges in R}.

By Remark 1, P(C) € {0,1}.
First we provide sufficient conditions for P(C) = 1 to hold.

Theorem 1 (Hajek-Rényi inequality). If
by >by>--->0, >0

and
Vie{l,...,n}: X; € £2AE(X;) =0,
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then §
P<{ sup by - |Sk| > 1}) < be - Var(X;).
1<k<n —
In particular, for by = --- = b, = 1/e > 0 (Kolmogorov’s inequality)

P({ sup |Sg| > 8}) < 8%W/aur(Sn).

1<k<n

Proof. See Génssler, Stute (1977, p. 98) for the Hajek-Rényi inequality. Here: the
Kolmogorov inequality. Let 1 < k < n. We show that

VBeo({Xi,...,Xx}): /Bs,fdpg/Bsgdp (1)
Note that
S% = (S, — Sk)? + 25,5k — S = (Sp — Sk)? + 25k(S,, — Si) + SZ.
Moreover, for B € o({X1,..., Xi}),

lp - Sk is o({X1,..., Xx})-B-measurable,
Sy — Sk is o({ Xka1, - - -, X })-B-measurable,

see Theorem I1.2.8. Use Theorem II1.5.4 to obtain
1 - Sk, S, — Sk independent.
Hence Theorem I11.5.6 yields
E(1g - Sk - (Sn — Sk)) = E(1p - Sk) - E(Sn, — Sk) =0,
and thereby
E(lp-S2) >2-E(lp- Sk (Su — Sk)) + E(15 - 57) = E(1s - 57).

This completes the proof of (1).

Put
k-1

Av = (IS < e} {ISk] = €}

(=1

Then Ay € o({X1,...,Xk}), and by (1)

e P<{ sup |Sg| > 5}) =% iP(Ak) < i A Sz dpP
k=1 k=1 Ak

1<k<n

n

gZAkSZdPS/(252dP:Var(Sn).

k=1
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Theorem 2. If
VneN: X, € £2AE(X,) =0
and

Z Var(X;) < oo,
i=1

then
P(C)=1.

Proof. Clearly
wel & Ve>03IneNVkeN|Sk(w)—S,(w)] <e.

Put
M = inf sup | Sy — Sul-
neN LN

Then
C = {M=0}.

Let € > 0. For every n € N
{M >¢} C {Sup |Shtr — Sn| > 8},
keN

and

{ sup | Spix — Sul > 8} T {itelg |Snik — Sul > 8}

1<k<r

as r tends to oo. Hence

PUM > <)) < Jim P({ s 15,10 = Sil > <}).

1<k<r

and Kolmogorov’s inequality yields

1 n—+r 1 o
P({ sup. | Sptk — Sn| > 6}) < Eh Z Var(X;) < =k Z Var(X;).
== i=n+1 i=n+1
Thus P({M > €}) = 0 for every € > 0, which implies P({M > 0}) = 0. O

Example 1. Let (Y,,)nen be 1.id. with Py, = 1/2- (g4 +e-1). Then E(Y,) = 0 and
Var(Y,) =1, so that ), ¥; - + converges P-a.s.
In the sequel: 0 < a,, T oc.

We now study convergence almost surely of (S,,/a;,)nen-
Lemma 1 (Kronecker’s Lemma). For every sequence (z,)neny in R

n
ZT; . 1
E — converges = lim — - E x; = 0.
a; n—oo an

i=1 ¢ i=1
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Proof. Put ¢ =Y 0 a;/a; and ¢, = Y1 | x;/a;. It is straightforward to verify that

- E xz_cn__ § _az— *Ci—1-
G, G,

=1 =2
Moreover, since a;_; < a; and lim;_,., a; = 00,

n

1

CcC = nll_{go a : ZQ(&Z — ai,1> cCi—1-
O

Theorem 3 (Strong Law of Large Numbers, £* Case). If
VneN: X,eg® A Z— Var(X;) < oo (2)

then

Proof. Put Y, = 1/a, - (X, — E(X,)). Then E(Y,) = 0 and (Y,)nen is independent.

Moreover,
= 1
Var(Y;) = — - Var(X;) < oo.
;:1 ar(Y;) E - ar(X;) < oo

i=1
Thus > .2, Y; converges P-a.s. due to Theorem 2. Apply Lemma 1. O]
Remark 1. In particular, if (X,),ey is i.i.d. and X; € £2, then Theorem 3 with

a, = n implies

ZXP—”>EX1

see Einfithrung in die Stochastik. In fact, this conclusion already holds if X; € £!,
see Theorem 4 below.

Remark 2. Assume

sup Var(X,,) < 0.
neN

Then another possible choice of a,, in Theorem 3 is

ay = v/n - (logn)'/>*
for any € > 0, and we have

lim —Sn — B(Sh)

n—00 Qnp,

=0 P-a.s.

Note that lim,, . a,/n = 0. Precise description of the fluctuation of S,(w) for P-a.e.
w € Q: law of the iterated logarithm, see Section 6. See also Ubung 10.2.
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Lemma 2. Let U;, V;, W € 3(Q, %) such that

d P{Ui #Vi}) <
i=1
Then
1 - -a.s ]- - -a.s
—Nu 2w e = N v ESw
n n
i=1 i=1
Proof. The Borel-Cantelli Lemma implies P(limsup, . {U; # Vi}) = 0. O

Lemma 3. For X € 3,(Q,%)

o

Z {X > k}) <BEX)+1.

(Cf. Corollary 11.8.2.)

Proof. We have

Z / X dP,
k—1<X<k}

=1
and therefore

X)gik-P({k—l<X§k}):§:P({X>k})

as well as

i PH{k—-1< X <k})> i P({X > k}) - 1.

k=1

]

Theorem 4 (Strong Law of Large Numbers, i.i.d. Case). Let (X,,)nen be i.i.d. Then
]- as
3Ze3(Q,%): -5, 27 o X eg
n
in which case Z = E(X;) P-a.s.

Proof. ‘=": Clearly
P{|X1| > n}) = P(Ay)

where
A, = {|X,| > n}.
Note that
1 Xn:l.gn_n__l.L.gn_lp_aig
n n n n—1
Hence
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Since (Ap)nen is independent, the Borel-Cantelli Lemma implies

iP(An) < 00.

Use Lemma 3 to obtain E(|X|) < co.

‘<’: Consider the truncated random variables

v _ {Xn if | X, < n

0 otherwise.

We have

Proof: Observe that
Var(Y;) < E(Y?) =) E(Y? - Lp—iu(0 Vi)
k=1

=Y B(X7powo | X)) <D K- P({k— 1< |X)| <k}).
k=1

k=1

Z%.Var(mgiﬁp({k—lé\X1\<k}>‘i%

=1 k=1 1

(4

<23 k- P({k—1<|X)| <k}) <2 (B(X1]) +1) < o0,
k=1
cf. the proof of Lemma 3.

Moreover,
> PUX A V) < o, (4)

since, by Lemma 3,

ZP({Xi #£Yi}) = PH{IXi| 2} < ZP({|X1| >i}) SE(JX]) +1 < oo

=1

Furthermore,
lim E(Y,,) = E(X)), (5)

according to the dominated convergence theorem.
We obtain

IIES
~ Y (Vi B(Y) TR0
1=1
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from Theorem 3 and (3). Due to (5)

tim -3 (B(Y) - B(X) = 0.

n—oo 1,

Thus

S|

D= B(X:) S0

Finally, by Lemma 2 and (4)

Theorem 5. Let (X,,)nen be ii.d.

(i) If E(X;) < oo AE(X{) = oo then

1 P-a.s.
-5, — oo.
n

(i) If E(]X1]) = oo then

= o0 P-a.s.

