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(E8.1) [Normal functions]
A function F : Ord — Ord is called normal, if it is increasing
a<f=Fla)< F(B)
and continuous at limit ordinals, i.e.
F(A) = sup{F(B) : 0 <A},

when A is a limit ordinal.

(i) Show that, if F': Ord — Ord is a normal function, F'(«) > « for all ordinals «, and
F(X) is a limit ordinal for all limit ordinals A.

(ii) Show that for a > 1, the functions 8 — a + 3, 8 +— «a- 3 and 8 — o in ordinal
arithmetic are normal.

(iii) Show that normal functions are continuous: if F' is normal and o = sup{e; : i € I},
then
F(a) =sup{F(«;) : i € I}.

(iv) Show that the composition of two normal functions is again normal.
(v) Show that a normal function has arbitrarily large fixed points.

(vi) Conclude that there are arbitrarily large ordinals « such that R, = a.



(E8.2) [Cantor normal form)|

(i) Show that for every ordinal o > 0 there are ordinals 3 and v such that a = w® + v
and v < a.

(ii) Deduce that every ordinal a > 0 can be written in the form of a finite sum of powers
of w,
a=uw 4w —|—...+wﬁs,

with 81 > B2 > ... > [f,.
(iii) Prove that w® + wf = wf if a < 3.
(iv) Show that every ordinal a > 0 can be written uniquely as o = w® + v with v < a.

(v) Prove by induction on sthatif 3 > 3 = 2 > ... > fsand v = WS +w +. ..+,
then v < w? + 7.

(vi) Deduce that the representation of an ordinal o > 0 as a finite sum of non-increasing
powers of w is unique.

(E8.3) [Grounded graphs]
Let G = (G, —) be a narrow graph and write
r ="y,

if thereisapathz =gy — g1 — ... > g, =y (n >0) in G.

(i) Prove that (G, —) is grounded iff all graphs (tc(z), —) are.

(ii) Prove that if (G, —) is grounded, then so is (G, —1).

(E8.4) [Extensional collapse]

Call a narrow graph G = (G, —) extensional, if
G_ML:G_,b:>CL:b.
(i) Verify that the graph associated to a (possibly large) well-order is extensional, and
that (tc(x), €) is extensional for every set x.

(ii) Show that the decoration of an extensional grounded graph is injective, so that in
that case we obtain a graph isomorphism G = d(G).

(iii) Verify that the only decoration of the graph (tc(z), €), where x is a grounded set, is
the identity.



