
0
5
.0

6
.2

0
0
9

|  
O

p
tim

ie
ru

n
g
 in

 d
yn

a
m

is
ch

e
r 

U
m

g
e
b
u
n
g

|  
1
1
1

C
o
m
p
u
te
rs
ch
a
ch

G
ru
n
d
la
g
en
 I
I



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
2

U
n
te
rs
u
c
h
u
n
g
 d
e
s
 P
h
ä
n
o
m
e
n
s

F
ra
g
e
s
te
ll
u
n
g
: 
W
a
s
 i
s
t 
in
 d
ie
s
e
n
 S
p
ie
lb
ä
u
m
e
n
 z
.B
. 
d
e
s
 S
c
h
a
c
h
s
p
ie
ls
, 

d
a
s
 h
e
u
ri
s
ti
s
c
h
e
 S
p
ie
lb
a
u
m
s
u
c
h
e
 s
o
 e
rf
o
lg
re
ic
h
 m
a
c
h
t?

(N
a
u
 ’7

9
; 

P
e
a
rl

 ’8
3
; 

S
ch

rü
fe

r 
’8

6
; 

A
lth

ö
fe

r 
’8

8
; 

S
ch

e
u
ch

e
r&

K
a
in

d
l ’

8
9
, 

L
o
re

n
z&

M
o
n
ie

n
 S

T
A

C
S

 ’0
2
, 
T

C
S

 ’0
5
)

A
n
w
e
n
d
u
n
g
: 
S
ta
rk
e
s
 S
p
ie
l 
g
e
g
e
n
 s
c
h
w
ä
c
h
e
re
 G
e
g
n
e
r

(L
o
re

n
z 

E
S

A
 ’0

4
, 

IC
G

A
 J

o
u
rn

a
l ’

0
6
)

S
p
ie
lb
ä
u
m
e
 u
n
d
 F
e
h
le
r
fi
lt
e
r



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
3

G
e
g
e
b
e

n
: 
S
p
ie
lb
a
u
m
 G

,
je

d
e
r 

K
n
o
te

n
 h

a
t 

e
in

e
n
 ´
e
c
h
te
n
´ 
W
e
rt

0
|1

; 
d
ie

se
 W

e
rt

e
 

g
e
h
o
rc

h
e
n
 d

e
m

 M
in

im
a

x-
P

ri
n
zi

p
. 

S
o
 g

e
n

a
n

n
te

 ´
h
e
u
ri
s
ti
s
c
h
e
´ 
W
e
rt
e
 w

e
rd

e
n
 

d
e
n
 B

lä
tt

e
rn

 v
o

n
 G

 z
u
g
e

w
ie

se
n
, 

u
n
d
 d

ie
se

 h
e
u
ri
st

is
ch

e
n
 W

e
rt

e
 w

e
rd

e
n
 g

e
n
u
tz

t,
 

u
m

 h
e
u
ri
st

is
ch

e
 M

in
im

a
x-

W
e
rt

e
 f

ü
r 

in
n
e
re

 K
n
o
te

n
 z

u
 b

e
st

im
m

e
n
.

F
e
h
le
r
a
n
a
ly
s
e

0
1
  
  
  
 0

1

0
1
  
  
  
0
  
  
  
1
  
  
 1
  
  
  
0

1
0
  
  
  
0

1

1
1

1

1

1
11

1

1

0
0

1
1

0
0

0
1

1
0

1

0

11
1

1

1
1

1

1
1



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
4

V
e
rs

ch
ie

d
e
n

e
 F

ra
g
e
st

e
llu

n
g

e
n
 s

in
d
 m

ö
g

lic
h
:

•
W

ie
 v

ie
le

 F
e
h
le

r 
d
a
rf

 ic
h
 im

 g
ü
n
st

ig
st

e
n
 F

a
ll 

m
a
ch

e
n

?
 

w
e
n
n
 S

p
ie

lb
a
u
m

 G
 b

/t
-u

n
ifo

rm
 is

t:
 b

t
–

b
⌊
t/

2
⌋

•
S

e
i n

 d
ie

 A
n
za

h
l d

e
r 

B
lä

tt
e
r 

vo
n
 G

. 
W

ie
 w

ir
kt

 e
s 

si
ch

 a
u
s,

 w
e
n
n

m
a
n

(u
n
g
e
fä

h
r)

 k
 F

e
h
le

r 
b
e

i B
la

tt
b
e

w
e
rt

u
n
g
e

n
 m

a
ch

t?

•
W

ie
 v

ie
le

 F
e
h
le

r 
d
a
rf

 m
a
n
 a

n
 d

e
n
 B

lä
tt

e
rn

 im
 s

ch
lim

m
st

e
n
 F

a
ll 

m
a
ch

e
n
?

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
5

M
o
d
e
ll
 I

•
F

e
h

le
r 

a
n

 B
lä

tt
e

rn
 w

e
rd

e
n

 m
it 

F
e

h
le

rw
a

h
rs

ch
e

in
lic

h
ke

it 
p

 (
 =

 1
-p

) 
g

e
m

a
ch

t.

1

1
0

1
0

..
.

..
.

m
-m

a
l b

-m
a

l

G
1

0
0

0 ..
.

b
-m

a
lG

2

v 1
,.

..
v b

se
ie

n
 d

ie
 N

a
ch

fo
lg

e
r 

vo
n

 v
, 

g
1
(p

),
..