1
lim sup’ -5,
n

n—oo

Proof. (i) follows from Theorem 4, and (ii) is an application of the Borel-Cantelli
Lemma, see Génssler, Stute (1977, p. 131). m

Remark 3. We already have S, /n Pag E(X;) if the random variables X,, are iden-
tically distributed, P-integrable, and pairwise independent. See Bauer (1996, §12).

Remark 4. The basic idea of Monte-Carlo algorithms: to compute a quantity a € R
(i) find a probability measure p on (R, ) such that [, = u(dz) = a,
(ii) take an i.i.d. sequence (X, )nen With Py, = p and approximate a by 1/n- S, (w).

Clearly S, /n is an unbiased estimator for a, i.e.,
1
E<— . Sn) =aq.
n

Due to the Strong Law of Large Numbers S,/n converges almost surely to a. If
X1 S 22, then

E(% .S, — a>2 — Var(% .S, — a) = Vzaur(l : Z(XZ - a)) _ L Var(X1),

n
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i.e., the variance of X is the key quantity for the error of the Monte Carlo algorithm
in the mean square sense. Moreover,

(X = 8 /n)? TS Var(X,)

i=1

1
n—1

provides a simple estimator for this variance, see Einfiihrung in die Stochastik.

Applications: see, e.g., Ubung 10.3 and 10.4.

Remark 5. Let (X,,),en be i.i.d. with 4 = Py, and corresponding distribution func-
tion F' = F,. Suppose that p is unknown, but observations X;(w),..., X, (w) are
available for ‘estimation of pu’.

Fix C € 8. Due to Theorem 4
1 " P-a.s.
—-ZlCoXi — u(C).
-
The particular case C' = |—o0, z| leads to the definitions
L.
Filz,w)=—-|{ie{l,...,n}: Xj(w) <z}, x € R,
n
and
1 n
pn(ryw) = — - D Exw)
i=1

of the empirical distribution function F,(-,w) and the empirical distribution pi,(-,w),
resp. We obtain

VreRIAcA: P(A)=1A <Vw€A: lim F,(z,w) :F(x)).

n—oo

Therefore
JAeA: P(A)=1A (vq EQVweA: lim Fy(gw) = F(q)),
which implies
JAeA: P(A)=1A (\m cA: () L,Q,

see Helly’s Theorem (ii), p. 61, and Theorem II1.3.2.
A refined analysis yields the Glivenko-Cantelli Theorem

JAeA: P(A)=1A (Vw e A: lim sup|F,(z,w) — F(2)| :0),

=00 zeR

see Einfithrung in die Stochastik.
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3 Weak Law of Large Numbers

As previously: 0 < a, T oco.

In the sequel: (X,,)nen pairwise uncorrelated.
Particular case, (X, )nen pairwise independent and X,, € £* for every n € N, see
Theorem II1.5.6.

Theorem 1 (Khintchine). If

then

Proof. Without loss of generality E(X,,) = 0 for every n € N. For ¢ > 0 the
Chebyshev-Markov inequality and Bienaymé’s Theorem yield

7

1
— .5,

Qn

zg})gg—lz-\/ar(ai.sn) :é-a%-i\/ar()(i). (1)
" nooi=1
O

Remark 1. Assume that sup, .y Var(X,) < co. Then Theorem 1 is applicable for
any sequence (a,)nen with lim, .. a,/v/n = co.

Example 1. Consider an independent sequence (X,,)neny with

1 1
PUX, =0 =1—-——  PHUX,=4n))= ——
y 0b nlog(n +1) ( n}) 2nlog(n + 1)
Hence n
E(X,) = Xp) = —F7—=
(X,) =0, Var(X,,) og(n - 1)
and

1« 1
— -y Var(X;) < ————.
n? ; ar(Xi) < log(n + 1)

Thus 1/n - S, ., 0 due to Theorem 1, but 1/n - S, 230 does not hold, see Ubung
11.2.

4 Characteristic Functions

We use the notation (-,-) and || - || for the euclidean inner product and norm. Recall
that 9 (R¥) denotes the class of all probability measures on (R* 9By).

Given: a probability measure p € D(RF).
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Definition 1. f : R¥ — C is u-integrable if Rf and Ff are p-integrable, in which

case
/fdu:/%fdu—l—z-/%fdu.

Definition 2. The mapping /i : R¥ — C with

() = / exp(ufz, ) p(dr),  yERY,

=)

is called the Fourier transform of p.

Example 1.

(i) For a discrete probability measure

K= Zo‘i =
j=1
we have
Ay) = a;-exp(i(z;,y)).
j=1

For instance, if g = 7(A) is the Poisson distribution with parameter A > 0, then

1i(y) = exp(— Z

= exp(\ - (eXp( y) = 1))

exp(1jy) = exp(—A) - exp(X - exp(1y))

.u|>A

(ii) If = f- Ay then
Aly) = / exp(ulr, ) - £(2) Me(d).

For any Ag-integrable function f, the right-hand side defines its Fourier trans-
form, see also Analysis or Funktionalanalysis. For instance, if p is the k-
dimensional standard normal distribution, i.e.,

flx) = (2m) "2 exp(=l2[|*/2),

then
Aly) = exp(=|ly[*/2).
See Bauer (1996, p. 187) for the case k = 1. Use Fubini’s Theorem for k£ > 1.

Theorem 1.

(i) 7 is uniformly continuous on R,

(i) 17(y)| <1 =7(0) for y € R,
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(iii) forn € N, ay,...,a, € C,and yy, ..., y, € RF,

> a @ fi(y; —ye) >0

jl=1
(positive semi-definite).
Proof. Ad (i): Observe that
lexp(e(z, y1)) — exp(e(z, y2))| < Iz - llyr — vell. (1)

For € > 0 take r > 0 such that u(B) > 1 — ¢, where B = {z € R* : ||z| < r}. Then
|A(yr) — Aly2)| < / lexp(x(, 1)) — exp(i{x, yo))| p(dz) +2 - €
B
<7y —wall+2-€
Properties (ii) and (iii) are easily verified. O

Remark 1. Bochner’s Theorem states that every continuous, positive semi-definite
function ¢ : R* — C with ¢(0) = 1 is the Fourier transform of a probability measure
on (R* B,). See Bauer (1996, p. 184) for references.

In the sequel: X,Y,... are k-dimensional random vectors on a probability space
(Q, 2, P).

Definition 3. The characteristic function of X is given by
ox = Px.

Remark 2. Due to Theorem 11.9.1

px(n) = [ explate0)) Plde) = [ expl(X().1) Pldo).
Theorem 2.
(i) For every linear mapping T : R¥ — R*
prox = px o T".

(ii) For independent random vectors X and Y

Px+y = @Px - Py.

In particular, for a € R*,

Oxta = exp((a,-)) - @x.
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Proof. Ad (i): Let z € R®. Use Pr.x = T(Px) to obtain

erox(2) = [ expllT(a),2) Prlde) = ox(T'(2)

Ad (ii): Let z € R¥. Fubini’s Theorem and Theorem I11.5.5 imply

pxiv(c) = [ explate +,2) Pes (dle,) = 9x() - o ().

Corollary 1 (Convolution Theorem). For probability measures p; € MM(R),
i % iz = [0y - T
Proof. Use Theorem 2.(ii) and Theorem II1.5.8. O
Example 2. For 4 = N(m,0?) with 0 > 0 and m € R
fiy) = exp(umy) - exp(—a’y*/2).
See Example 1.(ii) and Theorem 2.

Lemma 1. For z€e Rand ¢ > 0
/eXp(—ZyZ) - [i(y) N(0,07%) (dy) = /eXP(—(z—w)2/(202)) p(dz).
Proof. See Génssler, Stute (1977, p. 92). O
Lemma 2. For o, > 0 with lim,, ., o, =0,
N(0,02) % p - p.

