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Gruppenübung

G 1 1. We use Schwarz’ rule:

vtt =uxtt + uttt

=uxxx + utxx = vxx.

2.

vt =2uxuxt + 2ututt

vtt =2u2
xt + 2uxuxtt + 2u2

tt + ututtt

vx =2uxuxx + 2ututx

vxx =2u2
xx + 2uxuxxx + 2u2

tx + 2ututxx

and so again vtt = vxx.

G 2 1. We have
u(t, x) = û(ξ, η) = û(αx+ βt, γx+ δt)

and so, using chain rule of differentiation

ux =αûξ + γûη

uxx =α2ûξξ + 2αγûξη + γ2ûηη

utt =β2ûξξ + 2βδûξη + δ2ûηη

Plugging these into the wave equation we get

(c2α2 − β2)ûξξ + 2(c2αγ − βδ)ûξη + (c2γ2 − δ2)ûηη = 0.

The coefficients of ûξξ and ûηη should be equal to zero, while the ones with ûξη shouldn’t
vanish. Thus taking

α =1, β = c

γ =− 1, δ = c

gives the desired transformation.

2. Transforming the equation with the coefficients found above, we get

−4c2ûξη(ξ, η) = f̂(ξ, η),

where f̂(ξ, η) = f(x, y) and so

ûξη = − 1
4c2

f̂ .

The solution to the homogeneous equation ûξη = 0 is û = φ(ξ)+ψ(η). Thus the solution
to the inhomogeneous equation is

û(ξ, η) = − 1
4c2

∫ ξ

0

∫ η

0
f̂(u, v)dudv + φ(ξ) + ψ(η).

Next we proceed as in the script to obtain the d’Alambert formula

u(t, x) =
1
2
(u0(x+ct)+u0(x−ct))+ 1

2c

∫ x+ct

x−ct
u1(s)ds+

1
2c

∫ t

0

∫ x+c(t−t′)

x−c(t−t′)
f(t′, x′)dx′dt′.
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G 3 1. We will first prove that û ∈ C2(R× R+). Computing the derivatives:

ûx(t, x) =
{
ux(t, x) for t ≥ 0, x ≥ 0
ux(t,−x) for t ≥ 0, x ≤ 0,

ût(t, x) =
{
ut(t, x) for t ≥ 0, x ≥ 0
−ut(t,−x) for t ≥ 0, x ≤ 0.

This means that the first derivatives are continuous. Now for the second derivatives:

ûxx(t, x) =
{
uxx(t, x) for t ≥ 0, x ≥ 0
−uxx(t,−x) for t ≥ 0, x ≤ 0,

ûtx(t, x) =
{
utx(t, x) for t ≥ 0, x ≥ 0
utx(t,−x) for t ≥ 0, x ≤ 0,

ûtt(t, x) =
{
utt(t, x) for t ≥ 0, x ≥ 0
−utt(t,−x) for t ≥ 0, x ≤ 0.

The mixed derivative is continuous. Taking into consideration the condition

u(t, 0) = 0

and differentiating it twice with respect to time we get

utt(t, 0) = 0.

This means that ûtt is continuous. From the wave equation we also have

uxx(t, 0) = utt(t, 0) = 0

and so ûxx is continuous also (the fact that (u0)′′(0) = 0 should be added to assumpti-
ons).

The fact that û satisfies the wave equation with the given initial conditions is not
difficult to check.

2. The d’Alembert formula for û is

û(t, x) =
1
2
(û0(x+ ct) + û0(x− ct)) +

1
2c

∫ x+ct

x−ct
û1(s)ds.

Therefore

u(t, x) =

{
1
2(u0(x+ ct) + u0(x− ct)) + 1

2c

∫ x+ct
x−ct u

1(s)ds for x− ct ≥ 0
1
2(u0(x+ ct)− u0(ct− x)) + 1

2c

∫ x+ct
ct−x u

1(s)ds for x− ct ≤ 0.


