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12. Tutorium

Loésungsvorschlag

Gruppeniibung

G 33

G 34

Lokale Umkehrbarkeit
Seien f : R™ — R" stetig differenzierbare Funktion und f’(z) invertierbar fiir alle z € R™.
Zeige, dass f offen ist, d. h. f(U) ist offen fiir jede offene Menge U C R™.

Let y € f(U) and z € U with f(x) = y. Since f'(x) is invertible the Inverse Function
Theorem yields neighbourhouds V' of x and W of f(xz) = y such that f|y : V — W has a
continuously differentiable inverse function g : W — V . So f(VNU) = g~ *(V NU) is open
because g is continuous. Hence, since y € f(V NU) there is a neighbourhood U, of y with
Uy C f(VNU)C f(U). This holds for all y € f(U), so f(U) is open.

Lipschitz-Stetigkeit

Seien (X, d) und (Y, D) metrische Rdume und A C X und B C Y Teilmengen.

Eine Funktion f : A — B erfiillt in einer Menge M C A die Lipschitz-Bedingung, wenn es
eine (nichtnegative) reelle Zahl L gibt, mit der die Bedingung

Vry, 0 € M : D(f(x1), f(z2)) < L-d(x1,x2)

erfiillt ist.
Man sagt, dass f Lipschitz mit Lipschitz-Konstante L ist.
Zeige:
1. Jede Lipschitz-Funktion ist stetig.
2. Sei ) # A C X. Fiir alle 2 € X, sei d(z,A) := inf{d(z,a) | a € A}. Dann ist die
Funktion
[iX R, f(2) = d(x, A)
Lipschitz stetig mit Lipschitz-Konstante 1.

3. Sei Lip := {f : R — R | f is Lipschitz}. Zeige, dass Lip ein Vektorraum ist, und dass er
abgeschlossen beziiglich der Verkniipfung von Funktionen ist (d.h. f,g € Lip = go f €
Lip).

4. Zeige durch Angabe eines Gegenbeispieles, dass das Produkt von zwei Lipschitz-Funktionen
im allgemein keine Lipschitz-Funktion ist.

Hinweis: Zeige, dass die Funktion f: R — R, f(z) = 22 nicht Lipschitz ist.

1. Let f be a Lipschitz function with constant K. We use the ¢ — ¢ definition to prove
that f is continuous. Let x € X and ¢ > 0, and take 6 := 5. Then y € Us(x) (that is
d(xz,y) < 0) implies d(f(z), f(y)) < Kd(z,y) < K6 = ¢, that is f(y) € U:(f(x)).

2. Letx,y € X, and ¢ > 0. Then, by the Characterization Theorem for inf, there is ay € A
such that d(y,a0) < f(y) + ¢, so f(y) > d(y,ag) — . We get then

fx) = fly) = nf{d(z,a) [z € A} = f(y) < d(x,a0) — f(y) < d(z,a0) — d(y,a0) +¢
< d(z,y) +e.

We get similarly that f(y) — f(z) < d(x,y) + ¢, so

If(x) = f(y)| <d(z,y) +e.
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Since this is true for all € > 0, it follows that

[f (@) = f(y)] < d(z,y),

hence f is Lipschitz with Lipschitz constant 1.

3. We know that RF = {f : R — R} is an R-vector space. Since Lip C RR, in order to get
that Lip is an R-vector space, we prove that Lip is closed under addition and scalar
multiplication.

Let f,g : R — R be Lipschitz functions with Lipschitz constants K, respectively L.
Thus, for any z,y € R,

|f(@) = f)| < Klz —yl, |g(z)—g(y)| < Llz —yl.

We get that

I(f +9)(@) = (f+9)(W)]

|f(@) +g(x) — (f(y) + 9| = |f(@) — f(y) + 9(z) — g(y)|
|f(z) = f()] +lg(z) — 9(y)| < K|z —y| + Lz — y|
= (K+ L)z -yl

IN

hence f + g is Lipschitz with Lipschitz constant K + L > 0.
Let A € R. Then
[((Af) (@) = AN W) =M (@) = Af ()] = [MIf(2) = fF)] < [AK]z —yl,

thus \f is Lipschitz with Lipschitz constant |A\|K > 0.
Thus, we have proved that Lip is an R-vector space.
Let us prove now that Lip is closed under composition of functions.

[(go f)(x) = (g0 £ =lg(f(z)) —g(f(W)| < LIf(z) — f(y)| < LK[z -y,

so g o f is Lipschitz with Lipschitz constant LK > 0.

4. Let g : R — R, g(x) = x. Then it is obvious that g is Lipschitz with Lipschitz constant
1. We shall prove that f : R — R, f(x) = g(x) - g(x) = 22 is not Lipschitz. We assume
by contradiction that f is Lipschitz, so there is K > 0 such that for all x,y € R,

Klz —y|l > |f(x) = f(y)] = 2> = y*| = |z + yl|z — y].

We get that for all x # vy,
K > |z +yl

Take x = 0 and y = K + 1 to get a contradiction.

G 35 Fixpunktsatz
Sei (X, d) ein metrischer Raum. Sei eine Funktion f : X — X gegeben, die die Ungleichung

d(f(x), f(y)) < d(x,y) firaller,yc X,z#y (1)

erfiillt.
Zeige, dass falls X kompakt ist, die Funktion f : X — X einen Fixpunkt hat.

Hinweis: Zeige, dass die Funktion h : X — R, h(z) = d(z, f(z)) stetig ist und verwende,
dass jede stetige Funktion auf einem kompakten metrischen Raum das Minimum und das
Maximum besitzt.



Analysis II fiir M, HLM, Ph, Lésungsvorschlag 3

Let us consider the function h : X — R, h(z) = d(z, f(x)). Let us prove that h is continuous.
First, let us remark that for all z,y € X

h(z) —h(y) = d(z, f(z)) —d(y, f(y)) < d(z,y) +d(y, f(z)) —d(y, f(y))
< d(z,y) +d(f(z), f(y)),

and similarly that h(y) — h(z) < d(z,y) + d(f(x), f(y)). Thus,

[h(x) = h(y)| < d(z,y) +d(f(x), f(y)).

Let now x € X arbitrary and € > 0. Since f is continuous at x, there is 1 > 0 such that
d(z,y) < 61 implies d(f(z), f(y)) < 5. Take 6 := min (61,5). Then d(z,y) < 0 implies
d(w,y) < 5 and d(f(z), f(y)) < 5, 50 |h(z) — hy)| < =.

Then h is continuous on the compact metric space X, so by Theorem 159.3(Heuser, Teil 2)
it attains its minimum; that is, there is xg € X such that h(z) > h(xg) for all x € X. We
claim that f(xg) = x¢. If not, then using the inequality for f, we have

h(f(zo)) = d(f(xo), f(f(20))) < d(o, f(z0)) = h(x0),

contradicting the fact that h(x) is the minimum of h. Hence, x is a fixed point of f.
It remains to prove that xg is the only fixed point of f. Assuming that x1 € X is a fixed
point of f distinct from xq, we get

d(zo,z1) = d(f(x0), f(21)) < d(z0,71),

which is a contradiction. O