Proof. Consider independent random variables X,, and Y such that X,, ~ N(0,02)
and Y ~ y. Then X, =, 0, and therefore X,, +Y =, Y, which implies

X, +Yy Ly

Theorem 3 (Uniqueness Theorem). For probability measures p; € 9(RF),

M1 = 2 <~ i1 = fi2.

Proof. ‘=" holds by definition. ‘<=’: See Bauer (1996, Thm. 23.4) or Billingsley (1979,
Sec. 29) for the case k > 1. Here: the case k = 1. For 0 > 0 and A € B

N(0.0%) () = [ [ 1) N (0.0 ) s ),
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and
/ 1a(z+2)N(0,0%)(dz) = 2rn6%) V2. [ 14(2 + 2) - exp(—2%/(202)) M (d2)

= 2n0?) V2. | exp(—(z — 2)2/(20%)) M\ (dz).

—

Therefore
N(O.0%) 5 i(4) = @) 2 [ fexp(o(c =)/ (20%) i) ().
Use Lemma 1 to conclude that
Yo >0: N(0,0%) % u; = N(0,07) * ps.
Then, by Lemma 2 and Corollary I11.3.1, uy = us. O

Example 3. For independent random variables X; and X, with X; ~ 7w();) we have
X1 +X2 ~ 7T(/\1 + /\2)
Proof: Theorem 2 and Example 1.(i) yield

Ox1+x,(y) = exp(A1 - (exp(ry) — 1)) - exp(Aa - (exp(ry) — 1))
= exp((A1 + A2) - (exp(ey) — 1)).

Use Theorem 3.

Lemma 3. For every ¢ > 0 and every probability measure u € 9(R),

u({z €R: [o] > 1)) < T/ / (1 - RAy) dy.

Proof. Clearly
Rii(y) = / cos(zy) p(dz).
R

Hence, with the convention sin(0)/0 = 1,

e / (1 Ry)) dy = 1/= - /[ ) / (1 — cos(ay)) ju(dz) A (dy)

:/R<1/5~/06(1—cos(xy)) dy> p(dz)
_ /R (1 — sin(ez)/(ex)) p(dz)
> inf (1 —sin(2)/2) - p({z € R: |ex| > 1}).

Finally,
inf (1 —sin(z)/z) > 1/7.

|2[>1
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Theorem 4 (Continuity Theorem, Lévy).
(i) Let p, p, € M(RF) for n € N. Then

~

o ——p = Yy eR": lim fn(y) = Ay).

(ii) Let p, € M(R*) for n € N, and let  : R¥ — C be continuous at 0. Then
Yy eR": lim fin(y) =@(y) = FpEMRY):i=pAp — p.

Proof. Ad (i): Note that x — exp(2(z, y)) is bounded and continuous on R*.

Ad (ii): See Bauer (1996, Thm. 23.8) or Billingsley (1979, Sec. 29) for the case k > 1.
Here: the case k = 1.

We first show that
{tn : n € N} is tight. (2)

By Lemma 3

pn({r € R : |z = 1/e}) < cnle)
with A

nle) =7/ [ (1= Rl dy
The dominated convergence theorem and the continuity of ¢ at 0 yield

JLIEO cn(e) = c(e)

with .

(e = /e [ (1= Re() dy
if ¢ is sufficiently small. Given § > 0 take ¢ > 0 such that

c(e) < 6/2.
Furthermore, take ny € N such that, for every n > ng,
len(e) — cle)] < 0/2.

Hence, for n > ng,

pn({z € R:fz[ = 1/e}) <6,
and hereby we get (2).
Thus, by Prohorov’s Theorem,

{{tn : n € N} is relatively compact. (3)

We fix a probability measure ;. € 9(R) such that p,,, — pu for a suitable subsequence
of (ftn)nen. By assumption and (i), we get 1 = ¢ as well as the following fact:

if 1, — v for any subsequence (ji,, )xen, then v = p, (4)

see Theorem 3.

We claim that p, — u. Due to Remarks I11.2.3 and I11.3.4.(ii) it suffices to show
that every subsequence of (p,)nen contains a subsequence that converges weakly to p.
The latter property follows from (3) and (4). O
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Example 4. For the uniform distribution p, on [—n,n| we have

) = { gy
HolY) =0 sintny) i perwise.

Hence
1 ify=0
0 otherwise,

but (fn)nen does not converge weakly.

Corollary 2. Weak convergence in 9(R¥) is equivalent to pointwise convergence of
Fourier transforms.

Example 5. Let p, = B(n,p,) and assume that

lim n-p,=X>0.

n—oo

Then
i — ().

Proof: Ubung 11.4.

5 The Central Limit Theorem

Given: a triangular array of random variables X, where n € Nand k € {1,...,r,}
with r, € N.

Assumptions:

(i) X € £2 for everyn € Nand k € {1,...,7,},

(ii) (Xn1,-. .., Xnp,) independent for every n € N.

Put

Tn

Sp = Z(Xnk - E(Xnk>>

k=1

and
o2, = Var(X,z), s2 = Var(S,) = Z o2,
Additional assumption:
(iii) s2 > 0 for every n € N.

Normalization
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for n € N. Clearly
E(S:) =0 A Var(S)) = 1.
Question: convergence in distribution of (S}),en?

For notational convenience: all random variables X,,; are defined on a common prob-
ability space (2,2, P).

Example 1. (X,,),ey i.i.d. with X} € £2 and Var(X;) = 02 > 0. Put m = E(X)),
take
Ty =M, Xk = Xk
Then "
g — Zk:le_n'm‘
n \/ﬁ .o

See Einfithrung in die Stochastik.

In the sequel we assume, without loss of generality,
E(Xuw) =0 A s,=1
forn e Nand k € {1,...,r,}, hence

k=1
(Otherwise, consider the random variables (X,x — E(Xk))/Sn-)

Definition 1.

(i) Lyapunov condition

36>0: lim Y E(Xu/*") =0.
k=1

(ii) Lindeberg condition
Ve>0: lim / X2 dP = 0.
2 i

(iii) Feller condition
lim max Var(X,;) =0.
n—oo 1<k<r,

(iv) The random variables X, are asymptotically negligible if

Ve>0: lim max P({| X,k >¢})=0.

n—oo 1<k<ry,
Lemma 1. The conditions from Definition 1 satisfy
(i) = (i) = (iii) = (iv).

Moreover, (iii) implies lim,, ., r, = c0.
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Proof. From
1 1
/ x2ap< L. / Xl AP < — - (| X,u*)

nk Ky 1)
{| Xk |>e} € HXklze} €

we get ‘(i) = (ii)’". From
Var(X,,;) < &” + / X2, dP

{1 Xni|2€}

we get ‘(ii) = (iii)’. The Chebyshev-Markov inequality yields ‘(iii) = (iv)’. Finally,
1 =Var(S}) <r,- max Var(X,;),
1<k<rn
so that (iii) implies lim,, o, r, = 0. O

Example 2. Example 1 continued in the case m = 0. We take r, = n and
Xy

Xop =
P o
to obtain
g 1
Z/ X2 dP == - X2dP.
k=1 {1 Xnk|>e} 77 X |zevneo}

Hence the Lindeberg condition is satisfied.

