4 Birkhoff’s Ergodic Theorem

Ergodic theorems, roughly speaking, are concerned with the question: When do aver-
ages of quantities, generated in a somehow ‘stationary’ manner, converge? A thorough
treatment can be found in Krengel, Ergodic Thoerems, de Gruyter, 1985. We present
one particularly important basic result, Birkhoft’s ergodic theorem, and some special
cases.

In this section, we consider the complete normed space L' = L'(Q,2, P). For a
continuous linear mapping 7' : L' — L', its norm is defined as

T(X)||
HTH = sup H g()HL ;
xert 1 X||z
X#0
this number is always finite; further,
1T <170 - I Xz, VX €L (1)

For two operators S,T : L' — L', we set in short ST for the composition. It is not
hard to see that ||ST|| < ||S||||T]|. In particular, we define powers T% := TT*"! for
i > 1; then | T < ||T||".

An linear operator T is called a contraction iff | T'|] < 1; this is equivalent to the
assumption that that [|T(X) — T(X)||z: < |lg — hl|z: for all g,h € L*.

For X,Y € L', we write in short X <Y iff X <Y p-a.e.. We say that a continuous
linear operator T : L' — L' is positive iff X > 0 implies T(X) > 0. This is equivalent
to the assumption that X <Y implies T'(X) < T(Y).

Example 1. Let 7 : Q — Q be an endomorphism, that is, 7 is measurable and
P o771 = P. Then this induces a positive contraction

T.: Ly — Lo, T.(f)=for.
Examples of endomorphisms 7 are
e om {2 = R, translations 7(w) = w + x;

e on a product space with product measure, (Q);cy 2, Q;en A &);eny 1), the shift
operator 7((wy,ws, ...) = (W, ws, ...);

e for arandom walk S, = >, X, with X, i.i.d. and integrable, we have (S, )nem 4

(Sp — X1)n>2. This leads to an endomorphism as follows: Set S = (Sn)nem and

consider the product space
QRSB Ps) .
ieN  ieN
Then the shift and reset operator
T((wi,wa, ..., ) = (wy — w1, w3 —wi,...)

is an endomorphism.
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If T,T" are positive linear operators (plops) and «, 5 > 0, then T o 7" and oT + 51"
are plops as well. In particular, for a plop T and n € N, the operators

n—1 i 1
S, = ;T C A= —8, (2)
are plops. Further, if T" is a contraction, A, is a contraction as well. For two random
variables XY in L!, their pointwise maximum max{X,Y} is in L' as well. Further,
for a plop T : L' — L' and A,,S, defined in (2) as in the previous subsection are
plops as well, and for X € L! we may define

MAX) := max{A;(X),..., A (X)}, M3 (X) == max{S)(X),..., S (X)}; (3)
then M;/*(X) € L' and X <Y = M:"/5(X) < Mi/5(Y).

Definition 1. Let 7 : 2 — Q be an endormorphism. A € 2 is called 7—invariant
iff A= 771(A). The class of T-invariant sets is denoted by Z,. A r.v. X is called
T-invariant if X = X o 7.

It is clear that Z, forms a o—algebra; further, it is easy to see that a r.v. X is 7—invariant
iff for all & € R the level sets {X > a} are T—invariant; hence X is 7—invariant iff X is
Z.—measurable. A particularly nice case occurs if Z, consists only of 0—1-sets (i.e., no
‘really random’ event is 7—invariant); in this case, the conditional expectation above
equals the expectation. This case is so important that it is given a name:

Definition 2. An endomorphism 7 :  — ) is called ergodic iff for all A € 7,
n(A) € {0,1}.

Example 2. Example 2 continued: It is trivial to see that the endomorphism in (i)
is ergodic. By Kolmogorov’s 0—-1-Law, it is easy to see that the endomorphism given
in (ii) is ergodic. Also, in Example (iii), any measurable set A can be written as
{S € B}; if A is 7-invariant, it follows for any k that A = {(S,.r — Sk)neny € B};
hence, by induction one derives that B is independent of all X; and similarly as in
the proof of Kolmogorov’s 0-1-Law, this entails P(A) € {0,1}. Thus, also Part (iii)
is an example of an ergodic 7.

Lemma 1. Let Y € L' with Y > 0, and let T : L' — L! be a plop as well as a

contraction. Then
/T(Y)dP < /Y dP .

Proof. Since Y >0, T(Y) > 0, and

[r@yr =z < i = [ var.
O

Theorem 1 (Hopf, 1954). Let T be a positive contraction in L', and X € L'. For
n € N denote E, := {M2(X) > 0} = {MJ(X) > 0} € A, and set E,, = U, E,.
Then

XdP >0 and X dP >0.

En Ex
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A very rough and naive interpretation of this theorem is that, whenever at least one
1/kY,. TH(X) is > 0, X might be negative ‘sometimes’, but not ‘most of the time’;
even more, it is positive ‘on the average’.

Proof (A.M. Garsia, 1965). The second inequality follows form the first by monotone
convergence. For a r.v. Y, we set as usual Y+ = max{Y,0}. Now let n be fixed and
k < n; then

(M7 (X)) = M (X) = Si(X) .

