
1.2 – Measurable Mappings

Def.1: (Ω, A) measurable space iff Ω 6= ∅
and A σ-algebra in Ω. Elements A ∈ A are

called (A–)measurable sets.

Let (Ωi, Ai) measurable spaces, f : Ω1 → Ω2.

For B ∈ A2,

{f ∈ B} := f−1(B) := {ω ∈ Ω1 : f(ω) ∈ B} .

Rem.1: f : Ω1 → Ω2

1. f−1(A2) = {f−1(A) : A ∈ A2} is a σ-

algebra in Ω1.

2. {A ⊂ Ω2 : f−1(A) ∈ A1} is a σ-algebra in

Ω2.

Def.2: f : Ω1 → Ω2 is A1-A2-measurable iff

f−1(A2) ⊂ A1, i.e., iff for all A ∈ A2 we have

{f ∈ A} ∈ A1.

1



Thm.1: If

(Ω1, A1)
f−→ (Ω2, A2)

g−→ (Ω3, A3) ,

f, g measurable, then

g ◦ f : (Ω1, A1) → (Ω3, A3)

measurable.

Lemma 1: f : Ω1 → Ω2, E ⊂ P(Ω2), then

f−1(σ(E )) = σ(f−1(E )).

Thm.2: If f : Ω1 → Ω2 and A2 = σ(E ), then

f is A1-A2-meas. ⇐⇒ f−1(E ) ⊂ A1 .

Cor.1: Let (Ωi, Gi) be topological spaces

and f : Ω1 → Ω2 continuous. Then f is

B(Ω1)-B(Ω2)-measurable.
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Given: (Ωi, Ai)i∈I meas. spaces, Ω 6= ∅,
mappings fi : Ω → Ωi.

Def.3: The σ-algebra generated by (fi)i∈I

(and (Ai)i∈I)

σ({fi : i ∈ I}) = σ

( ⋃
i∈I

f−1
i (Ai)

)
.

Moreover, set σ(f) = σ({f}).

Rem.2: σ({fi : i ∈ I}) the smallest σ-algebra

A in Ω such that all mappings fi are A-Ai-

measurable.

Thm.3: Still fi : Ω → Ωi, and (Ω̃, Ã) meas.

space, g : Ω̃ → Ω.

g is Ã-σ({fi : i ∈ I})-meas.

⇔ ∀ i ∈ I : fi ◦ g is Ã-Ai-meas.
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(Ω, A) meas. space, set

Z(Ω, A) = {f : Ω → R : f is A-B-measurable} ,

Z+(Ω, A) = {f ∈ Z(Ω, A) : f ≥ 0} ,

Z(Ω, A) =
{
f : Ω → R : f is A-B-measurable

}
,

Z+(Ω, A) =
{
f ∈ Z(Ω, A) : f ≥ 0

}
.

If f : Ω → R, then f ∈ Z(Ω, A) iff f ∈ Z(Ω, A).

Cor.2: For ≺∈ {≤, <,≥, >} and f : Ω → R,

f ∈ Z(Ω, A) ⇔ ∀ a ∈ R : {f ≺ a} ∈ A.

Thm.4: For f, g ∈ Z(Ω, A) and ≺ ∈ {≤, <,

≥, >,=, 6=},

{ω ∈ Ω : f(ω) ≺ g(ω)} ∈ A.
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Thm.5: For every sequence f1, f2, . . . ∈ Z(Ω, A),

1. infn∈N fn, supn∈N fn ∈ Z(Ω, A),

2. lim infn→∞ fn, lim supn→∞ fn ∈ Z(Ω, A),

3. if (fn)n∈N converges at every point ω ∈ Ω,

then limn→∞ fn ∈ Z(Ω, A).

Set f+ = max(0, f),f− = max(0,−f).

Rem.3: For f ∈ Z(Ω, A), f+, f−, |f | ∈ Z+(Ω, A).

Thm.6: For f, g ∈ Z(Ω, A),

f ± g, f · g, f/g ∈ Z(Ω, A),

provided that these functions are well de-

fined.
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Def.4: f ∈ Z(Ω, A) simple function iff |f(Ω)| <
∞. Put

Σ(Ω, A) = {f ∈ Z(Ω, A) : f simple} ,

Σ+(Ω, A) = {f ∈ Σ(Ω, A) : f ≥ 0} .

Rem.4: f ∈ Σ(Ω, A) iff ∃αi ∈ R, Ai ∈ A s.t.

f =
n∑

i=1

αi · 1Ai
.

Thm.7: f ∈ Z+(Ω, A) ⇒ ∃f1, f2, · · · ∈ Σ+(Ω, A)

such that

fn ↑ f

If f bounded, even uniform convergence.
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Now T : Ω1 → Ω2, A2 σ–alg. in Ω2,

σ(T ) = T−1(A2).

Question: When is a function f : Ω1 → R

σ(T )–B–measurable?

Thm.8:[Factorization Lemma]

f ∈ Z(Ω1, σ(T ))

⇔ ∃ g ∈Z(Ω2, A2) : f = g ◦ T.
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