In the sequel
Pnk = PX,p
denotes the characteristic function of X,;. Use (4.1) and Theorem I1.5.5 to conclude
that
£'(0) =1 E(Xo) =0
and
#"(0) = — E(X3)) = —0un-
Lemma 2. Fory € Rand € > 0

lonn(y) — (1 — om0 /2-v)| < v (8 Jyl- o2 +/
{anklZa}

X2, dP).
Proof. For u e R
|lexp(w) — (1 +w — u?/2)| < min(u?, |uf’/6),
see Billingsley (1979, Eqn. (26.4)). Hence
|onr(y) — (L= 07,/2 - 4]
= [Blexp(t- Xk ) = B(1+ 1 X -y = X2 - 4/2)]
< B(min(y® - Xox , [yl - [ X))

g|y|3-/ g.xgkdp+y2./ X2, dP
{| Xnkl<e} {| Xnk|>e}

§5'|y|3'a121k+y2'/ X2 dP.
{lX'nkIZE}
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Lemma 3. Put
H(Pnk — exp(—y°/2), yER.

If the Lindeberg condition is satisfied, then

VyeR: lim A,(y) = 0.

n—oo

Proof. Since |pu(y)] <1 and |exp(—c2,/2-y*)| < 1, we get

Anly) = \f[ () — ﬁexm—aikm )

< Z\sonk ) — exp(—0one/2 - 47

by induction, see Billingsley (1979, Lemma 27.1).

We assume

<
B o <1
which holds for fixed y € R if n is sufficiently large, see Lemma 1. Using
0<u<1/2 = |exp(—u)—(1—u)| <u?

and Lemma 2 we obtain
y)l < ka —(1—02/2-y° !+Zank/4 vt

(s-|y|+;/

X2, dP) +y*/4- max o2,
{| Xnkl=e}

1<k<rn,

for every € > 0. Thus Lemma 1 yields
limsup A, (y)| < Jy|* - e.

n—oo

Theorem 1 (Central Limit Theorem). The following properties are equivalent:

(1) (Xnk)nk satisfies the Lindeberg condition.

(ii) Psx — N(0,1) and (Xpx)n satisfies the Feller condition.

(iii) Pss: 5 N(0,1) and the random variables X, are asymptotically negligible.

93
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Proof. ‘(i) = (ii): Due to Lemma 1 we only have to prove the weak convergence.
Recall that fi(y) = exp(—y?/2) for the standard normal distribution p. Consider the
characteristic function ¢, = ¢g: of S}. By Theorem 4.2.(ii)

Pn = f[ Pnks
k=1

and therefore Lemma 3 implies

o~

VyeR: lim p,(y) = 1(y).

It remains to apply Corollary 4.2.
Lemma 1 yields ‘(ii) = (iii)’. See Billingsley (1979, p. 314-315) for the proof of ‘(iii)
= (i) O

Corollary 1. Let (X,,)nen be ii.d. with X; € £2 and 02 = Var(X;) > 0. Then

>t Xk —n - E(Xy) 4z
Vn-o

where Z ~ N(0,1).

Proof. Theorem 1 and Example 2. m

Example 3. Example 2 continued, and Corollary 1 reformulated. Let

1 xX
P(r) = —"- exp(—u?/2) du, r eR,
@ ==+ | ew(=if2)
denote the distribution function of the standard normal distribution, and let

b, = sup| P({S, < 2 Vi 0}) = @(w)] = sup| P((S, < 2}) ~ ¥/ (Vi -))]. (1)

zeR

Due to the Central Limit Theorem and Theorem II11.3.2

lim ¢, = 0.
Theorem 2 (Berry-Esséen). Let (X,,)ney be iid. with X; € £3) E(X;) = 0, and
Var(X;) = 0% > 0. For 4, given by (1)

6-E(X,]? 1
VneN: 5n§#-—.
o NZD
Proof. See Géanssler, Stute (1977, Section 4.2). ]
Example 4. Example 3 continued with
1
PX1 = 5 . (81 + 5_1). (2)
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Since (—X,,)nen is i.i.d. as well, and since P_x, = Px,, we have
P({S% < O}) = P<{S2n > 0})7

which yields

P({Son <0}) = 5 - (1 + P({52, = 0})).

DO | —

From Example 1.3 we know that

P({SQn = 0}) ~

3
S

and therefore

1

1
2/’

Hence the upper bound from Theorem 2 cannot be improved in terms of powers of n.

- P({S2n = 0}) =

N —

Example 5. Example 3 continued, i.e., (X, )nen is i.i.d. with X; € £2, E(X;) = 0,
and Var(X;) = 0 > 0. Recall that S,, => 1" | X.

Let
B. = {limsup S,,/v/n > c}, c> 0.

n—oo

Using Remark 1.2.(ii) we get

P(B.) > P(limsup{S,/v/n > c}) > limsup P({S,/v/n > c}) =1 — &(c/a) > 0.

n—oo n—oo

Kolmogorov’s Zero-One Law yields

and therefore

P({limsup S, /v/n = c0}) = P( N Bc> = 1.

o ceN

By symmetry
P({liminf S, /v/n = —o0}) = 1.

In particular, for Px, given by (2),

P(limsup{S, =0}) =1,

n—oo

see also Example 1.3 and Ubung 10.2.
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6 Law of the Iterated Logarithm

Given: an i.i.d. sequence (X,,)nen of random variables on (€, 2, P).

Definition 1. (S,)neny with S, = > "7, X}, is called the associated random walk.

In the sequel we assume
X, €8 A EX)=0 A Var(X;)=0">0.

Remark 1. For every € > 0, with probability one,
Sn

li =0
n1—>Irolo \/ﬁ . (log n)1/2+5 ’

see Remark 2.2. On the other hand, with probability one,

. n ... Sn
limsup—= =00 A liminf —= = —o0,

see Example 5.5.

Question: precise description of the fluctuation of (S, (w))nen for P-almost every w?
In particular: existence of a deterministic sequence (y(n)),en of positive reals such
that, with probability one,

lims.upi =1 A liminfi =17
n—so (1) n—oo y(n)

Notation: L((u,)nen) is the set of all limit points in R of a sequence (u,)ney in R.
Let

v(n) = v/2n - log(logn) - 02, n >3,
where log denotes the logarithm with base e.

Theorem 1 (Strassen’s Law of the Iterated Logarithm).

With probability one,
(&), ) -+
’Y(n) neN

Proof. See Bauer (1996, §33). O

Corollary 1 (Hartman and Wintner’s Law of the Iterated Logarithm).
With probability one,

limsupi =1 A liminfi = —1.
n—oo V(1) n—oo y(n)



Chapter V

Conditional Expectations and
Martingales

1 Conditional Expectations

‘Access to the martingale concept is afforded by one of the truely basic ideas of probability
theory, that of conditional expectation.’, see Bauer (1996, p. 109).

Soweit nichts anderes gesagt, betrachten wir die Borelsche o-Algebra B auf R; &-95-
mefibare Abbildungen werden kurz &-mefibar genannt.

Erinnerung: FElementare bedingte Wahrscheinlichkeit

P(AN B)

P(AIB) = =5

A,Be, P(B)>0.

Das Wahrscheinlichkeitsmafl P(- | B) besitzt die P-Dichte 1/P(B) - 1.
Gegeben: Zufallsvariable X auf (2,2, P) mit X € £'. Elementare bedingte Erwartung

E(X|B):m-E(lB-X):/XdPHB).

Klar fir A e 2
E(14|B) = P(A|B).

Nun etwas allgemeiner: Sei I hochstens abzahlbar. Betrachte Partititon
B; €, 1€ 1,

von ) mit

Viel: P(B;)>0.
Durch

05:{UBj:JC]}

JjeJ

97
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ist eine o-Algebra & C 2 gegeben. In der Tat gilt & = o({B; : i € I}). Definiere
Zufallsvariable E(X | &) durch

E(X|6)(w) =) E(X|B)-1pw), we (1)
iel
Dann ist E(X | ®) &-mefibar und gehort zu £'. Ferner
/ E(X |®)dP = E(X | B)) / X dP,
B

J

und somit fiir jedes G € &

/GE(X\@dP:/GXdP.

