Fachbereich Mathematik TECHNISCHE
Prof. Dr. H.-D. Alber UNIVERSITAT
Przemystaw Kaminski DARMSTADT

4.06.2009

Partielle Differentialgleichungen

7. Ubung

Gruppeniibung

G1 Letue€ C3(f) be a harmonic function in an open set € R™, i.e.
Au(z) =0 for z € Q.

1. Prove that w(x) = = - Vu(z) is also harmonic in .

2. Prove that
A (uQ(x)) >0, A (e“(x)> > 0.

G2 Let f: D — C be a holomorphic function, with D C C and let f(z,y) = u(x,y) + iv(x,y).
Then u and v satisfy the Cauchy-Riemann equations:

Uy = Vy, Uy = —Vp.

1. Conclude that the functions v and v are harmonic in D.
2. Find v if u(z,y) = xy® — 23y.

3. Prove that v is a polynomial if u is a polynomial.
Hausiibung

H1 Let u be harmonic in R®, g € R"® and A be an n x n orthonormal matrix, i.e. A- AT =
AT . A = I. Prove that then v(x) = u(A(x — x¢)) is also harmonic.

H2 Letu <€ C?(Q), with Q C R” open and bounded, satisfy the following von Neumann problem
—Au(z) =f(z) for x € Q
0
8%‘@) —h(z) for z € AQ

where g—:j = Vu - v is the normal derivative. Prove the compatibility condition

/Qf(m)dm + /BQ h(z)dS, = 0.



