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5. Aufgabenblatt zur Vorlesung

”
Probability Theory“

1. Let (Ω,A, µ) be a measure space. Show that if f ∈ L1(Ω,A, µ), then for each ε > 0 there
is a δ > 0 such that µ(A) < δ implies

∫
A
|f | dµ < ε.

2. Let (Ω,A, µ) be a measure space and f ∈ L1(Ω,A, µ). Show that for ε > 0 there exists a
µ-integrable function g =

∑n

i=1
αi · 1Ai

∈ S(Ω,A) such that

∫
|f − g| dµ < ε.

Moreover, if µ is finite and A is generated by an algebra A0 ⊂ P(Ω) then g can be taken with
A1, . . . , An ∈ A0.

In the sequel, the underlying measure space is denoted by (Ω, A, µ).

3. Let fn, f ∈ L
∞. Prove or disprove fn

L∞

−→ f ⇒ fn

µ-a.e.

−→ f and fn

µ-a.e.

−→ f ⇒ fn
L∞

−→ f .

4. Let p, q ∈ [1,∞] such that 1/p + 1/q = 1. Moreover, let fn, f ∈ L
p and gn, g ∈ L

q such that

fn
Lp

−→ f and gn
Lq

−→ g.

a) Show that fn · gn
L1

−→ f · g.

b) Let A ∈ A and assume that µ(A) < ∞ or p = 1. Show that

lim
n→∞

∫
A

fn dµ =

∫
A

f dµ.