Der Ubergang von X zu E(X | &) ist eine ‘Vergroberung’. Man vergleiche diese Kon-
struktion mit dem Beweis der ersten Variante des Satzes von Radon und Nikodym.

Example 1. Extremfille. Einerseits |I| =1, also & = {0, Q} und
E(X|®)=E(X).
Andererseits 2 hochstens abzéhlbar und I = Q mit B; = {i}, also & = () und
E(X|®) =

Allgemein: Gegeben: Zufallsvariable X auf (Q,%2(, P) mit X € £! und o-Algebra
& C A

Definition 1. Jede Zufallsvariable Z auf (Q,%2l, P) mit Z € £! sowie
(i) Z ist -meBbar,
(i) VGe®: [,ZdP = [,XdP

heilt (Version der) bedingte(n) Erwartung von X gegeben &. Bez.: Z = E(X | ®).

Im Falle X = 14 mit A € A heiit Z (Version der) bedingte(n) Wahrscheinlichkeit
von A gegeben &. Bez.: Z = P(A|®).

Theorem 1. Die bedingte Erwartung existiert und ist P|g-f.s. eindeutig bestimmt.

Proof. Spezialfall: X > 0. Durch
= / X dP, Gead,
G

wird geméfl Theorem I1.7.1 ein endliches Maf auf (2, &) definiert. Es gilt @ < P|e.
Nach dem Satz von Radon-Nikodym existiert eine &-mefibare Abbildung 2 : Q) —
[0, oo[ mit

VGeE®S: Q(G):/ZdP.
G

Der allgemeine Fall wird durch Zerlegung in Positiv- und Negativteil erledigt.

Zur Eindeutigkeit: Aus [, Z1 dP|e = [, Z2 dP|e fiir alle G € & folgt Z; = Z; Ples-fs.
Siehe Beweis von Theorem I11.7.3. OJ
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Im folgenden oft kurz X =Y oder X > Y, falls diese Eigenschaften f.s. gelten. Ebenso
identifizieren wir Abbildungen, die f.s. ibereinstimmen.

Die ‘explizite’ Bestimmung von bedingten Erwartungen ist i.a. nicht-trivial.

Remark 1. Klar: E(X | &) = X, falls X &-mefbar. Ferner:
E(X) = / E(X |®)dP = E(E(X | &)).
Q

Im Spezialfall (1) fir X = 14 mit A € 2 ist dies die Formel von der totalen
Wahrscheinlichkeit, also

P(A) =Y P(A|B;)- P(B).

i€l

Lemma 1. Die bedingte Erwartung ist positiv und linear.

Proof. Folgt aus den entsprechenden Eigenschaften des Integrals und den Abschluf3-
eigenschaften von Mengen mefibarer Abbildungen. O

Lemma 2. Sei Y &-meBbar mit X - Y € £!. Dann
E(X-Y|8) =Y E(X|8).

Proof. Klar: Y - E(X | ®) ist G-meBbar.
Spezialfall: Y = 1o mit C' € &. Dann gilt fir G € &:

/Y-E(X|Q§)dP:/ E(X|®)dP = XdP:/X-YdP.
G GnC GnC G

Jetzt algebraische Induktion. O
Lemma 3. Fiir o-Algebren &, C &, C 2 gilt
E(E(X | 051) | Q52) = E(X | 61) = E(E(X | 952) | Q51)-

Proof. Die erste Identitat folgt mit Remark 1. Zur zweiten Identitat beachte man fiir
G e B C 6,y

/GE(E(X]Q52)|Q51)dP:/

E(X | ®,)dP = / X dP.
G G
Terminologie: X und & heiflen unabhéngig, falls (o(X), ®) unabhéngig ist.

Lemma 4. Seien X und & unabhangig. Dann

E(X | &) = E(X).
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Proof. Klar: E(X) &-mefibar. Sei G € &. Nach Voraussetzung sind X und 1g
unabhéangig. Also

/E(X) AP = B(X) - B(lg) = B(X - 1¢) = / X dP.

]

Theorem 2 (Jensensche Ungleichung). Sei J C R ein Intervall, und gelte X (w) € J
fiir alle w € Q. Sei ¢ : J — R konvex mit ¢ o X € £!. Dann:

poE(X|®) <E(poX|8).
Proof. Génssler, Stute (1977, Kap. V.4). m
Remark 2. Spezialfall: J = R und ¢(u) = |[u[?/? mit 1 < ¢ < p < co. Dann:
(B(1X|7] &))" < (B(X|"| &))"

fur X € £P sowie

</Q|E(X|Q5)|de>1/p§ </Q |X|de>1/p. @)

Also ist E(- | &) ein idempotenter beschréinkter linearer Operator auf LP(2, 2, P) mit
Norm 1. Speziell fiir p = 2: orthogonale Projektion auf den Unterraum L*(Q, &, P).

Oft liegt folgende Situation vor. Gegeben: Mefraum (€',2") und Zufallselement
Y : Q — . Betrachte die von Y erzeugte o-Algebra & = o(Y).

Definition 2. Bedingte Erwartung von X gegeben Y:

E(X|Y) = E(X|a(Y)).

Anwendung von Theorem I1.2.8 auf obige Situation: Faktorisierung der bedingten
Erwartung: Es existiert eine 2'-mefibare Abbildung ¢ : 0 — R mit

E(X|Y)=goY.
Je zwei solche Abbildungen stimmen Py-f.s. iiberein.

Definition 3. Bedingte Erwartung von X gegeben Y = y:

E(X|Y =y) =g(y),

wobei g wie oben gewahlt.

Analoge Begriffsbildung fir bedingte Wahrscheinlichkeiten, wobei X = 1, mit A € 2.
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Example 2. Gelte (2,2, P) = ([0,1],8([0,1]),A) und (', ") = (R,*B). Ferner

1 fall 1/2
X(w) — w2, Y(w) _ ) alls w € [07 / ]7
w—1/2, fallsw € ]1/2,1].

Dann
o(Y)={AUB:Ae{0,]0,1/2]}, BC]1/2,1], Be AU}
sowie
E(X | 1)) = {1/212, falls w € [0,1/2],
w?,  fallsw € ]1/2,1]
und
E(X|Y = ) = {1/12, 2 falls y = 1,
(y+1/2), fallsy €]0,1/2].

Beachte, dal P({Y = y}) = 0 fiir alle y € ]0,1/2].
Remark 3. Klar: fiir A’ € ' gilt

[ xdp= [ BCO)Y =) Pr(ay 3)
{(YeA} '
und insbesondere

PAN{Y € A}) = / P(A]Y =) Py(dy)

/

fir A € A. Durch (3) fiir alle A" € 2" und die Forderung der 2'-Mefbarkeit ist
E(X |Y =) Py-fs. eindeutig bestimmt.

Wie das folgende Theorem zeigt, ist die bedingte Erwartung die beste Vorhersage im
Quadratmittel. Vgl. Einfithrung in die Stochastik und Lemma 4.
Theorem 3. Gelte X € £2. Dann gilt fiir jede 2'-meBbare Abbildung ¢ : Q' — R

/(X—E(X|Y))2dP§/(X—gooY)ZdP

mit Gleichheit gdw. ¢ = E(X |Y =) Py-fs.

Proof. Setze Z* = E(X|Y) und Z = ¢ oY. Die Jensensche Ungleichung liefert
Z* € £2 siehe (2) mit p = 2. OBdA: Z € £2. Dann

E(X -2)?=EX —-Z)V+EZ - 2)*+2-E(X — Z*)(Z* - Z)).
N e’

Mit Lemma 1 und 2 folgt

E(X-2Y2"-2)= | E(X=-Z")(Z"—=Z)|Y)dP

(Z* — Z)- (B(X|Y) — Z*) dP.