.,
g

b
(p

) 
se

ie
n

 d
ie

 W
a

h
rs

ch
e

in
lic

h
ke

ite
n

, 
d

a
ss

 d
ie

 
h

e
u

ri
st

is
ch

e
n

 W
e

rt
e

 h
1
,.

..
,h

b
d

e
r 

K
n

o
te

n
 v

1
,.

.,
v b

 g
le

ic
h

 d
e

n
 e

ch
te

n
 W

e
rt

e
n

 w
1
,.

.,
w

b
si

n
d

.
D

a
n

n
 is

t 
d

ie
 W

a
h

rs
ch

e
in

lic
h

ke
it 

d
a

fü
r,

 d
a

ss
 d

e
r 

h
e

u
ri

st
is

ch
e

 M
in

im
a

xx
w

e
rt

 v
o

n
 v

 g
le

ic
h

 
d

e
m

 e
ch

te
n

 W
e

rt
 v

o
n

 v
 is

t 
w

ie
 f

o
lg

t:

v
v

∏
∏

+
=

=

•
−

−
=

b m
i

i

m i

i
v

p
g

p
g

p
Q

1
1

))
(

))
(

1(
(

1
)

(
∏ =

=
b i

i
v

p
g

p
Q

1

)
(

)
(

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
6

M
o
d
e
ll
 I

•
F

e
h

le
r 

a
n

 B
lä

tt
e

rn
 w

e
rd

e
n

 m
it 

F
e

h
le

rw
a

h
rs

ch
e

in
lic

h
ke

it 
p

 (
 =

 1
-p

) 
g

e
m

a
ch

t.
•

F
ü

r 
je

d
e

n
 K

n
o

te
n

v 
d

e
s 

S
p

ie
lb

a
u
m

s 
G

, 
g

ib
t 

e
s 

so
m

it 
e

in
 „

Q
u

a
lit

ä
ts

p
o

ly
n

o
m

“ 
Q

v(
p

),
w

e
lc

h
e

s 
d

ie
 W

a
h

rs
ch

e
in

lic
h

ke
it

d
a

fü
r 

a
n

g
ib

t,
 d

a
ss

 d
e

r 
e

ch
te

 u
n

d
 d

e
r 

h
e

u
ri

st
is

ch
e

 W
e

rt
a

m
 K

n
o

te
n

 v
 g

le
ic

h
 s

in
d

.

1

1

p

Q
ro
o
t(
p
)

•
In

tu
iti

ve
 E

rk
lä

ru
n

g
 f

ü
r 

b
e

ss
e

re
s 

S
p

ie
l b

e
i t

ie
fe

re
r 

S
u

ch
e

:
S

u
p

e
r-

B
ä

u
m

e
 h

a
b

e
n

 k
le

in
e

re
 F

e
h

le
rw

a
h

rs
ch

e
in

lic
h

ke
ite

n
 a

n
 ih

re
n

 W
u

rz
e

ln
, 

zu
m

in
d

e
st

 w
e

n
n

 d
ie

 F
e

h
le

rw
a

h
rs

ch
e
in

lic
h

ke
it 

a
m

 B
la

tt
 k

le
in

 g
e

n
u

g
 is

t.
•

R
o

b
u

st
h

e
it 

ka
n

n
 d

a
n

n
 d

e
fin

ie
rt

 w
e

rd
e

n
 m

it 
H

ilf
e

 Q
ro

o
t(k

) (
1

),
 k

=
1

,.
..

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
7

M
o
d
e
ll
 I
, 
Z
u
s
a
m
m
e
n
h
a
n
g
 m
it
 A
v
e
r
a
g
e
-

C
a
s
e
 A
n
a
ly
s
e

S
e

i G
 S

p
ie

lb
a
u

m
 m

it 
n

 B
lä

tt
e

rn
 u

n
d

 s
 d

e
r 

0
/1

-B
la

tt
st

ri
n

g
 d

e
r 

e
ch

te
n

 W
e

rt
e

. 
s‘

se
i d

e
r 

ve
r-

fä
ls

ch
te

 S
tr

in
g

. 
p

 s
e

i d
ie

 W
a

h
rs

ch
e

in
lic

h
ke

it 
d

a
fü

r,
 e

in
e

n
 h

e
u

ri
st

is
ch

e
n

 B
la

tt
w

e
rt

 k
o

rr
e

kt
zu

 e
rk

e
n

n
e

n
. 

D
ie

 A
n

za
h

l k
o

rr
e

kt
e

r 
h

e
u

ri
st

is
ch

e
r 

B
la

tt
b

e
w

e
rt

u
n

g
e

n
is

t 
B

in
o

m
ia

lv
e

rt
e

ilt
.

M
a

n
 k

a
n

n
 d

a
n

n
 s

a
g

e
n

: 
„M

a
n

 m
a

ch
t 

u
n

g
e

fä
h

r 
n

*(
1

-p
) 

F
e

h
le

r“

0
  

1
  

0
  

1
  

1
  

1
  

0
  

  
 -

s
0

  
0

  
1

  
0

  
0

  
0

  
1

  
  

 -
s‘

1

1
  

1
  

1
  

0
  

0
  

0
  

1
  

  
 -

s‘
2

..
..

0
  

1
  

1
  

0
  

0
  

0
  

1
  

  
 -

s‘
3

..
..

