1.2 — Measurable Mappings

Def.1: (Q2,2) measurable space iff Q2 #= ()
and 2 o-algebra in 2. Elements A € 2 are
called (%I—-)measurable sets.

Let (€2;,2,) measurable spaces, f: Q1 — 2.
For B € o,

{feB}:=f1B)={we : f(w)€B}.

Rem.1l: f: Q1 — (2

1. f712) = {f71(A) : A € Ay} is a o-
algebra in €2;.

2. {AC Qo f71(A) € A1} is a o-algebra in
2.

Def.2: f: Q1 — Q2o is Ay-RU>-measurable iff
F~1(25) c Ay, i.e., iff for all A € A> we have
{feA} e,



Thm.1: If
(Q1,21) -1 (0, %5) L (923,93) ,

f, g measurable, then
gof:(£21,%1) — (R3,%A3)
measurable.
Lemma 1: f: Q1 — 5, € CP(25), then
Fl(o(@)) =a(f1(e)).

Thm.2: If f: Q7 — Q5 and A, = o(¢), then
fis A;-Ao-meas. <« F (&)U
Cor.1: Let (£2;,,86;) be topological spaces

and f : €29 — €2 continuous. Then f is
B(21)-B(2-)-measurable.



Given: (€;,2;);c; meas. spaces, Q # 0,
mappings f; : €2 — €2;.

Def.3: The o-algebra generated by (f;)icr
(and (A;)icr)
o({firie ) =o(U£71@))
icl
Moreover, set o(f) = o({f}).

Rem.2: o({f; : i € I}) the smallest o-algebra
2 in €2 such that all mappings f; are A-2;-
measurable.

Thm.3: Still f;: Q — ©;, and (£,2) meas.
space, g : Q — Q.

g is A-oc({f; : i € I})-meas.
& Viel: fiog is A-2A;-meas.



(2,2) meas. space, set

A(QA) ={f : Q2—R: fis A-B-measurable},

3(,2) = {f Q=R fis %—%—measurable},

34,2 ={fe3(QA): f>0}.

If f:Q — R, then f e 3(Q,A) iff f e 3(2,2).

Cor.2: For <€ {<,<,>,>} and f:Q — %R,

fe3d(,A) & VaceR:{f<a}eci

Thm.4: For f,g € 3(Q2,2) and < € {<, <,
>,>,=,7%},

{weQ: flw) <glw)} e A



Thm.5: For every sequence fq, fo,... € 3(2,2),

2. liminfn—oo fn, lIMSUP,_oo fn € 3(€2,20),

3. if (fn)nen CONverges at every point w € €2,
then limn oo fn € 3(€2,20).

Set ft = max(0, f),f~ = max(0, —f).
Rem.3: For f € 3(Q,20), f+,f7,|f| € 34(2,20).

Thm.6: For f,g € 3(Q2,2),

provided that these functions are well de-
fined.



Def.4: f € 3(2,2) simple function iff | f(2)| <
oo. Put

>(,) ={f € 3(2,A) : f simple},
() ={fe () f>0}.

Rem.4: fc > (Q,2) iff do; € R, A; € A s.t.

n

1=1

Thm.7: fe€34(Q2,%) = 3f1, fo, - € T4 (2,A)
such that

ful f

If f bounded, even uniform convergence.



Now T : €21 — €25, Uy o—alg. in €25,
o(T) =T 1(Ap).

Question: When is a function f : Q1 — R
o(T)—B—measurable?

Thm.8:[Factorization Lemma]j

f€3(Q21,0(T))
&g e3(,U) @ f=goT.



