4 Uniform Integrability

In the sequel: X,,, X random variables on a common probability space (2,2, P).

Definition 1. (X,,),en uniformly integrable (u.i.) if

lim sup/ | X, | dP = 0.
{IXn|za}

A—0 neN

Remark 1.

(i) (Xo)neny wi. = (VR eN: X, € £Y) Asup,cy || Xall1 < 0.
(i) BY € £1Vn e N: [Xo| < Y] = (Xu)ner i

(iii) f[3p>1 (VneN: X, € £°) Asup,ey || Xullp, < o0], then

/{lX o | X,|dP =1/aP! / X, | dP < 1/aP7 - | Xl

{|Xn|204}
and hence (X,,)nen u.i..

Example 1. For the uniform distribution P on [0,1] and
Xn=mn-1p1/m

we have X,, € £ and || X,|[; = 1, but for any a > 0 and n > «
/ X,[dP =n- P([0,1/n]) = 1,
{IXn|Za}

so that (X,,)nen is not u.i.

Lemma 1. (X,,)nen ud. iff sup,cy E(|X,|) < 0o and
Ve>036>0VAC: P(A)<5:>sup/|Xn|dP<s. (1)
A

neN

Proof. ‘=": sup,,cy E(|X,|) < 0o by Remark 1.(i). Moreover, for A € 2 we have

/|Xn|dP:/ |Xn|dP+/ IX,.| dP
A An{|Xn|>a} An{|Xn|<a}

g/ | Xn|dP + o - P(A).
{IXn|za}

For € > 0 take o« > 0 with

neN

sup/ | X |dP < €/2
{|Xn|>a}

and 6 = ¢/(2a) to obtain (1).
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‘«=": Put M = sup,cy E(]X»|). Then
Mz [ XdPz e PN 2 o))
{IXn|za}
Hence P({|X,| > a}) < M/a. Let € > 0, take § > 0 according to (1) to obtain for

a>M/6
sup/ | X, dP < e.
neN J{| X [>a}

Theorem 1. Let 1 < p < 00, and assume X,, € £ for every n € N. Then

(X)nen converges in £F
iff
(Xn)nen converges in probability A (| X,|?)nen is u.i.
Proof. ‘=": Assume X, =, X. From Remark 2.2 we get X, L, X. For every

Ac
114 Xallp < (114 (Xn = X)[lp + [[1a - X|lp-

Take A = 2 to obtain sup, oy E(|X,|?) < co. Let € > 0, take k& € N such that

sup | X, — X, < <. 2)

n>k

Put Xy = 0. Note that

k
sup |Xn—X|p§Z|Xn—X|p€£1.

0<n<k —
Hence, by Remark 1.(ii),
(1 X1 — XP, .| X — X2, |1 X7, | X7, .. ) ud.
By Lemma 1
P(A)<dé = sup ||l4- (X, —X)|, <e.

0<n<k

for a suitable § > 0. Together with (2) this implies

P(A)<d = sup|la-X,|, <2-e.
neN

‘<" Let ¢ > 0, put A= A, = {| X — Xu| > ¢}. Then

||Xm - Xn”p < ||1A ’ (Xm - Xn)”p + ||1A° ) (Xm - Xn)“p
< lLa - Xonlly + 114 Xl + <.
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By assumption X,, — X for some X € 3(92,). Take § > 0 according to (1) for
(| X0 |P)nen, and note that

Apn CH{| X — X| > ¢/2} U{|X,, — X| > ¢/2}.
Hence, for m, n sufficiently large,
P(A;.) <0,

which implies
1 X — X, <2- €Y7 4 ¢

Apply Theorem 11.6.3. O

Remark 2.

(i) Theorem 1 yields a generalization of Lebesgue’s convergence theorem:

If X, € £! for every n € N and X, 2% X then

(Xp)nerw wi. & X eE£IAX, = X,

(ii) Uniform integrability is a property of the distributions only.

Theorem 2.
X, -5 X = E(X|) <liminfE(|X,)).

Proof. From Skorohod’s Theorem 3.4 we get a probability space (Q, 5[, ﬁ) with ran-
dom variables X,,, X such that

P-as. e

X, =X A Pg =Py, A Pg=Py.
Thus E(|X|) = E(|X]) and E(|X,,|) = E(|X,|). Apply Fatou’s Lemma I1.5.2. O

Theorem 3. If
Xo -5 X A (Xo)nen ui
then
Xegl A lim B(X,) = E(X).

n—oo

Proof. Notation as previously. Now (|X,|)ney is u.i., sce Remark 2.(ii). Hence, by
Remark 2.(1), X € £ and X, - X. Thus E(|X|) < co and
lim E(X,) = lim E(X,) = E(X) = E(X).

]

Example 2. Example 1 continued. With X = 0 we have X, s x , and therefore
X, -5 X. But E(X,) = 1> 0 = E(X).
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