C
1
 ->

 c
1

C
2
 ->

 c
2

C
i
si

n
d

 C
lu

st
e

r,
 d

ie
 S

tr
in

g
s

m
it 

g
e

n
a

u
 c

i
ko

rr
e

kt
e

n
 

B
e

w
e

rt
u

n
g

e
n

 e
n

th
a

lte
n

.

Q
G
(p

) 
=

 ∑
n

i=
0

P
ro

b
(h

e
u
r.

 W
u
rz

e
lw

e
rt

 is
t 
ko

rr
e
kt

 | 
e
s 

g
ib

t 
g

e
n
a

u
 i 

ri
ch

tig
 k

la
ss

ifi
zi

e
rt

e
 B

lä
tt
e
r)

 *
 P

ro
b

(g
e

n
a
u

 i 
h

e
u
r.

 B
la

tt
w

e
rt

e
 s

in
d

 k
o
rr

e
kt

)

=
∑ =

−
−

 
 

n

i

i
n

i

i
i

p
p

in
C

c
0

)
1(

|
|

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
8

1

1
1

1

1

1
1

1

1

1

0
0

1
1

0
0

0
0

1
0

0

0

M
o
d
e
ll
 I
I

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
1
9

1

1
1

1

1

1
1

1

1

1

0
0

1
1

0
0

0
0

1
0

0

0

M
o
d
e
ll
 I
I

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
0

E
r
g
e
b
n
is
s
e

L
e

m
m

a
: 
Q

ro
o
t‘(

1
) 

=
 0

 o
d
e

r 
Q

ro
o
t‘(

1
) 

≥
1

, 
w

o
b

e
i Q

‘e
rs

te
 A

b
le

itu
n

g
 v

o
n

 Q

L
e

m
m

a
: 
F

a
lls

 Q
ro

o
t‘(

1
) 

≥
1

, 
b

e
sc

h
re

ib
t 
Q

ro
o
t‘(

1
) 

d
ie

 A
n

za
h

l d
e
r 

B
lä

tt
e
r,

d
ie

 d
e

n
 W

u
rz

e
lw

e
rt

 d
u
rc

h
 e

in
e
n

 S
in

g
le

-F
lip

 ä
n

d
e

rn
 k

ö
n

n
e

n
.

T
h

e
o
re

m
: 
Q

ro
o
t‘(

1
) 

=
 0

 g
ilt

 g
.d

.w
. 
G

 m
in

d
e

st
e
n

s 
2

 b
la

tt
-d

is
ju

n
kt

e
S

tr
a

te
g

ie
n

 e
n

th
ä
lt,

 d
ie

 d
e

n
 W

u
rz

e
lw

e
rt

 b
e

le
g

e
n

.

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
1

E
r
g
e
b
n
is
s
e

0
,0

0
,2

0
,4

0
,6

0
,8

1
,0

0
,8
6

0
,8
8

0
,9
0

0
,9
2

0
,9
4

0
,9
6

0
,9
8

1
,0
0

0
,0

0
,2

0
,4

0
,6

0
,8

1
,0

0
,8
6

0
,8
8

0
,9
0

0
,9
2

0
,9
4

0
,9
6

0
,9
8

1
,0
0

1

1
1

1

1

1
11

1

1

0
0

1
1

0
0

0
1

1
0

1

0

1

1
1

1

1

1
11

1

1

0
0

1
1

0
0

0
1

1
0

1

0

1

1
1

1

1

1
11

1

0

0
0

1
1

0
0

0
1

1
0

1

0

1

1
1

1

1

1
11

1

0

0
0

1
1

0
0

0
1

1
0

1

0

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
2

E
r
g
e
b
n
is
s
e

D
ie
 z
w
e
i 
M
o
d
e
ll
e
 m
it
 i
h
re
n
 R
o
b
u
s
th
e
it
s
m
a
ß
e
n
 s
in
d
 ä
q
u
iv
a
le
n
t 
z
u
e
in
a
n
d
e
r.

E
s
 g
ib
t 
n
+
1
 b
la
tt
d
is
ju
n
k
te
 S
tr
a
te
g
ie
n
 i
n
 G
, 
d
ie
 a
ll
e
 

d
e
n
 W
u
rz
e
lw
e
rt
 v
o
n
 G
 b
e
le
g
e
n
. 

(M
o
d
e
ll
 I
I)

<
=
>

Q
ro
o
t(
n
) (
1
) 
=
 Q

ro
o
t(
n
-1
) (
1
) 
=
  
..
. 
 =
 Q

ro
o
t(
1
) (
1
) 
=
 0

(M
o
d
e
ll
 I
)

T
a
y
lo
rr
e
ih
e
n
e
n
tw
ic
k
lu
n
g
 f
(p
) 
=
 f
‘(
1
)(
p
-1
)+
..
.+
(f
(n
) (
1
)/
n
!)
*(
p
-1
)n
+
 R

n
+
1
(p
) 
fü
h
rt
 u
n
s
 z
u

| 
Q
ro
o
t(
p
) 
–
Q
ro
o
t(
1
) 
| 
=
 O
((
1
-p
)n
+
1
) 
g
.d
.w
. 
e
s
 n
+
1
 v
ie
le
 b
la
tt
-d
is
ju
n
k
te
 S
ta
rt
e
g
ie
n
 g
ib
t.

