Variationsrechnung

3. Ubung, Losungsvorschlag

Gruppeniibung

G1 1. We have F(0,£) = (|¢| — 1)? and this is obviously not convex: F(0,—1) = F(0,1) = 0,
but F(0,0) = 1 and so it’s not true that

F @(o, 1)+ %(o, 1)) < %F(O, 1)+ %F(O, ).

2. Take

() = T for0§x<%
N7V 1-2 for%ﬁxgl.

Then u, is piecewise continuously differentiable on [0, 1] and

L, 1 1
Tlu] = / uf(x)dxr = 2/ xdxr = T
0 0

Now take
T f0r0§:1:<;1%
1_ 1 1
w@)={ 277 STy
T— 5 forg§x<1
l—x fory<z<1.

Observe that ua(z) = $ui(22) if we extend u; periodically onto the set [0,2]. Then

1 1 2 1
Tlug] = /0 ui(z)dr = ;/0 u?(2x)dr = ‘11/0 ul(z)dr = ;/0 ul(z)dr = %I[uﬂ.

Similarly, if we extend u; onto the whole half-line R periodically, then taking w,1(x) =
27"y (2"z) we see that

Tlupt1] =27"Z[u1] — 0
as n — oo. Obviously each u, is piecewise continuously differentiable and also u, —
0 = u pointwise on [0, 1] (even uniformly, because supg¢ 1 [un(z)| = 27" — 0). But

Z[0] = /01(0 —1)2%dz =1

and so we have Z[u] # lim,, 00 Z[uy,).
3. Fix x < y € [a, b]. We need to prove that for all A € (0, 1) there holds

F((A=XNz+Ay) < (1 =X f(z)+N)f(y).
This is true for A = 3, from the assumption. Take A = 1. Then the point (1—\)z+\y =
3{% is the midpoint between x and xTer and so:

3 1 1 lz+y 1 1 r+y
f<4“4y):f<2“z 2 )Szf(tzf( 2 )
3

<o @)+ 1@ + 30 0) = 31 + 1)

Similarly we prove for A = %. By dividing these intervals into two pieces we prove the
inequality for A = 2% foranyn=1,2,... and k = 0,...,n. But the set

k
L:{(lf)\):c+)\y:EInGNEIkE{O,...,n}A:Q—n}

is dense in the interval [z, y]. From this density and continuity of f we obtain the desired
inequality for any A € (0,1).



