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Partielle Differentialgleichungen

6. Ubung

Gruppeniibung

G 1 The Euler equations of gas dynamics are
pou + kp*Vp =0
Op + div(pu) =0

with constants k, o > 0 and with the velocity u: R x R* — R? and the density p: R x R? —
R,.

1. Assume that |u(t,z)| is small and that the derivatives |Vu(t, z)|, |Oyu(t, z)| are small.
Assume also that p(t,z) = po+ p1(t, z), where pg > 0 is a constant and where |p1 (¢, x)|
is small with small derivatives. Show that approximately the equations

poOiu + kpgVpr =0 (1)
O¢p1 + podivu =0 (2)

hold.
Hint: Drop all expressions, which contain products of small terms and use

« - « o—
(po+p1)* =) <k>ﬂo "ol

k=0

P

2. If (1) and (2) hold, prove that p; satisfies the wave equation
O p1 = FApy
with ¢? = kp§.

G 2 Using Kirchoff’s formula compute the values u(t,0) for the solution of the initial value
problem

uy =c2Au  for (t,z) € Ry x R?

1
w0.2) =17 p

ug (0, x) =0.

G 3 Let u be a C? solution of the inhomogeneous wave equation
up(t,x) = Au(t,z) + f(t, )
for (t,z) € [0,T] x §, with  C R"™ being an open and bounded set. Let u satisfy the
Neumann boundary condition
ou
%(t,x) = h(t,x) for (t,z) €[0,T] x 0%,
0

where 3= (t,2) = Vu(t,z) - n(z) is the normal derivative of w.



1. Prove that if [ u(t*, 2)dx = 0 for some t* € [0,T] and

/ h(t,z)dSy; =0, / f(t,z)de =0
o0 Q

for all t € [0, 77, then

/ ug(t,z)dr =0
Q
for all ¢ € [0,T].

2. Prove that if additionally [, u(t**,z)dz = 0 for some t** € [0,T], then

/ u(t,z)dz =0
Q
for all ¢ € [0,T].

Hausiibung

H1 Let u(t,z1,22) be a solution of the two-dimensional wave equation

Otu =c*Aqu, for (t,2) € Ry x R?
u(0,z) =0
(0, z) =uq (z).
Let v(t, x1,x2,x3) be the solution of the three-dimensional wave equation
0%v =c*Asv, for (t,x) e Ry x R3
v(0, 71, 22, 73) =0
(0, 1, 2, 3) =u1 (21, T2)T3.

Prove that
v(t, 1, 22, x3) = u(t, x1, v2)T3.

1 uy (y)x
U(t’l‘):m/lv l(y) 3 dy/,

y' —a’|<ct \/02752 — |z" =y |?

where z = (1’1,1’2,1’3), z = (1’1,1‘2), y/ = (ylny)-

Hint: Prove that