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
3

a
d

 L
e
m

m
a

: 
Q

ro
o
t‘(

1
) 

=
 0

 o
d
e

r 
Q

ro
o
t‘(

1
) 

≥
1

, 
w

o
b
e

i Q
‘e

rs
te

 A
b

le
itu

n
g
 v

o
n

 Q

a
d

 T
h

e
o

re
m

: 
Q

ro
o
t‘(

1
) 

=
 0

 g
ilt

 g
.d

.w
. 
G

 m
in

d
e
st

e
n
s 

2
 b

la
tt
-d

is
ju

n
kt

e
S

tr
a

te
g

ie
n

 e
n
th

ä
lt,

 d
ie

 d
e

n
 W

u
rz

e
lw

e
rt

 b
e

le
g

e
n

.

B
e

tr
a
ch

te
 d

ie
 f
o

lg
e

n
d
e

n
 3

 T
ie

fe
-1

 B
ä
u

m
e

:

1

1
0

1
0

..
.

..
.

g
1
(x

).
..

g
c(

x)

G
3

0
0

0 ..
.

g
1
(x

).
..

g
b
(x

)G
1

v
v

1

1
0

0
0

..
.

g
1
(x

)
g

2
(x

).
..

g
b
(x

)

G
2

v

g
c+

1
(x

).
..

g
b
(x

)

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
4

)
(

)
(

))
(

1(
))

(
1(

1
)

(

)
(

)
(

))
(

1(
1

)
(

)
(

)
(

)
(

1
1

3

2
1

2

1
1

x
g

x
g

x
g

x
g

x
Q

x
g

x
g

x
g

x
Q

x
g

x
g

x
Q

b
c

c
G

b
G

b
G

L
L

+
⋅

−
−

−
=

⋅⋅⋅
⋅

−
−

=

⋅⋅⋅
=

∑∑

∑

∑

+
=

+

=
+

=

=

⋅
−

−
−

⋅
−

−
−

−
=

⋅
−

+
⋅

−
−

==

b c
i

b
i

c
c

c i

b
c

c
i

G

b

b

i

i
b

G

b i

b
i

G

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
Q

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
Q

x
g

x
g

x
g

x
Q

1

1
1

1

1
1

3

2

2
1

2
1

2

1

1
1

)
(

)
(
'

)
(

))
(

1(
))

(
1(

)
(

)
(

))
(

1(
))
'

(
1(

))
(

1(
)

(
'

)
(

)
(
'

)
(

))
(

1(
)

(
)

(
))
'

(
1(

)
(

'

)
(

)
(
'

)
(

)
(

'

L
L

L

L
L

L

L
L

L

L
L

0
)1(

'

)1(
'

)1(
'

)1(
'

)1(
'

)1(
'

3

1
2

1
1

==

+⋅⋅⋅
+

=

GG

b
G

Q

g
Q

g
g

QF
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
5

a
d
 T
h
e
o
re
m
: 

E
s 

g
ib

t 
n
+

1
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a

te
g
ie

n
 in

 G
, 

d
ie

 a
lle

 d
e

n
 W

u
rz

e
lw

e
rt

 
vo

n
 G

 b
e
le

g
e
n
. 

 <
=

>
 Q

ro
o

t(n
) (
1
) 

=
 Q

ro
o

t(n
-1

) (
1
) 

=
  
..

. 
 =

 Q
ro

o
t(1

) (
1
) 

=
 0

A
llg

e
m

e
in

 lä
ß

t 
si

ch
 d

ie
 n

-t
e
 A

b
le

itu
n
g
 e

in
e
s 

P
ro

d
u
kt

s 
vo

n
 P

o
ly

n
o
m

e
n

d
a
rs

te
lle

n
 a

ls

m
it 

g
e
e
ig

n
e
te

n
 a

(y
1
,.

..
,y

b
) 
∈
ℕ
.

Z
u
 b

e
tr

a
ch

te
n
 s

in
d
 n

u
n
 w

ie
d
e

r 
d
ie

 A
b
le

itu
n
g

e
n
 v

o
n
 Q

G
1
, 

Q
G

2
, 
Q

G
3
.

∑
=

+
+

n
y

y

y

b

y

b

b

b
x

g
x

g
y

y
a

K

L
K

1

1
)

(
)

(
)

,
,

(
)

(
)

( 1
1

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
6

A
n
n
a
h
m
e
n
: 

(i
) 

F
ü
r 

a
lle

 i≤
n
 g

ilt
: 

F
ü
r 

a
lle

 S
p

ie
lb

ä
u
m

e
 G

 g
ib

t 
e
s 

i b
la

tt
d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 in

 G
, 

 
d
ie

 a
lle

 d
e
n
 W

u
rz

e
lw

e
rt

 v
o

n
 G

 b
e
le

g
e

n
. 

 <
=

>
 Q

G
(i
-1

) (
1
) 

=
  

..
. 

 =
 Q

G
(1

) (
1
) 

=
 0

(i
i)
 F

ü
r 

a
lle

 G
‘∈

{G
1
, 

G
2
, 

G
3
} 

so
ll 

g
e
lte

n
: 

E
s 

g
ib

t 
n
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 in

G
‘, 

d
ie

 a
lle

 d
e
n
 W

u
rz

e
lw

e
rt

 v
o
n
 G

' b
e
le

g
e

n
 u
n
d

Q
G

‘(n
-1

) (
1
) 

=
  
..
. 

