Partielle Differentialgleichungen

2. Ubungen

Losungsvorschlag

Gruppeniibung

G1 The surface is:
S(u,v) = (x(u,v),y(u,v), z(u,v)) = (u,v, 3u — 2v)

with (u,v) € Q = [0, 1] x [0, 2]. Thus

/fwy, )dS(z,y, 2) //x+y )ds

_/ /(u2+v2—3u—|—2v)\/1+22+32dudv
o Jo
2T 3 !
:\/14/ {u3+uv2—2u2+2uv} dv
0

—W/< v—+2v>d

YA T
=14 |—=v+=-v°+v

6 3 o
78
V14 (—=+-+4
13
=—V14.
3

G 2 The surface parametrization is given. The determinants are

d(z,y) —singsinf  cos ¢ cosf

9(¢,0) - cos ¢ sin 6 sin ¢ cos 6 ‘ = —sinf cos,
O(x,z) | —singsin® cospceosh | . o
dp,0) |0 —sinf = sin ¢sin” 0,
O(y,z) | cos¢sin® singcosf | e
d(p,0) |0 —sinf = —cos ¢sin” 6.

This gives
// ﬁ(:c, Y, z)dTS'(a:, Y,2) = // (— cos ¢sin 6 - cos ¢ sin® f + sin ¢sin 6 - sin ¢ sin® 0) dodo
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G3 We have div F = 0 and the surface S is a sphere of radius 1, therefore we immediately get

/ F.dS=0.
S
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G4 Notice that

i x 7= (u’® — v*u?, udo! — ulv? ulo? — vlu?)

and so
div(i x ¥) =(u*v® — v*u?), + (WPl —u'o?), + (u'v? —u?ol),
_ 2,3 2,3 2,3 _ 23
=uyv” + uTv, —vLu” — vTuy,
3,1 3,1 1,3 1,3
+uy vt + Uty — U, v —uv,
+uiv2 +u! 3 - ugvl - U2U;.

Now it is a matter of simple comparison of left- and right-hand sides.
Hausiibung

H1 1. From the equations on & and 1 we compute that

4 3 4
Y=oz~

3
T=gplt gt Y=g o8

and so

" 1
u5:ux-9:§+uy-y§:2—5(3ux—4uy):0.

2. Integrating the above equation with respect to £ gives

a(&,m) = o(n),

where ¢ is some continuously differentiable function ¢. Therefore, going back to varia-

bles x and y we get
u(z,y) = ¢(dx + 3y).

3. Transforming the equation gives
251¢(€,m) = Bug(x,y) — 4uy(x,y) = 252 = 3§ + 4n

and so

Ug 3¢ +4n)

1
=% (
which, after integration with respect to £ gives

a(§,n) = % @éz + 4n€) + é(n)
and so

u(x,y) = % (;(33: — 4y)? 4+ 4(3z — 4y) (4z + 3y)> + ¢(4x + 3y).

H2 Take u(z,y) =u(&,n) = a(ax + by, cx + dy). Then
. :a22}§5 + 2aciig, + C2ﬂnn
Uy :abﬁgf + (ad + bc)ftgn + Cdﬂm]
Uyy =bige + 2bdiigy + d*iy,.
Plugging this into equation (xx) we get

(a® — 2b% + ab)iee + (2ac — 4bd + ad + be)iig, + (2 — 2d? + cd) iy, = 0.
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H3

H4

Thus if
a* — 2b* + ab =0
& —2d% + ed =0
2ac — 4bd + ad + bc #0
then we get the desired tranformation. From the above it can be easily computed that

{=z+y, n=y—2r

Taking v(s) = u(x(s),y(s)) we have

/

=1 9y =v, V=v+1=y+1

and so
v(s)=y+s+C, x(s)=s+a"

which gives
u(z,y) =z +y.

The characteristic equations are

1
t(s)=s, x(s)= 532 + k2% + 20, w(s) = s+ kaP.
Solving the above for s and x° gives
142 1,2
r— g5t x — 5t
=t 0 _ 2 t —t+k 2 .
Th R =R

The denominator should not be zero: kt # —1. But it is assumed that t > 0. Therefore for
k > 0 the solution exists for all x € R, t € Ry. But for k < 0 the solution exists only for
ze€Randte0,4).