Since T is positive, this implies T[(M?(X))*] > T(Sx(X)) and thus also
X+ TI(M7(X))"] = X + T(Sk(X)) = Spaa(X) -

This entails
X > Spa(X) = T(MF(X)*] 5

this equality is valid for £ = 0 as well, and by taking the maximum over £ = 0,...,n—1
on the right hand side it follows that

X > M3(X) = T{(M7 (X))*].

From this we infer

x> M0 - [ Ty ap
= Joreyap- [ Tiogeoy ap

S + . S +
> /Q(MR(X)) dP /EHT[(M,Z(X)) | dpP

TIMF(X))*]=0 S vt gD S/t
S / (ME(X))* dP / T((MS(X))*] dP

Lem.1
> 0.

]

Corollary 1 (Wiener (1939)). Let 7: Q —  be an endomorphism. Then for any
X € L' we have

1 .
P(max— Z(XOT’) > a> < o 'E|X].

k<n
i<k

This is a remarkable strengthening of the Chebyshev—Markov inequality II1.2.1. Com-
pare also with the Kolmogorov inequality 1V.2.1.

Proof. Set



with X = X — a and T(X) := X o 7. Then Theorem 1 yields Ie. X >0, hence
aP(E,) < / XdP < / X|dP = E|X] .
En Q

]

Theorem 2 (Birkhoff (1931)). Let 7: Q — Q be an endomorphism and X € L.
Then
%Z(Xori) — BE(X|Z,) P—as.
<n
Proof. We set T(X) = X o7 and adopt and use the above facts and notations. We
will first show that the left hand side tends to a 7-invariant X a.s.; then we show that
X is indeed the conditional expectation. We start with

1 1 n

Apii(X) = —= 51 (X) = X+
n—+1 n—+1 n—+1

Ap(X)orT.
Thus, the random variables

X" :=Tim /lim A, (X)

are T7—invariant: Indeed,

X7 = (ImA,(X))or =lm(A,(X)o7) =limA,;(X) = X"*.

n

We will now proceed in several steps.
Step 1: We prove that P(X" = ooV X! = —c0) = 0.
To this end, note that X* > 3 implies that there is n such that M*(X) > 3. Hence

P(X" > () < sup P(M;}(X) > B) < 57 E|X]

by Corollary 1. It follows that P(X" > ) — 0 for f — oo. On the other hand,
X! = —(=X)*, and thus P(X' < —a) < o 'E|X]| for a > 0.

Step 2: We prove that X* = X! a.s..

To this end, it suffices to show that for a < 3, P(X! < a < f < X%) = 0; set
B ={X'<a <3< X"}. Since X!, X" are T-invariant, B is a 7-invariant event. If
we define X := (X — 3)1p, then

Xorh=(Xork- B,k = (Xoth = B)1p;

consequently, A,(X) = (A,(X) — §)1p. Recall the notion E, := {M,f‘(f(lg 0} and
Ew =U, En fw € B, then X"(w)—[ > 0, thus there is n such that MA(X(w)) > 0;
hence, B C E,,. On the other hand, X equals 0 outside B. This implies that
/ XdP= | XdP>0
B Ex

by Theorem 1. It follows that Su(B) < [, 5 XdP. The same arguments, applied to
X = (o — X)1p, yield au(B) > [z XdP. But since a < (3, this can only be true if
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P(B)=0.

Step 3: A, (X) converges a.s..

Indeed, this follows immediately from Step 2. Let X = lim,, A, (X).

Step 3: A, (X) is uniformly integrable.

Indeed, if A € 2 is arbitrary, then P(77%(A)) = P(A) for all i > 0. Let € > 0 be given
and choose § > 0 such that for P(B) < § we have [, |X|dP < e (this is possible by
Lemma I11.4.1); then we have for A with P(A) < § that P(77%(A)) < § and hence

/yA |dP</A (1X]) = Z/ X|dP < ¢ |

i<n YT

This proves by Lemma I11.4.1 that A, (X) is uniformly integrable.
Step 4: If A is 7-invariant, then fA XdP = fA XdP.
Indeed, for A T—invariant, we have for k > 0,

/kadp:/ XdPOTk:/XdP;
A Tk(A) A

it follows that [, A,(X)dP = [, XdP. However, by uniform integrability and a.s. con-

vergence of A, (X),
/dezhm/ An(X)dP:/XdP.
A "JA A

In summary, A,(X) — X a.s.; X is 7-invariant, hence Z,~measurable, and from Step
4 it follows that X = E(X|Z,). O

Corollary 2. Let 7: Q — Q be ergodic and X € L;. Then

,_.

1 < 4
— ) (Xo7") — E(X) P—a.s. .
n

i

Il
o

Proof. Since T is ergodic, Z, consists only of 0—1-sets; hence by Remark 1.1(i) E(X |Z,) =
E(X). O
From part (ii) of Example 2 we infer in particular with X (w) = f(wq,...,wq):

Corollary 3. Let (X,),en be iid. in L'; further, let ¢ : R — R be measurable.
Then

—Zgo s Xiva) 5 Blp(X0, ..., X)) -

<n
This is a considerable generalization of the i.i.d.-SLLN 1V.2.4.

Definition 3. A sequence (X,,),en of r.v. is called ergodic with respect to X iff

%ZXP_&%@X

i<n
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