Partielle Differentialgleichungen

7. Ubung

Losungsvorschlag

Gruppeniibung

G1 Let u € C3(Q) be a harmonic function in an open set 2 € R" i.e.
Au(z) =0 for z € Q.

1. Prove that w(z) = = - Vu(x) is also harmonic in €.
We have .
w(z) =z - Vu(x) = (21, ..., y) - (011, ..., Opu) = le&u
i=1

Now
=1 i=1 i=1

since Oz; = 6F (the Kronecker delta). Similarly

Ofw =0 (Opw) = O <8ku + Z ﬂ:ﬁf,ﬂ) = 0fu+ Z O (20%u)

i=1 i=1
n n
=1 =1
Therefore

Aw = En: oL w = 2 an O u + z”: Zn: ;03 1 u
k=1 k=1

k=1 1=1
=2Au + Z x;0; (Z a,%ku> =2Au + Z x;0; (Au) =0.
=1 k=1 =1

2. Take w = u?. Then
OLw = O (u2) = 2uou.

Also
Ohw = 20y (udyu) = 2udi,u + 2(dpu)?.
Therefore
Aw = 2uAu + 2|Vu|* = 2|Vul? > 0.
Now take w = e*. We have
Opw = e“Ou
and
0w = e*(Opu)? + e“OFu

which gives
Aw = e"|Vul* + e"Au = ¢“|Vu|> > 0.
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G2 Let f: D — C be a holomorphic function, with D C C and let f(z,y) = u(x,y) + iv(z,y).
Then u and v satisfy the Cauchy-Riemann equations:

Uy = Vy, Uy = —Vpg.
1.
Upy = Vyg = Ugy = —Uyy =  Ugy + Uyy = 0
and similarly for v.
2. We have:
Vg = —Uy = —3acy2 + 23

and so, after integration with respect to x

3 1
v = —53022/2 + 1954 + o(y),

where the function ¢ is to be determined. Now we have:
=32y + ¢ (y) = vy = uy, = y° — 32’y

and so 1
dy) =y’ = o=y +C

with C' being a constant. Therefore

1 3 1
4222 Cd Lo

3. Since integrating and derivating a polynomial gives another polynomial, it is not dif-
ficult to observe from the procedure above that v must be a polynomial if u is a
polynomial.



