Variationsrechnung

2. Ubung, Losungsvorschlag

Gruppeniibung

G1 a)

b)

We have to prove that [uv]co.e(py is finite for every compact D C €. Take z,y € D
such that x # y.
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The functions u,v are continuous on a compact set D, therefore they are bounded.
The difference quotients are also bounded, from the assumptions on u,v. Therefore the
right-hand side of (x) is bounded, and so is its supremum.

It is sufficient to prove the inclusions for k = 0. Also, the inclusion C%'(Q) c C%#(Q))

is a consequence of the inclusion C%%(Q) ¢ C%*(Q) for 0 < a < 3 < 1. To prove it,
take x,y € Q such that x # y. Suppose | —y| < 1. Then |z — y|® > |z — y|* and so
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This gives
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for |z —y| < 1. For |z — y| > 1 we have |z — y|* > 1 and so
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which gives
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because u € C().

Combining (1) and () we get the desired inclusion. The remaining inclusion is obvious from
definition of C%.

We will prove C1(Q) c C%(Q). Take a compact set D C Q and x # y € D. If u € C1(Q)
then the mean-value theorem holds:

u(z) = u(y)| < sup [Vu(§)[|z - yl.
£eD

Since Vu is continuous on 2 and D is a compact set, the supremum on the right is finite.
Dividing by |z —y| we get boundedness of [u]co.1(py for any D, which proves that u € CO1(Q).