 =
 Q

G
‘(1

) (
1
) 

=
 0

(i
ii)

 F
ü
r 

a
lle

 i 
∈

{1
,.

.,
n
-1

} 
g
ilt

: 
d

a
s 

V
o
rz

e
ic

h
e
n
 v

o
n
 Q

G
‘(i

) (
1
) 

=
 (

-1
)i-

1

B
e
m
e
rk
u
n
g

: 
Im

 f
o
lg

e
n
d

e
n
 m

a
ch

e
n
 w

ir
 V

o
rb

e
tr

a
ch

tu
n
g

e
n
 f

ü
r 

e
in

e
n
 I

n
d
u
kt

io
n
s-

b
e

w
e

is
 ü

b
e
r 

d
ie

 A
n
za

h
l v

o
n
 b

la
tt

d
is

ju
kt

e
n
 S

tr
a
te

g
ie

n
 u

n
d
 ü

b
e
r 

d
ie

 H
ö
h
e
 d

e
r

B
ä
u
m

e
. 

(i
) 

u
n
d

 (
iii

) 
w

e
rd

e
n
 d

ie
 I

n
d
u
kt

io
n
sv

o
ra

u
ss

e
tz

u
n
g
 b

ild
e
n
, 

u
n
d
 (

II
) 

w
ir

d
a
u
s 

„Q
G

(n
) (
1
) 

=
  
..

. 
 =

 Q
G

(1
) (
1
) 

=
 0

“ 
o
d
e
r 

a
u
s 

„e
s 

g
ib

t 
n
+

1
 b

la
tt

d
is

ju
n
kt

e
 

S
tr

a
g
e
g
ie

n
 .

..
“ 

h
e
rg

e
le

ite
t 

w
e
rd

e
n
.

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
7

n
-t
e
 A
b
le
it
u
n
g
 f
ü
r 
G
1
: 

A
lle

 S
u
m

m
a

n
d

e
n
, 

d
ie

 w
e

n
ig

e
r 

a
ls

 A
b
le

itu
n
g
e

n
 k

le
in

e
r 

a
ls

 n
 e

n
th

a
lte

n
 s

in
d
 N

u
ll

b
e
i x

=
1
, 

w
e

g
e
n

 V
o
ra

u
ss

e
tz

u
n

g
 (

ii)
. 

D
a
 g

i(1
) 

=
 1

 f
ü
r 

a
lle

 i,
 g

ilt
:

n
-t
e
 A
b
le
it
u
n
g
 f
ü
r 
G
2
: 

M
it 

H
ilf

e
 v

o
n
 (

ii)
 s

ie
h
t 

m
a
n
, 

d
a

ss
 b

e
i x

=
1
 n

u
r 

e
in

 S
u
m

m
a

n
d
 u

n
g
le

ic
h
 0

 w
ir

d
:

∑
=

+
+

=
n

y
y

y

b

y

b

n

G

b

b
x

g
x

g
y

y
a

x
Q

K

L
K

1

1
)

(
)

(
)

,
,

(
)

(
)

(
)

( 1
1

)
(

1

∑ =

=
b i

n

i

n

G
g

Q
1

)
(

)
(

1
)1(

)1(

∑
=

+
+

⋅
−

⋅
−

=
n

y
y

y

b

y
y

b

n

G

b

b
x

g
x

g
x

g
y

y
a

x
Q

K

L
K

1

2
1

)
(

)
(

))
(

1
)(

,
,

(
)1

(
)

(
)

(
)

( 2

)
(

1
1

)
(

2

)1(
)1(

)
( 1

)
(

2

n
n

G
g

Q
=

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
8

n
-t
e
 A
b
le
it
u
n
g
 f
ü
r 
G
3
: 

1
.

F
a
ll 

n
 <

 c
: 

E
in

e
r 

d
e
r 

e
rs

te
n
 c

 F
a
kt

o
re

n
 is

t 
im

m
e
r 

=
 0

 u
n
d
 e

s 
g
ib

t,
 w

e
g
e
n
 d

e
r 

D
e
fin

iti
o
n
 v

o
n
 „

S
tr

a
te

g
ie

“
n
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 u

n
te

rh
a
lb

 d
e
r 

W
u
rz

e
l. 

A
ls

o
:

2
.

F
a
ll 

n
 =

 c
: 

S
e
i S

y1
,.

..
,y

b
e
in

 b
e
lie

b
ig

e
r 

S
u
m

m
a

n
d
 v

o
n
 Q

(n
) G

3
(x

) 
b
e
i x

=
1
. 

F
a
lls

 e
s 

e
in

 l 
g
ib

t 
m

it 
l ≤

c 
u
n
d
 (

y l
=

 0
 o

d
e
r 

y l
>

 1
),

 f
o
lg

t 
S

y1
,.

..
,y

b
=

 0
, 

w
e
il 

e
in

e
r 

d
e
r 

e
rs

te
n
 

c 
W

u
rz

e
ln

a
ch

fo
lg

e
r 

(s
e

i d
a
s 

k)
 g

ilt
: 

1
-g

k(
1
) 

=
 0

. 
F

a
lls

 e
s 

e
in

 l>
c 

g
ib

t 
m

it 
y l

>
 0

, 
fo

lg
t 

e
b
e
n
fa

lls
 s

o
fo

rt
 S

y1
,.

..
,y

b
=

 0
. 