(.

/
:/Q(Z*—Z)-E((X—Z*)|Y)dP
/

~
=0
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Nun: der Zusammenhang zwischen Markov-Kernen und bedingten Wahrscheinlich-
keiten.

Gegeben: Wahrscheinlichkeitsraum (£2, 2, P) sowie MeBraume (£2/,2(") und (Q",2").
Ferner eine -2’ mefibare Abbildung Y : 2 — Q' und eine A-2" mefibare Abbildung
X : Q — Q. Spezialfall

Q7 A" = (Q,9), X =id. (4)
Lemma 5. Fiir jede Abbildung Py |y : ' x " — R sind &dquivalent:
(i) Px|y Markov-Kern von (£',2(") nach (2", ") und
Pyx)y= Py X Px\y, (5)
(i) fiir jedes y € ' ist Px|y(y,-) ein Wahrscheinlichkeitsma$l auf (©”,2"”) und fiir

alle A” € A" gilt
Pxjy( A") = P{X € A"} Y =),

Gilt (i), so sind X und Y genau dann unabhéngig, wenn
Pxy(y,-) = Px
fir Py-fa. y € R gilt.

Proof. Definitionsgemaf gilt fiir A’ € A’ und A” € A"

!

Py x Px|y<A/ X A”) :/ PX|Y(y7AH) Py(dy)

und

Py (A x A") = / PUX € AV Y = y) Py(dy).

I

Dies zeigt die Aquivalenz von (i) und (ii). Charakterisierung der Unabhingigkeit:
Ubung 14.2. [

Example 3. Betrachte ein Wahrscheinlichkeitsma$ p auf (€', 2’) und einen Markov-
Kern Py |y von (€,2') nach (©”,"”). Auf dem Produktraum

(Q,2) = (' x Q" A @A)
betrachten wir das Wahrscheinlichkeitsmafl
P=puxPxy
und die Projektionen
V(') =, X (W) =u".

Unmittelbar aus den Definitionen folgt i = Py und P = Py x). Lemma 5 sichert fiir
jedes A” € A", daf
Pxy(y,A") = P{X € A"} Y =y)

fiir Py-f.a. y € € gilt. Analog fiir Folgen von Markov-Kernen.
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Example 4. Sei (0, A") = (Q",2A") = (R,B) und gelte
Pyxy=[f X

mit einer Wahrscheinlichkeitsdichte f auf (R?,B,). Fir A, A” € B sichert der Satz
von Fubini (beachte: Mefibarkeit als Teilaussage)

P(Y,X)(A, X AH) = /A, p fd()\l X )\1) = // » f(y,x) /\1(dl’) Al(dy)

Die Wahl von A” = R zeigt
Py = h . )\1

mit der Wahrscheinlichkeitsdichte

- . d/\b ]R
) = [ f) e
Definiere fiir y,z € R

Flz|y) = {f(y7 x)/h(y) falls h(y) >0

Lioqy(x) sonst

und einen Markov-Kern Py |y : @ x 4" — [0,1] durch

PX\Y(y;A”) = » f(x]y) Mi(dx),

also Px|y(y,-) = f(-|y) - \i. Man erhalt
P x A% = [ [ fa ) dlde) - hiy) M(a)
o

_ / Py ivly A”) Py (dy).

Lemma 5 zeigt

PUX e A"}Y =y) = A | y) M(dy)
fir Py-fa. y € €. Die Abbildung f(-|-) heifit auch bedingte Dichte von X gegeben
Y.

Definition 4. Jeder Markov-Kern Px |y von (£2,2') nach (£",2") mit der Eigen-
schaft (5) heifit eine reguldire bedingte Verteilung von X gegeben Y und im Spezialfall
(4) auch reguldre bedingte Wahrscheinlichkeit gegeben Y. Ferner heifit (5) Desintegra-
tion der gemeinsamen Verteilung von Y und X.

Example 5. In Example 4 ist Px |y eine regulare bedingte Verteilung von X gegeben
Y. Wesentlich fiir die Richtigkeit dieser Sachverhalts ist nur, daf§ die gemeinsame
Verteilung von X und Y eine Dichte bzgl. des Produktes zweier o-endlicher Mafe
besitzt. Schliellich gilt fiir Py-f.a. y € R

E(X|Y:y):/R:chXy(y,dx):/:c-f(:c]y))\l(d:c). (6)

R

Beweis: Ubung 14.2.
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Example 6. In der Situation von Example 2 gilt

g- A\ falls y = 1,

P 7. pr—
x v (Y ) {g(yH/Q)Q falls y € ]0,1/2],

wobei die Dichte g durch

g(z) = 1/Vz - Ljp14(x)

gegeben ist. Ferner gilt

v falls y =1,

Pi ’. pr—
aly(y,-) {5y+1/2 falls y € ]0,1/2],

wobei v die Gleichverteilung auf [0, 1/2] bezeichnet. Beweis: Ubung 14.1.

Remark 4. Betrachte im Spezialfall (4) paarweise disjunkte Mengen Ay, A, ... € 2.
Fiir jede Menge A’ € ' gilt

/ (UA|Y—y> Py (dy) = (UA ﬂ{YeA’})
= ZP(AZ- N{Y e A'})

:Z/IP(Ai\Y:y)PY(dy)
://ZP(Ai\Y:y)Py(dy)-

Es folgt Py-fs.
P (UAAY: ) => P(A]Y =)
=1 =1

Beachte: die entsprechende Nullmenge in 21’ kann von der Wahl der Mengen A;
abhangen.

Theorem 4. Gelte (', ") = (M,B(M)) mit einem vollstdndigen und separablen
metrischen Raum (M, p). Dann existiert eine reguléire bedingte Verteilung von X

gegeben Y. Fiir je zwei solche Verteilungen P( x|y existiert eine Menge A’ € 2’ mit

Py(A") =1 und
Vye AVA e Pl (y,A") = PE,(y, A7)
Proof. Siehe Génssler, Stute (1977, Kap. V.3) oder Yeh (1995, App. C). O

Im folgenden sei V € £'(Q,2, P) und Pyq |y eine regulire bedingte Wahrscheinlichkeit
gegeben Y.
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Theorem 5.

(i) / V(@) Payy (-, dw) -meBbar,

Q
(i) / V(W) Pay (g, dw) Py (dy) = / V dP fiir A’ € 0.
Jo {vean

Also fiir Py-fa. y e
B(VIY =)= [ V(o) Papy(ondo).
Proof. Algebraische Induktion. O
Theorem 6. Fiir Py-f.a. y €
Pay(y, Y ({y}) = 1.
Proof. Siehe Yeh (1995, p. 486). O

Die Ergebnisse dieses Abschnittes beantworten die im einfithrenden Example 1.4 ge-
stellten Fragen.

2 Discrete-Time Martingales
Gegeben: Wahrscheinlichkeitsraum (€2, 2, P).
Definition 1. Folge A = (2)nen, von o-Algebren 2, C A mit
VneNy: A, C Ay
heilt Filtration.
Gegeben: Folge X = (X,,)nen, von Zufallsvariablen auf (Q, 2, P).
Example 1. Kanonische Filtration:
A, =oc({Xo, ..., Xn}), n € Ny, (1)

definiert die ‘kleinste’ Filtration 5[, so daB} X,, A,-meBbar ist. Bei dieser Wahl ist
Y : Q — R genau dann 2,-meBbar, wenn eine 9B, ;-mefibare Abbildung ¢ : R**! —
R existiert, die Y = g o (Xo,...,X,) erfiillt. Siehe Theorem II.2.8 und Corollary
I1.3.1.(i).

