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Introduction to the calculus of variations

Exercises No. 1

P1: Let Ω ⊆ R
n be an open set and let k ∈ N0, 0 < α ≤ 1. Let

C0,α(Ω) = {u ∈ C(Ω)
∣

∣ [u]C0,α(D) < ∞ for every compact set D ⊆ Ω},

where

[u]C0,α(D) = sup
x,y∈D
x 6=y

{ |u(x) − u(y)|

|x − y|α

}

,

C0,α(Ω) = {u ∈ C(Ω)
∣

∣ [u]C0,α(Ω) < ∞},

Ck,α(Ω) = {u ∈ Ck(Ω)
∣

∣ ∇ku ∈ C0,α(Ω)},

Ck,α(Ω) = {u ∈ Ck(Ω)
∣

∣ [∇ku]C0,α < ∞}.

The space Ck,α(Ω) is a normed space with norm

‖u‖Ck,α = ‖u‖Ck + [∇ku]C0,α .

Prove the following statements:

a) If u, v ∈ C0,α(Ω), then uv ∈ C0,α(Ω).

b) If 0 < α ≤ β ≤ 1 and k ≥ 0, then

Ck(Ω) ⊇ Ck,α(Ω) ⊇ Ck,β(Ω) ⊇ Ck,1(Ω).

c) If Ω is convex and bounded, then

Ck,1(Ω) ⊇ Ck+1(Ω).

P2: Let Ω ⊆ R
n be open and let 1 ≤ p < ∞. Let

Lp(Ω) = {f : Ω → R
∣

∣ |f |p is integrabel on Ω}.

This is a normed space with the norm

‖f‖p =
(

∫

Ω
|f(x)|p dx

)1/p
.

Now let Ω = (0, 1) and α > 0. Let the sequence {fℓ}
∞
ℓ=1 be defined by

fℓ(x) =







ℓα, x ∈
(

0, 1
ℓ

)

0, x ∈
[

1
ℓ , 1

)

.

Prove that

lim
ℓ→∞

fℓ in Lp(Ω) ⇐⇒ 0 < α <
1

p
.