S
o
n
st

 g
ilt

V
o
rz

e
ic

h
e
n
: 

 ∑
=

+
+

+
+

⋅
−

−
⋅

−
=

n
y

y

y

b

y

c

y

c

y

b

n

G

b

b
c

c
x

g
x

g
x

g
x

g
y

y
a

x
Q

K

L
L

K

1

1
1

)
(

)
(

))
(

1(
))

(
1
)(

,
,

(
)1

(
)

(
)

(
)

(

1

)
(

)
(

1
1

)
(

3

0
)1(

)
(

3
=

n

G
Q

∏
=

⋅
−

=
c i

i

c

y
y

g
S

b
1

)
1(

,
,

)1(
)1

(
)1(

1
K

∈
⋅

⋅
−

−
∏

=
k

ei
n

fü
r

g
k

n i
i

n
,)1(

)1
)(1

(
1

)
1(

ℕ

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
2
9

n
-t
e
 A
b
le
it
u
n
g
 f
ü
r 
G
3
: 

3
.

F
a
ll 

n
 >

 c
: 

S
e
i S

y1
,.

..
,y

b
e
in

 b
e
lie

b
ig

e
r 

S
u
m

m
a

n
d
 v

o
n
 Q

(n
) G

3
(x

) 
b
e
i x

=
1
. 

a
) 

F
a
lls

 e
s 

e
in

 l 
g
ib

t 
m

it 
l ≤

c 
u
n
d
 y

l
=

 0
, 

fo
lg

t 
S

y1
,.

..
,y

b
=

 0
b
) 

F
a
lls

 e
s 

e
in

 l 
g
ib

t 
m

it 
l >

 c
 u

n
d
 y

l
>

 1
, 

g
ilt

: 
∑

c i=
1
y i

≤
n
-1

. 
S

y1
,.

..
,y

b
h
a
t 

d
ie

 F
o
rm

(1
-g

1
(x

))
y1

··
·
(1

-g
c(

x)
)y c

·
X

, 
X

 e
in

e
 r

e
e

le
 Z

a
h
l. 

W
e
g
e
n
 A

n
n

a
h
m

e
 (

ii)
 g

ib
t 

e
s 

u
n
te

r 
n
 b

la
tt
d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 u

n
te

r 
d
e
r 

W
u
rz

e
l v

o
n
 G

3
. 

W
e
g
e
n
 d

e
r

D
e
fin

iti
o
n
 v

o
n
 S

tr
a
te

g
ie

n
 g

ib
t 

e
s 

d
ie

 S
u
m

m
e
 d

e
r 

b
la

tt
d
is

ju
n
kt

e
n
 S

tr
a
te

g
ie

n
u
n
te

r 
d
e
n
 e

rs
te

n
 c

 N
a
ch

fo
lg

e
rn

 d
e
r 

W
u
rz

e
l e

b
e

n
fa

lls
 g

le
ic

h
 n

. 
W

ir
 k

ö
n
n

e
n

a
ls

o
 s

ch
lie

ß
e
n
, 

d
a
ss

 e
in

e
r 

d
e
r 

e
rs

te
n
 c

 N
a
ch

fo
lg

e
r 

m
e
h
r 

a
ls

 y
i-v

ie
le

b
la

tt
d
is

ju
n
kt

e
 S

tr
e
te

g
ie

n
 u

n
te

r 
si

ch
 h

a
t.

 M
it 

V
o
ra

u
ss

e
tz

u
n

g
 (

i)
 f

o
lg

t,
 d

a
ss

 
e
in

 (
1
-g

i(x
))

(y
i)

a
n
 d

e
r 

S
te

lle
 x

=
1
 z

u
 0

 w
ir
d
, 

fü
r 

e
in

 i 
∈{

1
,.

..
,c

}
c)

 ∑
c i=

1
y i

=
 n

 u
n
d
 y

i
>

 1
 f

ü
r 

si
e
 e

rs
te

n
 c

 W
u
rz

e
ln

a
ch

fo
lg

e
r

∑
=

+
+

−
−

−
=

n
y

y

y

c

y

c

n

G

b

c
x

g
x

g
y

y
a

x
Q

K

L
L

K

1

1
)

(
)

(

1
1

)
(

3
))

(
1(

))
(

1
)(
0

,
0,

,
,

(
)

(

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
3
0

n
-t
e
 A
b
le
it
u
n
g
 f
ü
r 
G
3
, 
3
. 
F
a
ll
: 

V
o
rz

e
ic

h
e
n
:

W
e
g
e
n
 V

o
ra

u
ss

e
tz

u
n
g
 (

iii
) 

is
t 

d
a
s 

V
o
rz

e
ic

h
e

n
 v

o
n

S
e
i k

i
=

 y
i
-1

 ,
 f

ü
r 

i =
 1

,.
..

,c
. 

S
o
m

it 
is

t 
(-

1
)k i

d
a
s 

V
o
rz

e
ic

h
e

n
 v

o
n
 g

i(y
i)
(1

).
 (

vg
l. 