Definition 2. X heifit Martingal (bzgl. 2A ), falls X,, € £! fiir alle n € Ny und

VnmeNy: n<m = EX,|A,) =X,

Zur Interpretation: Theorem 1.3.
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Remark 1. Fir jedes Martingal X undn<m
E(X,,) = E(E(X,, |2,)) = E(X,).
Klar: Aus der Konstanz der Erwartungswerte folgt i.a. nicht die Martingaleigenschaft.

Remark 2. X Martingal gdw.
Vne NO : E(Xn+1 |9'[n) = Xn.
Zum Beweis verwende man Lemma 1.3.

Example 2. Sei (Y;);en eine unabhéngige Folge von Zufallsvariablen mit E(Y;) = a
fur alle 7 € N. Ferner sei 2y = {0,Q} und A, = o({Y1,...,Y,}) fir n > 1. Setze
Xo=0und

X, =YY, n e N.
i=1
Es gilt (1) sowie

Somit ist X genau im Falle a = 0 ein Martingal. Bsp: random walk, coin tossing.

Mogliche Interpretation: Y; Gewinn bei einfachem Spiel in Runde ¢ und X,, akku-
mulierter Gewinn nach n Runden. Martingal heifit: ‘faires Spiel’.

Frage: Kann man im Martingalfall durch

(i) eine geeignete Wahl der Einsétze und

(ii) einen geeigneten Abbruch des Spiels

im Mittel einen positiven Gesamtgewinn erreichen?

Example 3. Das Cox-Ross-Rubinstein-Modell fir Aktienkurse X,, zu Zeiten n € Nj.
Wahle reelle Zahlen
Xo>0, 0<p<l1l, 0<d<u,

und betrachte (Y;);en i.i.d. mit
P({Yi=u}) =p=1-P{Y;=d}).
Setze 2y = {0, 2} und definiere
X, =Xo- [V
i=1
sowie 2, = o({Y1,...,Y,}) fir n € N. Fiir n < m zeigen Lemma 1.2 und Lemma 1.4

B(X | %) = X, - E ( ﬁ n) = X, - B(Y;)™ ™.

{=n+1
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Also N
X Martingal & E(Y)) =1,
bzw., da E(Y;) = pu+ (1 — p)d,
- 1—d
X Martingal & d<l<u /\p:—d.
u R
Frage: Wie in Example 2 ( "Handelsstrategie’, ‘Verkaufsstrategie’).
Im folgenden:
(i) X = (Xn)nen, Martingal bzgl. 5[,

(ii) H = (H,)nen, Folge von Zufallsvariablen, so daf

Vne€Ny: H, A,-meBbar A H, - (X,;1 — X,) € £..
Definition 3. Die Folge 7 = (Zn)nen, von Zufallsvariablen Z; = 0 und

n—1
Zn:ZHi'(Xi+1_Xi)a n =1,
i=0

heifit Martingaltransformation von X mittels H. Bez.: Z = He X.

107

Example 4. In Example 2: H,, Einsatz im (n + 1)-ten Spiel und Z,, akkumulierter
Gewinn nach n Runden mit Einsétzen Hy, ..., H, 1. Spezialfall: H, € {£+1} bei coin

tossing.

Theorem 1. Z = H o X ist Martingal bzgl. A

Proof. Klar fiir n € Ng: Z,, ist A,-meBbar und Z,, € £!. Somit
E(Zn-I-l |2ln) =Zn+ E(Hn ) (Xn+1 - Xn) |2ln)v

und weiter

E<Hn ’ (Xn+1 - Xn) |Q[n) = H, - E((XnJrl - Xn) ‘Q[n) = 0.

3 Optional Sampling

Gegeben: Filtration 2 auf einem Wahrscheinlichkeitsraum (Q,2, P).

Definition 1. 7: Q — Ny U {co} heifit Stoppzeit (bzgl. 5[), falls
VneNy: {7 <n}ed,.

Lemma 1.

T Stoppzeit & VneNy: {r=n}eA,.

Proof. Verwende

{Tgn}:U{T:z'}, {r=n}={r<n}\{r<n-—1}L
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Example 1. Verkaufsstrategien fiir eine Aktie mit Preis X,, zur Zeit n € Nj:

(i) Verkaufe, sobald der Preis a erreicht oder iiberschritten ist, spatestens jedoch
zur Zeit N.

(ii) Verkaufe beim ersten Eintreten des Maximum von Xo, ..., Xy.

Formal heifit (i)
r=inf({i € {0,...,N}: X; > a} U{N}).

Dann: 7 ist Stoppzeit bzgl. der kanonischen Filtration A zu X , d.h. ‘realisierbare
Strategie’. Es gilt ndmlich fir K =0,..., N — 1

k—1

{r=k}={Xi<a}n{X,>a} €Ay
i:OH_/ %,_/
A CRAR 1 €Ay,
sowie
N-1
{r=N}=[){Xi<a} €Ay
=0

Formal heifit (ii)

r=inf{i €{0,...,N}: X; = M} mit M:E{}aXNXi-

Dies ist i.a. keine Stoppzeit, d.h. eine ‘nicht realisierbare Strategie’. Betrachte etwa
das Cox-Ross-Rubinstein-Modell mit d < 1 < u. Fiir N =1 gilt

{r=0}={"1=d} Z{0,Q} =2
Lemma 2.
o, 7 Stoppzeiten bzgl. A = o+, min{o, 7}, max{o, 7} Stoppzeiten bzgl. 2A.
Proof. Verwende

{min(o,7) < n} ={o <n}U{r <n},
{max(o,7) <n} ={oc <n}n{r <n}

und
{0+7‘§n}:U{a:k3}ﬂ{T:n—k‘}.
[l

Gegeben: Folge X = (Xn)nen, von Zufallsvariablen auf (©,2(, P), so daf§ fiir alle
n € Ny gilt:

(i) X, 2A,-meBbar,
(i) X, € £l
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Fiir eine Abbildung 7 : 2 — Ny U {oo} definieren wir
X, Q—R

durch

Xo(w) = {XT(W)(w) falls 7(w) < o0
0 sonst.
Die folgenden beiden Satze sind Varianten des optional sampling theorem.
Theorem 1.
X Martingal bzgl. 2 < V7 beschrinkte Stoppzeit bzgl. A : E(X;) = E(Xo).

Proof. ‘=" Sei T eine Stoppzeit mit 7(w) < N fiir alle w € Q. Also

N

Xe = Lfrmny - Xo.
n=0

Also ist X, 2-meBbar und E(|X,|) < Zgzo E(|X,|) < co. Weiter

B(X:) =Y E(lgrmny - Xa) = > B(l{r—ny - E(Xx |2))
=Y E(E(Lfr=ny - Xn | 2)) = > E(lrmny - Xn) = E(Xy) = B(Xy).

‘<" Firn <mund A € A, ist zu zeigen

/deP:/XndP.
A A

T:n-lA—i-m-lQ\A.

Definiere

Klar: 7 ist beschrankte Stoppzeit. Also
E(Xy) =E(X;) =E(14- X, +1o\a - Xn) = E(X,,) —E(14- Xpn) + E(14 - X,).
Beachte schlieBlich, dafl n.V. insbesondere E(X() = E(X,,) gilt. O

Theorem 2.1 und Theorem 1 beantworten die in Example 2.2 gestellten Fragen negativ,
solange man eine obere Schranke fiir die Spieldauer akzeptiert.

