Partielle Differentialgleichungen

3. Ubung

Losungsvorschlag

Gruppeniibung
G1 1. We use Schwarz’ rule:

Vit =Ugtt + Ustt

=Ugzr + Utzz = Vzz-

Uy =2Uzp Uzt + 2UsUyss
Vgt ZQUit + 22Uz Uyt + 2u%t + Uttt
Vg =2UgUzy + 2Upliy
Vpz :2u§x + 2UpUgrr + 2u§x + 2UpUpzy

and so again vy = Ugg.
G2 1. We have
u(t, @) = (&, ) = dlaw + Bt,ya + 5t)

and so, using chain rule of differentiation

Uy =Qclle + YUy

Upg :azﬂgg + 2anytg, + ”y%lm

uy =03%lge + 2007y + 02ty
Plugging these into the wave equation we get

(o — 2)itge + 2(cPary — BO)igy + (*y — 8%)ityy = 0.

The coefficients of li¢e and 1y, should be equal to zero, while the ones with ¢, shouldn’t
vanish. Thus taking

a=1, f[B=c¢
y=-1, d=c

gives the desired transformation.

2. Transforming the equation with the coefficients found above, we get

_462a£n(fa77) = f(§7n)7
where f(€,n) = f(x,y) and so
gy =~ 5/

The solution to the homogeneous equation g, = 0 is & = ¢(&)+10(n). Thus the solution
to the inhomogeneous equation is

ale,n) = 462//fuvdudv+¢(§)+w()

Next we proceed as in the script to obtain the d’Alambert formula

1 1 x+ct z+c(t—t')
u(t,z) = 2(u0(x+ct)+u0(aﬁ—ct))+/ d8+20/ / o t', 2" )dz'dt'.

2¢ —ct
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G3 1. We will first prove that 4 € C?(R x R, ). Computing the derivatives:
. | ug(t,z)  fort>0,2>0
g (t, ) = { «(t,—x) fort> 0,2 <0,

it ) = ug(t, ) fort>0,2>0
BT —ug(t, —x)  fort > 0,2 < 0.

This means that the first derivatives are continuous. Now for the second derivatives:

Qg (t, z) = Usa (1, ) fort >0,z >0
TT —Uxx(t, _l') for t > O,x < 07

gt 7) = Utz (t,z)  fort>0,2>0
b | uw(t,—x) fort >0,z <0,

it z) = ug(t, x) fort >0,z >0
& —uy(t,—x) fort >0,z <O0.

The mixed derivative is continuous. Taking into consideration the condition
u(t,0) =0
and differentiating it twice with respect to time we get
u(t,0) = 0.
This means that 1 is continuous. From the wave equation we also have
Uz (t,0) = uy(t,0) = 0

and s0 1z, is continuous also (the fact that (u°)”(0) = 0 should be added to assumpti-
ons).

The fact that 4 satisfies the wave equation with the given initial conditions is not
difficult to check.

2. The d’Alembert formula for 4 is
1 1 x+ct
w(t,x) = 5(710(:1: +ct) + 0z —ct)) + / a'(s)ds.

Therefore

u(t,z) = {

(u(z + ct) +u’(xz — ct)) —I—QszJrCt (s)ds forx—ct>0
(u®(x + ct) — u%(ct — z)) +26fm+6t (s)ds forxz—ct<O.
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