(i
ii)

) 
D

a
 ∑

c i=
1
k i

 =
 n

-c
, 

fo
lg

t,

∑
=

+
+

+
−

=
n

y
y

y

c

y

c

c
n

G

c

c
x

g
x

g
y

y
a

x
Q

K

L
L

K

1

1
)

(
)

(
)
0

,
0,

,
,

(
)1

(
)

(
)

(
)

( 1
1

1
)

(

3

n
y

m
it

g
si
g
n

Q
si
g
n

c i

i

c i

y

i

c
n

G
i

=
⋅

−
−

=
∑

∏
=

=
1

1

)
(

)
(

3
),)1(

(
)1

)(1
(

))1(
(

1

1

)
(

3
)1

(
)1

(
)1

)(1
(

))1(
(

−

=
−

=
−

⋅
−

−
=

∏
n

c i

k
c

n

G
i

Q
si
g
n

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
3
1

In
d
u
k
ti
o
n
: 

A
n
n
a
h
m
e
: 

(I
) 

F
ü
r 

a
lle

 i≤
n
 g

ilt
: 

F
ü
r 

a
lle

 S
p

ie
lb

ä
u
m

e
 G

 g
ib

t 
e
s 

i b
la

tt
d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 in

 G
, 

 
d
ie

 a
lle

 d
e
n
 W

u
rz

e
lw

e
rt

 v
o

n
 G

 b
e
le

g
e

n
. 

 <
=

>
 Q

G
(i
-1

) (
1
) 

=
  

..
. 

 =
 Q

G
(1

) (
1
) 

=
 0

(I
I)

 F
ü
r 

a
lle

 i 
∈

{1
,.

.,
n
-1

} 
g
ilt

: 
d
a
s 

V
o
rz

e
ic

h
e
n
 v

o
n
 Q

G
‘(i

) (
1
) 

=
 (

-1
)i-

1

In
d
u
k
ti
o
n
s
s
c
h
ri
tt

(n
 �

n
+

1
):

‘<
=

‘: 
E

s 
g
ib

t 
n
+

1
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 u

n
te

r 
d
e
r 

W
u
rz

e
l v

o
n
 G

. 
In

sb
e
so

n
d
e
re

 
g
ib

t 
e
s 

n
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 u

n
d
 m

it 
(I

) 
u
n
d
 (

II
) 

w
is

se
n
 w

ir
, 

d
a
ss

 d
ie

V
o
ra

u
ss

e
tz

u
n
g

e
n
 (

i)
-(

iii
) 

e
rf

ü
llt

 s
in

d
. 

M
it 

h
ilf

e
 e

in
e
r 

in
n
e
re

n
 im

p
liz

ite
n
 I

n
d
u
kt

io
n

se
h
e
n
 w

ir
, 

d
a
ss

 d
e
r 

In
d
u
kt

io
n

ss
ch

ri
tt

 b
e
re

its
 g

e
m

a
ch

t 
is

t.
‘=

>
’: 

S
e
i Q

G
e
in

 Q
u
a
lit

ä
ts

p
o
ly

n
o
m

. 
S

e
ie

n
 Q

G
(n

) (
1
) 

=
  

..
. 
 =

 Q
G

(1
) (
1
) 

=
 0

. 
O

ff
e
n
si

ch
tli

ch
 g

ilt
 a

u
ch

  
Q

G
(n

-1
) (
1
) 

=
  

..
. 
 =

 Q
G

(1
) (
1
) 

=
 0

. 
V

o
n
 (

I)
 w

is
se

n
 w

ir
, 

d
a
ss

 e
s

n
 b

la
tt

d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 in

 G
 g

ib
t,

 u
n
d
 (

i)
-(

iii
) 

si
n

d
 e

rf
ü
llt

. 
M

it 
H

ilf
e
 e

in
e
r 

im
p
liz

ite
n
 I

n
d
u

kt
io

n
 ü

b
e
r 

d
ie

 T
ie

fe
 v

o
n
 G

 is
t 
d
e
r 

In
d
u
kt

io
n
ss

ch
ri
tt

 f
e
rt

ig
. 

M
a
n
 m

u
ss

a
lle

rd
in

g
s 

b
e
a
ch

te
n
, 

d
a
ss

 f
ü
r 

a
lle

 i 
=

 1
,.

..
,n

 g
ilt

 s
ig

n
(Q

G
(i
) (
1
) 

) 
=

 (
-1

)i-
1

 is
t.

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
3
2

W
o
rs
t-
C
a
s
e
 B
e
tr
a
c
h
tu
n
g
: 

S
a
tz
: 

S
e
i G

 e
in

 S
p
ie

lb
a
u
m

 m
it 

W
e
rt

 0
 o

d
e
r 

1
 a

n
 d

e
r 

W
u
rz

e
l. 

S
e
i o

B
d
A

 d
ie

 W
u
rz

e
l e

in
 

M
A

X
-K

n
o
te

n
. 

D
a
n
n
 s

in
d
 f

o
lg

e
n
d
e
 A

u
ss

a
g
e

n
 ä

q
u
iv

a
le

n
t.

•
e
s 

g
ib

t 
c-

vi
e
le

 b
la

tt
d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 u

n
te

r 
d
e
r 

W
u
rz

e
l v

o
n

 G
, 

d
ie

 b
e

w
e

is
e
n
,

d
a
ss

 d
e
r 

w
e

rt
 d

e
r 

W
u
rz

e
l 0

 (
b
zw

. 
1
) 

is
t.