Theorem 2. Sei X Martingal und 7 Stoppzeit mit
P{r<oo})=1 A E(X;])<oo A lim | X, dP = 0. (1)

Dann
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Proof. Fiir Ty = min{r, N} gilt

B - ECG)I< [ Xddp [ pxalap

{T>N} {T>N}
und somit
]&im E(X,,) = E(X;).
Theorem 1 und Lemma 2 liefern E(X,) = E(X,, ). O

Example 2. In Example 2.2 gelte: (Y;);en i.i.d. mit Py, = 1/2- (g1 + €_1). Einsatz
H, = 2" in (n + 1)-ten Spiel (Verdopplungsstrategie). Nach Theorem 1 (einfacher:
Example 2.2) definiert Z; = 0 und

n—1
Zn:ZQi'}/i-l-la TZGN,
1=0

ein Martingal. Fiir die Stoppzeit
T=inf{i e N:Y; =1}
ergibt sich
(i) 7 =inf{n € Ny : Z,, > 0},
(i) Z, =1,
(iii) P({r =n})=27", also 7 f.s. endlich und E(7) = 2.
Jedoch ist 7 > n aquivalent zu Z,, = —1 —--- — 271 = —(2" — 1), so daB

/ |Z,]dP = (2" —1)- Y 2" =1-27"
{r>n}

m=n+1
Example 3 (Das Ruin-Problem). Betrachte das Gliicksspiel aus Example 2.2 mit
Py, =p-ei+(1-p)-e

fir festes p € )0, 1[. Startkapital C' > 0. Ziel: Gewinn G > 0. Spiele bis G erreicht
oder C verspielt. Also

r=inf{neNy: X, =GV X,=-C}.
Bestimme die Ruin-Wahrscheinlichkeit
P-c = P({XT = _C})

sowie den Erwartungswert der Spieldauer 7.

Dazu zeigt man vorab

FJa>03~7€]0,1[VjeNy: P{r>j})<a -+, (2)
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siehe Einfithrung in die Stochastik, Bsp. I1.1.3.
Mit (2) folgt
P({r =o00}) <liminf P{7 > j}) =0
j—00

und weiter

B(r) = ZP({T > Jj}) < oo.

Also
1=P({r <oo}) =pc+p-c (3)

mit der Gewinn-Wahrscheinlichkeit
bc = P({XT = G})

Nun Anwendung des optional sampling theorem. Klar: 7 ist unbeschrankt, deshalb
verwenden wir Theorem 2.

Definiere My = 0 und

n

M, =Y (Yi = E(Y;) = X, — na,

=1

wobei a = 2p — 1. Dann ist M ein Martingal, sieche Example 2.2. Wir verifizieren die
weiteren Voraussetzungen von Theorem 2.

Es gilt
M| < X, ]+ 7 Jal < max{G,C} + a] -
und somit
E(|M:|) < max{G,C} + |a| - E(1) < o0.
Ferner

/ \Mn|dps/ (I1Xa] + |a] - n) dP
{r>n}

{r>n}

< max{G,C}- P({r > n}) + |a| - n- P({r > n}),

und somit sichert (2)

lim |M,| dP = 0.

n=o0 Jir>n}

Theorem 2 liefert
0=E(M,) =E(M,)=E(X,;)—E(r)-a=G-pc—C-p_c —E(1)-a. (4)

1. Fall: Faires Spiel, d.h.
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Weiterhin ist (X2 — n),ey, ein Martingal, und die Voraussetzungen von Theorem 2

sind erfiillt. Also
0=E(X;—-0)=E(X?—-17)=E(X?) - E(r),

so daf
E(r)=E(X?)=G* pc+C* - pc=C-G.

T

2. Fall Unfaires Spiel, d.h.
1

p?’éi-

Mit der Wahl von ]
r= bl 4 #1
p

wird durch Z,, = r%» ein Martingal definiert, siche Example 2.3, und die Vorausset-
zungen von Theorem 2 sind erfiillt. Man erhalt

1=E(Z,) = % pe+17% p_g,
und zusammen mit (3) folgt

1—¢¢ ré —1
b¢ = (@ ——~ P—c=—F7"""F"
rG — p—C’ rG _ p—C

SchlieBlich zeigt (4)

):G'pG_C'p—C’

E(r
2p—1

Numerische Berechnungen zeigen: kleine Abweichungen von p = 1/2 fiihren zu dra-
stischen Anderungen der Ruin-Wahrscheinlichkeit.

Abschliefend betrachten wir im Fall p > 1/2 die einseitigen Gewinn- und Ruin-
Wahrscheinlichkeiten P(|J,~ {X, = G}) bzw. P(U,_{X, = —C?}). Es gilt

P <n|:1|{Xn = C}) Gll_rgop_c re,
und Satz IV.2.4 sichert

P (Os-) -1

4 Branching Processes

5 Ausblick



Literature

H. Bauer, Probability Theory, de Gruyter, Berlin, 1996.

P. Billingsley, Probability and Measure, Wiley, New York, first edition 1979, third
edition 1995.

Y. S. Chow, H. Teicher, Probability Theory, Springer, New York, first editon 1978,
third edition 1997.

R. M. Dudley, Real Analysis and Probability, Cambridge University Press, Cambridge,
2002.

J. Elstrodt, Maf$- und Integrationstheorie, Springer, Berlin, first edition 1996, fifth
edition, 2007.

K. Floret, Maf$- und Integrationstheorie, Teubner, Stuttgart, 1981.
P. Géanssler, W. Stute, Wahrscheinlichkeitstheorie, Springer, Berlin, 1977.
E. Hewitt, K. Stromberg, Real and Abstract Analysis, Springer, Berlin, 1965.

A. Klenke, Wahrscheinlichkeitstheorie, Springer, Berlin, first edition 2006, second
edition 2008.

K. R. Parthasarathy, Probability Measures on Metric Spaces, Academic Press, New
York, 1967.

A. N. Sirjaev, Wahrscheinlichkeit, Deutscher Verlag der Wissenschaften, Berlin, 1988.
A. N. Shiryayev, Probability, Springer, New York, 1984.

J. Yeh, Martingales and Stochastic Analysis, World Scientific, Singapore, 1995.

113



Index

o-additive mapping, 17
o-algebra, 3
generated by a class of sets, 5

generated by a family of mappings, 9

o-continuity at @), 19
o-continuity from above, 19
o-continuity from below, 19
o-finite mapping, 23
o-subadditivity, 19

absolutely continuous distribution, 51

absolutely continuous measure, 34
abstract integral, 27
additive mapping, 17
algebra, 3
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discrete distribution, 50
discrete probability measure, 18
distribution, 49
distribution function, 53
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joint distribution, 68

kernel, 36
o-finite, 36
Markov, 36

Lévy distance, 60
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limes superior, 74
Lindeberg condition, 91
Lyapunov condition, 91

marginal distribution, 69
martingale, 105
martingale transform, 107
measurable

mapping, 8

rectangle, 13

set, 8

space, 8
measure, 17

with density, 32
measure space, 18
monotonicity, 19
monotonicity of the integral, 26
Monte Carlo algorithm, 82

normal distribution
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standard, 32
one-dimensional, 51
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outer measure, 21

Poisson distribution, 50
positive semi-definite function, 86
pre-measure, 17
probability density, 32
probability measure, 17
probability space, 18
product o-algebra, 14
product (measurable) space, 14
product measure, 45

n factors, 43

two factors, 40
product measure space, 45

n factors, 43
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quasi-integrable mapping, 27

random element, 49

random variable, 49

random vector, 49

random walk, 96

regular conditional probability, 103
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semi-algebra, 3
simple function, 11
square-integrable function, 28
standard deviation, 52
stopping time, 107
subadditivity, 19

tail o-algebra, 73

tail (terminal) event, 73
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topological space, 6
trace-c-algebra, 7

unbiased estimator, 82
uncorrelated random variables, 70
uniform distribution
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with probability one, 27



