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8. Aufgabenblatt zur Vorlesung
»Probability Theory*

1. Let f, and f denote probability densities w.r.t. the Lebesgue measure \;.

a) Suppose that f,, converges to f Aj-almost everywhere. Show that f, - A; converges weakly

tOf')\l.

b) Provide an example, where f,, - A\; converges weakly to f - \; but f,, converges to f only on
a set of Lebesgue measure zero.

2. Let
Qn = N(:U’n’ O-TQL)
where i, € R and o, > 0.

a) Show that (Qy)nen converges weakly iff (1,)nen and (0, )nen converge. Determine the weak
limit in case of convergence.

b) Characterize tightness of the set {Q, : n € N}.

3. Consider random variables X,,, X, Y,,, Y on a common probability space. Prove or disprove
a) X, —X A Y,5Y = X, 4V,—>X+YVY.

b) X, X,eg' A X, X A (E(Xp))nen converges = lim, . E(X,) = E(X).
) (Xpwewui. A Xegl A X, -5 X = X,°5X.

4. Consider the set
‘B:{Z/\k-amk:neN, Ne> 0, > h=1, xkER}
k=1 k=1

of probability measures on (R, B). Prove that 3 is dense in the set of all probability measures
on (R,) w.r.t. weak convergence, i.e., for every probability measure p on (R,®B) a suitable
sequence in P converges weakly to p.



