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Introduction to the calculus of variations
Exercises No. 1

P1: Let Q CR™ be an open set and let k € Ny, 0 < a < 1. Let
% Q) ={ueC(Q) | [u]co.0(py < 0o for every compact set D C Q},

where
{IU(w) —u(y)| }
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@) = fue C@) | [tleoam < o).

cheQ) = {ueckQ)| VFue ")},

ch@Q) = {ueckQ) | [VFu]co.a < 00}
The space C*%(Q) is a normed space with norm

lullcra = llullor + [VFulgoa -
Prove the following statements:
a) Ifu,v € C%(Q), then uv € C(Q).
b) If0<a<pfg<1andk >0, then
CH(Q) 2 Ch(Q) 2 CMP(Q) 2 CH(Q).
c) If Qis convex and bounded, then
Ck,l(ﬁ) » Ck—H(Q).
P2: Let Q C R" be open and let 1 < p < co. Let
LP(Q) ={f: Q — R | |f[" is integrabel on Q}.

This is a normed space with the norm

181 = ( [ 17 az)""

Now let 2 = (0,1) and a > 0. Let the sequence {f;}72, be defined by
¢ xe (0, %)
fo(z) = .
0, z€31).
Prove that

1
ehm foin LP(Q) <= 0<a < —.
—00 p



