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Partielle Differentialgleichungen

3. Ubung

Gruppeniibung

G 1 Suppose that u solves the wave equation:
Ugt — Uggy = 0.
Prove that

1. v=1u; +u

2. v=ul+u}
also solve the wave equation.
G 2 Suppose that u satisfies the wave equation

Uy = Uy

1. Find a linear change of variables
E=ax+pt, n=ryxr+dt
such that the function 4(&,n) = u(t, x) satisfies the equation
gy = 0.

2. Solve then the inhomogeneous problem

Upp — gy =
u(0, z) =u’(x)

ug (0, ) =u' ().

G 3 Suppose that u € C?(R, x R,) satisfies the wave equation on the half-line:

up(t, ) =ugq(t,z) for (t,z) € Ry x Ry
u(0,z) =u’(z) for x € Ry

ug (0, 2) =u'(x) for z € Ry
u(t,0) =0

u(t, x) fort >0, >0
—u(t,—x) fort>0, x <0,
0
0~ u(z) forz >0
w(w) = { —u%(—z) for x <0,
ul () forz >0
—ul(—=z) forz <0.
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1. Prove that @ € C?(R; x R) and 4 solves the problem

Ut =Ugy for(t,x) € Ry xR
(0, z) =u"(z) (%)
a¢(0,z) =a' ().

2. Write the d’Alambert equations for (xx) and then modify them to find an analogous
formula for solving (x).

Hausiibung
H1 Suppose that g,h € C*°(R;) and let

(t,x) = 3 [ o AW g(z) + ——— AW h(2) (1)
ik ® ~ [ (28)! TE T or 1) v

where AO) f(z) = f(x), Af(x) = AV f(x) = fou(x) and AFTD f(z) = AFIAf(z). Suppose
that the series (1) is absolutely convergent for all (¢, x) € Ry x R and it can be differentiated
two times, term by term, with respect to ¢ and .

1. Prove that u solves the wave equation uy = u,, with the initial conditions u(0,x) =
g(x) and u(0,z) = h(x).
2. Solve the wave equation with initial data:
(a) g(z) =a? h(z) =1
(b) Ag(z) = Ah(z) =0
(c) g(x) =¢€", h(z) =e".