•
m

a
n
 m

u
ss

 m
in

d
e
st

e
n
s 

c-
vi

e
le

 B
la

tt
w

e
rt

e
, 

b
e

zo
g
e
n
 a

u
f 

d
ie

 e
ch

te
n
 W

e
rt

e
,

ve
rä

n
d
e
rn

, 
d
a
m

it 
d
e
r 

h
e

u
ri

st
is

ch
e
 M

in
im

a
xw

e
rt

 d
e
r 

W
u
rz

e
l f

a
ls

ch
 w

ir
d
. 

‚=
>

‘k
la

r,
 d

e
n
n
 m

it 
d
e
r 

V
e
rä

n
d

e
ru

n
g
 e

in
e
s 

B
la

tt
w

e
rt

e
s 

ka
n
n
 m

a
n
 n

u
r 

e
in

e
 d

e
r 

b
la

tt
d
is

ju
n
kt

e
n
 S

tr
a
te

g
ie

n
 „

ze
rs

tö
re

n
“.

‚<
=

‚W
ir
 b

a
u
e
n
 p

e
r 

In
d
u
kt

io
n
 ü

b
e
r 

d
ie

 B
a

u
m

tie
fe

 t
 e

in
e
 „

Z
e
rs

tö
ru

n
g
ss

tr
a
te

g
ie

“,
 d

ie
 

m
it 

c 
Ä

n
d
e
ru

n
g

e
n
 d

ie
 c

 b
la

tt
d
is

ju
n
kt

e
n
 S

tr
a
te

g
ie

n
 z

e
rs

tö
rt

.
S
ta
rt

: 
S

e
i t

 =
 1

. 
D

e
r 

B
a
u
m

 b
e
st

e
h
t 

n
u
r 

a
u

s 
e
in

e
m

 K
n
o
te

n
, 

d
a
m

it 
g
ib

t 
e
s 

n
u
r 

e
in

e
 S

tr
a
te

g
ie

 u
n
d
 m

it 
Ä

n
d
e
ru

n
 e

in
e
s 

B
la

tt
e
s 

w
ir

d
 d

e
r 

W
u
rz

e
lw

e
rt

 v
e
rf

ä
ls

ch
t.

F
e
h
le
r
a
n
a
ly
s
e



0
5
.0

6
.2

0
0
9

|  
N

a
m

e
 | 

V
o
rt

ra
g
st

ite
l

|  
1
3
3

W
o
rs
t-
C
a
s
e
 B
e
tr
a
c
h
tu
n
g
: 

‚<
=

‚.
..
 

A
n
n
a
h
m
e
: 

F
ü
r 

a
lle

 T
ie

fe
-(

t-
1
)-

B
ä
u
m

e
 g

ilt
, 

w
e

n
n
 G

 g
e
n
a

u
 c

 (
c 

b
e
lie

b
ig

) 
b
la

tt
d
is

ju
n
kt

e
 S

tr
a
te

g
ie

n
 e

n
th

ä
lt,

 d
ie

 a
lle

 d
e
n
 w

e
rt

 0
 (

b
zw

. 
1
) 

d
e
r 

W
u
rz

e
l 

b
e

w
e

is
e
n
, 

lä
ß

t 
si

ch
 d

e
r 

W
u
rz

e
lw

e
rt

 m
it 

H
ilf

e
 v

o
n
 c

 B
la

tt
w

e
rt

ä
n
d
e
ru

n
g
e

n
 

ve
rf

ä
ls

ch
e

n
.

S
c
h
ri
tt
 t
-1
 � ���

t:
 B

e
tr

a
ch

te
 d

ie
 W

u
rz

e
l e

in
e
 T

ie
fe

-t
-S

p
ie

lb
a
u
m

s.
 

-
Is

t 
d
e
r 

e
ch

te
 W

e
rt

 0
, 

so
 g

ib
t 

e
s 

fü
r 

a
lle

 N
a
ch

fo
lg

e
r 

c 
b
la

tt
d
is

ju
n
kt

e
  

S
tr

a
te

g
ie

n
, 

d
ie

 d
e
n
 W

e
rt

 0
 b

e
le

g
e
n
. 

M
in

d
e
st

e
n
s 

1
 N

a
ch

fo
lg

e
r 

b
e
si

tz
t 

g
e
n
a

u
  

c 
so

lc
h
e
 S

tr
a
te

g
ie

n
. 

A
u
f 

d
e
n
 w

e
n

d
e
n
 w

ir
 d

ie
 o

b
ig

e
 A

n
n
a
h
m

e
 a

n
 u

n
d
 s

in
d
  

 
fe

rt
ig

.
-

Is
t 

d
e
r 

W
e
rt

 d
e
r 

W
u
rz

e
l 1

, 
g
ib

t 
e
s 

d
 v

ie
le

 N
a
ch

fo
lg

e
r,

 d
ie

 e
b
e

n
fa

lls
 d

e
n
 W

e
rt

1
 h

a
b
e
n
 u

n
d
 d

ie
 S

u
m

m
e
 d

e
r 

A
n
za

h
l b

la
tt

d
is

ju
n
kt

e
r 

S
tr

a
te

g
ie

n
 u

n
te

r 
d
ie

se
n

W
u
rz

e
ln

a
ch

fo
lg

e
rn

 is
t 

g
le

ic
h
 c

. 
M

it 
H

ilf
e

 d
e
r 

In
d
u
kt

io
n
sa

n
n
a

h
m

e
 z

e
rs

tö
re

n
w

ir
 a

lle
 d

ie
se

 S
tr

a
te

g
ie

n
.

F
e
h
le
r
a
n
a
ly
s
e


